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Abstract. We give a survey of the recent results concerning the fundamental topological properties of
spaces of stronly summable and convergent sequences, their f— and continuous duals, and the charac-
terizations of classes of linear operators between them. Furthermore we demonstrate how the Hausdorff
measure of noncompactness can be used in the characterization of classes of compact operators between
the spaces of strongly summable and bounded sequences.

To the memory of Professor Lj. Ciri¢ (1935-2016)

1. Introduction

The notions of strong summability and convergence play an important role in both classical and modern
summability theory and the study of sequence spaces.

The most popular method of summability is that of the arithmetic means, also referred to as the C;
method, the Cesaro method of order 1. A sequence x = (x);? ) of complex numbers is said to be summable
C; if there exists & € C such that the sequence o(x) = (0,(x)),, of its arithmetic means

1 n
on(x) = 1 Zxk (n=0,1,...) converges to £ as n — oo;
k=0

this is denoted by limc, x = £ or xx — &(Cq) (k — o0). It is well known that every convergent sequence
is summable C; to the same limit, but C; summability of a sequence does not imply its convergence, in
general, as the simple example of the sequence ((—1)");‘;0 shows. According to Hyslop [28], the notion of
strong C; summability [C;] was first introduced and applied in the theory of Fourier series by Fekete [23];
a sequence x = (x);2, of complex numbers is said to be strongly summable C, if there exists & € C such
that the sequence o(|x — &e|) = (aulx — &el);, converges to 0 as n — oo, wheree = (1,1,...) and

1 n
an(lx — el) = mZIXk—EI(n:O,l,...);
k=0
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this is denoted by limc,jx = £ or x — &([C1]). Itis clear that limjc,j x = £ implies lim¢, = &, but summability
C1 does not imply summability [C;], as the simple example of the sequence x = (xi);”,, with xo = 0 and
xp=v(=1)F (2" <k<2"*1-1;v=0,1,...) shows. Also clearly lim x = £ implies limjc,] = &, but summability
[C1] does not imply convergence, as the simple example of the sequence x = (x);2, with x; = v (k = 2") and
X =0(k#2")forv=0,1,...) shows. Therefore, writing c, cc, and c|c,; for the sets of all complex sequences
that are convergent, summable C; and [C;], respectively, we have c € ¢|c,] € cc,-

Hyslop [28] generalized the notion of summability [C;] to that of strong summablity [C, ] of order a > 0
and index p > 0 as follows. (The special case of p = 1 was studied by Winn [67].) Let A2 = ("') and 0%(x)
(n=0,1,...) denote the well-known n'" Cesaro coefficient of order @ > —1, and

n

1 -
on(x) = Az ZAg_;xk
k=0

be the n'" Cesaro transform of order « of the sequence x = (%), (We note oM(x) = o(x).) Then the
sequence x is said to be strongly summable [C,J” if there exists £ € C such that

1
n+1

On (|aa71(x) - 5€|p) = Z )szl(x) - EVJ — 0asn — oo (1)
k=0

summability [C,]? is also denoted by [C1, Cy-1]F. Obviously summability [C,]” reduces to summability [C;]
fora=p=1.

Following [28, Theorem 3], Hyslop extended the notion of summability [C,]’ to @ = 0 as follows. A
sequence x = (Xx),2, is said to be summable [CoJ, or strongly summable with index p > 0, if x € c and

n
lim ) Klxg —xqfP = 0. )
n—oo o
It was also noted there that the condition in (2) for p = 1 does not itself imply convergence, since the
sequence x = (xx);>, withxo = x; = 0 and x; = 21;:2( jlog j)! is not convergent, but satisfies the condition in
(2) forp=1.
Borwein [9] gave a different definition of strong convergence [Ho]” saying that a sequnece x = (x);2, is
strongly convergent [HyJ? if there exists & € C such that

n
P
tim o, | ((w2y) - ) = Jim —— kX;‘ IAky) — £ =0, ©
where Ary = yx—yk-1 (k =0,1,...) foreach sequence y = (yk),‘:‘;o ; throughout we use the convention that each
term with a negative subscript is equal to zero. Borwein [9, Theorem 8] showed that his strong convergence
[Ho]? is equivalent to Hyslop’s strong convergence [Co]’ for p > 1. Kuttner and Thorpe showed that the
equivalence of the two notions does not hold for 0 < p < 1, more precisely ([39, Proposition 1]),if 0 < p < 1
then x — &[Cp]P implies x — &[Hyp]?, but the converse implication is not true, in general. They used the
notation [c], (0 < p < oo) for the set of all sequenecs that are strongly convergent [H]’. It was shown in [28,
Theorem 4] that strong convergence [Cy]? implies strong summability [C,]JF forallp > 1 and all & > 0.

Moricz [59], generalized Borwein’s definition of strong convergence [Hy]” for p = 1 to that of A-strong
convergence by replacing the terms 1/(n + 1) and Ax((kx);2 ) by An and Ax((Aexk);2,), where A = (Ak)2, is
an increasing sequence of positive reals tending to infinity.

There are a great number of papers that study inclusion theorems for the various notions of summability
and convergence and their generalizations for different parameters, for instance, [9, 24-26, 28, 37]. We will
not follow this further.

In this paper, we give a survey of the most important results concerning the basic topological properties of
the spaces of strongly summable and bounded sequences and strongly convergent and bounded sequences
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defined above, their dual spaces, the characterizations of various classes of matrix transformations between
them, estimates for the Hausdorff measure of noncompactness of bounded sets, and the characterizations
of some classes of compact linear operators between them.

2. Notations and Preliminary Results

First we recall a few standard notations.
Let (X, d) be a metric space. We denote by

Bx(xo,7) = {x € X : d(x, x0) < 1}, Bx(xo,7) = {x € X : d(x, x0) < r} and Sx(xo,7) = {x € X : d(x, x0) = r}

the open and closed balls, and the sphere of radius » > 0 and centre in xy € X, respectively. We write
Bx = Bx(0,1), Bx = Bx(0,1) and Sx = Sx(0,1), for short. A sequence (b,);7 , in a complex (real) linear metric
space X is called a Schauder basis, if, for every x € X, there exists a unique sequence (A,);”, of scalars such
thatx = Y. 7" Auby.

Let X and Y be normed spaces, then 8(X, Y) denotes the space of all bounded linear operators L : X — Y
which is a normed space with the operator norm defined by ||L|| = sup{||[L(x)|| : x € Sx} for all L € B(X,Y),
and a Banach space if Y is a Banach space; we write 8(X) = B(X, X), for short. Also X* = B(X, C) denotes the
Banach space of all continuous linear functionals with the norm ||f|| = sup{|f(x)| : x € Sx} forall f € B(X, C).

Let w be the set of all complex sequences x = (xk);"zo, and ¢, ¢, ¢ and ¢, denote the sets of all bounded,
convergent, null and finite sequences, respectively; we also write {, = {x € w : YreolxilP < oo} for1 < p < oo,
and bs and cs for the sets of all bounded and convergent series. It is well known that w is a complete linear
metric space with its metric d defined by

[e9)

B 1 Ik — il e e
a(x,y) = k; ST r— for all x = (x)2, ¥ = (V)52 € @,

the so—called Fréchet combination of its coordinates, and that convergence in w is equivalent to coordi-
natewise convergence. Also {w, c, co, £y, bs and cs are Banach spaces with their natural norms defined by
[Ixlleo = supy |xx| for £e, co and ¢, [|x||, = (Z,‘;‘;leklp)”” for ¢,, and ||x|[ps = sup,, | Yo Xkl for bs and cs.

Leteand e (n=0,1,...) be the sequences with ¢, = 1 for all k, and eﬁ,”) =1land e]((") =0 (k # n).

For any subset X of w, theset X =€ w:a-x = (akxi);2, € cs} is called the f—dual of X.

Let A = (ank):‘:kzo be an infinite matrix of complex numbers, X and Y be subsets of w and x € w. We
write A, = (ank);‘;o for the sequence in the n—th row of A, A,x = Y.;°oauXx, Ax = (Anx);”, (provided all the
series A,x converge), and X4 = {x € w : Ax € X} for the matrix domain of A in X. Also (X, Y) is the class of all
matrices A such that X C Y4;s0 A € (X, Y) if and only if A, € X? forall nand Ax € Y for all x € X.

An infinite matrix T = (tnk)fl"’kzo is said to be a triangle, if t,, = 0 fork >nand t,, #0(n=0,1,...).

A Fréchet sequence space, that is, a complete linear (locally convex) metric space (X, dx) is said to be an
FKspace if its metric d is stronger than the metric d|x of w on X. Thus an FK space is a Fréchet sequence space
with continuous coordinates P, : X — C defined by Py(x) = x, (n =0,1,...) forall x = (x),2,, € X. A BKspace
is an FK space which is a Banach space. An FK or BK space X D ¢ is said to have AK if x[" = ¥/ xe® — x
(m — oo) for every sequence x = (Xx)2, € X; x[™! is called the m-section of the sequence x = ()

The following results are known.

Proposition 2.1. (a) Let (X, dx) be a Fréchet space, (Y, dy) be an FK space, f : X — Y be a linear map and d|y denote
the restriction of don Y. Then f : (X,dx) — (Y, dly) is continuous if and only if f : (X,dx) — (Y, dy) is continuous
([66, Theorem 4.2.2] or [54, Theorem 1.14]); in particular, f is continuous if and only if each map P, o f : X — C
(n € IN) is continuous.

(b) Let X and Y be FK spaces and X C Y. Then the metric dx on X is stronger than the metric dy|x of Y on X. The
metrics are equivalent if and only if X is a closed subspace of Y. In particular, the metric of an FK space is unique,
this means there is at most one way to make a linear subspace of w into an FK space ([66, Theorem 4.2.4] or [54,
Theorem 1.21]).

(c) Any matrix map between FK spaces is continuous ([66, Theorem 4.2.8] or [54, Theorem 1.17]).
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The following useful result holds for bounded linear operators between BK spaces; the first part is a
rephrasing of Proposition 2.1 (c).

Proposition 2.2. Let X and Y be BK spaces.

(a) Then we have (X,Y) C B(X,Y), that is, every A € (X,Y) defines a linear operator Ly € B(X,Y), where Ls(x) = Ax
(x € X).

(b) If X has AK then we have B(X,Y) C (X, Y), that is, every L € B(X,Y) is given by a matrix A € (X, Y) such that
Ax = L(x) for all x € X ([34, Theorem 1.9]).

We list a few useful known facts.

Example 2.3. (a) The space w is an FK space with its natural metric d; €, c, co, £, (1 < p < ©0), bs and cs are BK
spaces with their natural norms; c is a closed subspace of €, o is a closed subspace of ¢, and cs is a closed subspace of
bs; if 1 <p <p’ < oo, then the BK norm on €, is strictly stronger than that of €, on ().

(b) The spaces w, co, £, (1 < p < 00) and cs have AK; every sequence x = (x);” ) € ¢ has a unique representation

00

x =&+ Z(xk - E)e(k), where & = limy_, o0 Xx;
k=0

the spaces {« and bs have no Schauder basis.
(c) The set ¢ has no Féchet topology ([66, 4.0.5]).

We refer the interested reader to the monographs [8, 12, 22, 60, 68] for the theory of summability
methods, to [8, 14, 35, 62, 66, 68] and the survey article [64] for the theory of sequence spaces and matrix
transformations, and [54, 65, 66] for the theory of FK and BK spaces and its applications. Many more
references can be found in the mentioned monographs and survey article.

3. The Spaces of [C;]” Summable and Bounded Sequences

Here we study the sets of sequences that are strongly summable [C;]’ or strongly bounded [C;]" for
p=1

Throughout the remainder of the paper, let 1 < p < oo unless explicitly stated otherwise, and g denote
the conjugate number of p, thatis,g =coforp=1and g=p/(p—1)for1 <p < co.

Following Maddox [40], we use the notation w” for the set of all complex sequences that are strongly
summable [C1]P. We also define the sets

wg = {x Ew: l}l_r)go on(lxlP) = 0} and @, = {x € w:supo,(|xlF) = O}

of all complex sequences that are strongly summable [C;]? to zero and strongly bounded [C1]; if p = 1,
then we omit the index p, that is, we write wy = w!, w = w! and we = wl, for short. We observe that
wl = wg Ge={xcew:x—¢ee€ wg for some & € C}. If x € w”, then the unique complex number & for which
x — &e € w)) is referred to as the strong Cy limit of index p or the w? limit of the sequence x. Furthermore, we
obviously have wg C w” C wh, and an application of Holder’s inequality yields wg D wg
W owl forl<p<yp.

We denote the dyadic blocks by Iy = {0,1}and [, = (ke N :2" <k <2"*! =1} forv =1,2,..., and write
Y.y = Lie, and max, = maxe, forv=20,1,....

The basic topological properties are stated in the following result; they are analogous to the correspond-
ing ones for ¢y, c and £, stated in Example 2.3 (a) and (b).

,wP D w’ and



E. Malkowsky / Filomat 31:11 (2017), 3095-3123 3099

Theorem 3.1. ([40], [54, Proposition 3.4]) Let 1 < p < oo. Then w}, w? and wh, are BK spaces with respect to the
(equivalent) block and sectional norms || - || and || - ||s defined by

€Ny nelNy

1 1/p 1 1 p
Il = sup (5 Eull’) - and ]l = sup |

wg is a closed subspace of w? and w? is a closed subspace of wk,; wg has AK and every sequence x = (xi),2, € w’ has

a unique representation

(o)

x =&+ Z(xk - E)e(k), where & is the wP limit of x;
k=0

finally, wt, has no Schauder basis.

From now on, we will always assume that wg, w? and w’, are endowed with the block norm ||- ey =111l
unless explicitly stated otherwise.
Next we give the f—duals of w}j, w? and w,, and the continuous duals of w, and w?. We put

Y. 2" - max, |a] =1

M, = {a €w: lallp, < oo}, where [lallp, = {' :
X 2" (T, a1 <p <o),
v=0

Furthermore, given any a € w and any normed sequence space X, we write

(o]
Zakxk 1 x € Sx
k=0

provided the expression on the right hand side is defined and finite which is the case whenever X is a BK
space and a € X? ([66, Theorem 7.2.9]).

llally = sup{

Theorem 3.2. ([40], [54, Proposition 3.47] for (a)-(d)) We have
(@) (Wh)f = (wh)Ff = Wh)f = My, (b) (wp)* is norm isomorphic to (My, || - lIm,);

(c) f € WP) if and only if there exist b € C and a sequence a = (ax);-, € M, such that

flx)=&b+ Z axy for all x € w¥, where & is the wP limit of x, a = (f(e("))),‘f’:1 and b = f(e) - Z ay;
k=0 n=1

moreover ||f]| = |b| + llall pm, forall f e (wP);

(d) ||a||;),, = ||a||Mpfor alla € (wh.)P; (e) My, 1l - lIpm,) is a BK space with AK ([56, Theorem 5.7]);

() wh, is p-perfect, that is, (Wh,)PF = (Wh)P)f = (M,)f = wh,, and the continuous dual (M,)* of M, is norm
isomorphic to wh, ([56, Theorem 5.8]).

First we give the characterizations of the classes (X, Y) for X = wh wh,wh, and Y = €u, €0, ¢, 1, Wo, W, Weo
in the known cases. We assume that the spaces wy, w and w., are endowed with the sectional norm || - |.
Let A = (aw)y,_, be an infinite matrix, m € INy and N,, be a subset of the set {0,1,...,m}. Then we write

maxy,, for the maximum taken over all subsets N,,, € {0, 1,...,m} and SNu for the matrix with the rows

1
Nﬂl p—
S (A)——erl E A,.

neN,,
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Theorem 3.3. ([7, Theorem 2.4] for 1.-7.; 8. follows from [33, Theorem 4.4 3.] and Theorem 3.2 (a) and (d);
[2, Proposition 1] for 9. —13.) The necessary and sufficient conditions for of A € (X,Y) when X = wjj, w?, wh, and
Y = {w, co, ¢, €1 can be read from the following table

From wh, wg wP
To
loo 1. 1. 1
Co 2. 3. 4
c 5. 6. 7
4l 8. 8. 8
Woo 9. 9. 9.
Wy unknown | 10. 11.
w unknown | 12. | 13.
where
1. [B3J11) Al e =sup lAulim, < oo 2. [33]21)  lim[|Aullp, =0
n

3. [3.3](1.1) and [3.3](3.1), where [3.3](3.1) 31_1)1;0 ane = 0 forall k

4.  [3.3](1.1), [3.3](3.1) and [3.3](4.1), where [3.3](4.1) ’}i_r&iank =0
5.  [3.3](5.1), [3.3](5.2) and [3.3](5.3), where -
[3.315.1) ax = r}g{}o Ay exists for all k
[3.3](5.2) (ar);2o, An € M, foralln
[3:31(5:3) lim [IA, — (ax)Zollm, =0
6. [3.3](1.1) and [3.3](5.1) -
7. [3.3](1.1), [3.3](5.1) and [3.3](7.1), where [3.3](7.1) a = 1}1_1)1010 Z Ay exists

k=0
8. 33181 Al = sup |Y Al <.
Nimg  1mEN i,
9. [3310) IAllug . = Sup| ———maxy, Y oA |<w
m m neN,, Mp

1 m
10. [3.3](9.1) and [3.3](10.1), where [3.3](10.1) lim —— Z |la,x| = O for each k
m—eo 1 + 1 e

) 1 m 0 ~
1. [33]9.1), [33110.1) and [33](11.1), where [33](11.1) lim —— ; k; | =0
12. [3.3](9.1) and [3.3](12.1), where
[3.3]1(12.1) for each k there is o € C such that lim L g —axl =0
m—oo 1 + 1 o

13.  [3.3](9.1), [3.3](12.1) and [3.3](13.1), where

m (e8]

) o -a

k=0

1
[3.3](13.1) lim ——
m—oo 1M + -

=0 for some o € C.
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Furthermore, if A € (X, 1), then AN @2, 1y < ILall < 4 [|All e, 1), and if A € (X,Y) in 1.-7., then ||La|| = ANl 2, oo)-
Also, if A € (X,Y) in 9.-13., then ||All ¢y 1.y < ILall <4 - 1Al 7 -
We remark that the conditions for A € (wh,, co) and A € (wh,, c) can be replaced by the conditions [3.3](2.1) and
[3.3](3.1) in 2. and [3.3](2.1") and [3.3](5.1) in 5., where [3.3](2.1") ||Anllm, converges uniformly in n.

Now we state the dual result of Theorem 3.2 1-8. Again, we assume that the spaces wy, w and w., are
endowed with the sectional norm || - ||;.
)) p=1)

Theorem 3.4. ([17, Theorem 2.5]) We write
o 1/q
) ] (1<p< o)

The necessary and sufficient conditions for A € (X,Y) when X € {é’p, loo, Co,c} and Y € {wo, w, weo} can be read from
the following table

1
— )

m+1 neN,,

sup (mame (sup
k

m

Al = sup (maxy, [[S)e(4)],) =
m

Ly
a
m+1 neN,, nk

sup (mame (f

m k=0

From ty ‘
To (1<p<oo) o | G €
Woo 1. 2 2. 2.
wo 3. 4 5. 6.
w 7. 8 9. 10.
where
1. [3.4](1.1) |Allpw.) < o0 2. [3.41(2.1) llAll(oo,we) < ©0 3. [3.4](2.1) and [3.3](10.1)

2, o

nenN,,

4. [34]41) lim [mame(ﬁZ ]]:0 5. [3.4](2.1) and [3.3](10.1)
k=0

6. [3.4](2.1), [3.3](10.1) and [3.3](11.1) 7. [3.4](1.1) and [3.3](12.1)

8. [3.31(12.1), [3.4](8.2) and [3.4](8.3), where
[3.4](8.2) (ax);2, € €1 and A, € €1 for all n

[3.4](8.3) 7’111_1330 (mame (m i_ T kZZO‘ nEZN‘ Ak — O ]] =0
9. [3.4](2.1) and [3.3](12.1) 10.  [3.4](2.1), [3.3](12.1) and [3.3](13.1).

If A € (X,Y) in the cases above, then we have ([53, Corollary 1, (2.8)]) [|Allp,w.) < lILall < 4 - [|Allp,w.)-
Theorem 3.5. ([18, Theorem 2.5]) Let 1 < p < co. We write

1 p\1/p
Mllvg.ey = sup {|Y @i sup sup(;ZVZakn]
Yime lIne VS N

and

. 1 1/p
”Al'(MprEOO) = sup ||(ak")k:0HwZO =sup [sup (?Zv |akn|p) :| .
n n v

Then the necessary and sufficient conditions for A € (X, Y) can be read from the following table:
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From
To loo c|c|h
wh, 1. 1. [1. ]2
wg unknown | 3. | 4. | 5
wP unknown | 6. | 7. | 8
where
1. [3.5](1.1) 1Al a6y < 00 2. [3.5](2.1) 1Al 60 < 00

m
3. [3.5](2.1) and [3.5](3.1), where [3.5](3.1) lim ﬁ Z lal? = 0 for each k
m—00
n=0

m

4. [3.5](1.1), [3.5](3.1) and [3.5](4.1) where [3.5](4.1) hm 1 Z

n=

)
2o
k=0

5. [3.5]2.1) and [3.5](3.1)

for each k there is ay € C such that
1
6. [3.5]1(1.1) and [3.5](6.1) where [3.5](6.1) nlf_r}l, e Z e — ayl? =

7. [3.5](1.1) [3.5](6.1) and [3.5](7.1) where

(o)

Z Auk — Ak

k=0

1 m
i)
n=0

m—oo | M

[3.5](7.1) there exists ay € C such that lim [

J-

Furthermore, if A € (£1,Y) then |ILall = Allom, ey and if A € (X,Y) in the remaining known cases above then
AL, £0) < LAl < 4 - Allop, )

8.  [3.5]2.1) and [3.5](6.1).

The reader is also referred to further results on matrix transformations on spaces related to summability
[C1)7 in [11, 38, 57], for a study of the Banach algebras (w, w) and (w., W) and applications to sequence
spaces equations and the solvability of infinite system of linear equations in [42, 43, 48]. A great number of
additional references can be found in those papers.

4. Spaces of A-Strongly Convergent and Bounded Sequences

In this section, we study the spaces of A—strong null sequences ch(A), A—strongly convergent and bounded
sequences c(A) and ¢, (A), of index p for exponentially bounded sequences A. Tt will turn out that the case of
p = 1is essentially different from that of 1 < p < co. Many of the results of this section for p = 1 can be
found in [49].

The spaces CS(A), c?(A) and c%,(A) were defined and studied for exponentially bounded sequences A
in [32, 45, 46, 49, 52, 54] for p = 1, and in [32, 47, 58] for 1 < p < co. We remark that the extension of the
spaces & o), & (u) and & o(t) to the case of 0 < p < 1 was studied in [31]. The concept of exponentially bounded
sequences introduced in [45] plays an important role. A nondecreasing sequence A = (A,);"; of positive
reals is said to be exponentially bounded [45] if there exists an integer m > 2 such that, for each v € Ny, there
is at least one A, in the interval [m", m"*1). The following result is a useful characterization of exponentially
bounded sequences.

Lemma 4.1. ([45, Lemma 1]) A nondecreasing sequence A of positive reals is exponentially bounded if and only if
the following condition holds:
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(I) There are real numbers s and t with 0 < s <t < 1 such that for some subsequence (Ay));2,

s <

<tforallv=0,1,....

A1)

If A is an exponentially bounded sequence, then we can always determine a subsequence (A,w));,
which satisfies the condition in (I); such a subsequence will be referred to as an associated subsequence.

Throughout, let i1 be a nondecreasing sequence of real numbers tending to infinity, A be an exponentially
bounded sequence and (A,));”, be an associated subsequence. If (n(v));?, with n(0) = 0 is a strictly
increasing sequence of nonnegatwe integers and I(n(v)) denotes the set of all integers k with n(v) < k <
n(v) +1) -1, then }. ), and max(() denote the sum and maximum over all k € I(n(v)). We define the sets

}, Eﬁo(y)z{xea) sup[ Z|Aky x)|]<oo}

”kO
0}
<m},

Fu=xrew:x-&-ec Eg(y) forsome & e Cl,and P(A) ={xcw:x—-¢&-e€ cg(A) forsomeé e Cl. Ifp =1,
then we omit the index p, that is, we write &(u) = E(l)(y) etc., for short.

ég(p) = {x €w: lim|— Z |Ak (- x)|

n—oo
nkO

. 1
(M) = {x € w: Jim | —5—— T IAelA - 0
n(v+1)

Czo(A) = {X € w :sup /\p—ZI(n(v)) |Ak(A : x)|P

v n(v+1)

Remark 4.2. Ifp = 1and p,.1 = n+ 1, then we obviously have &(u) = [c]1 ([39]).

If x € &(u) then the number £ e Cwithx—-&-e € cf)(A) is called A-strong limit (of index p) or ¢?(A) limit of
the sequence x. The c?(A) limit of a sequence x € ¢¥(u) is unique ([45, Lemma 2]) for p = 1, and [47, Theorem

2]) for 1 < p < oo if and only if im prye1/pn > 1.

Our spaces have the following fundamental topological properties similar to those of ¢y, c and £, and
to those of wﬁ, wP and @, in Theorem 3.1.
First we consider the case p = 1.

Theorem 4.3. ([45, Theorem 2] and [49, Theorem 2.2]) Let A = (A,),, be an exponentially bounded sequence
and (An)),e, be an associated subsequence.
Then cy(A) = CQ(A) c(A) = 8(A) and coo(A) = Eo(A), and the block and sectional norms || - ||, and || - ||s defined by

el = sup 5—— A — o IA1(A - 9 and ||x||s—sup—Z|Ak<A )

are equivalent on ce(A), c(A) and co(A), more precisely
lIxllp < llxlls < K(s, t) - ||x|l, where K(s,t) = (s(1 — )~ with s, t € (0,1) from condition (I); 4)

Each of the spaces co(A\), c(A) and ce(A) is a BK space, co(A) is a closed subspace of c(A), c(A) is a closed subspace
0f coo(N); co(A) has AK and every sequence x = (xi), € c(A) has a unique representation

x=&-e+ Z(xk - é)e(k) where & is the c(A) limit;
k=1

finally coo(A) has no Schauder basis.
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Now we consider the case 1 < p < co.

Theorem 4.4. Let1 <p < oo, and A = (A,);, be an exponentially bounded sequence and (Ay));?2, be an associated
subsequence.
Then cf)(A) = ~g(A), P(A) = & (A) and o (A) = &,(A), and the block and sectional norms || - o and || - |,,s defined

by

1
”pr,b =sup|— Zl(n(v)) [AR(A - x)IP

v n(v+1) n n k=1

1/p L 1/p
and ||x||,s = sup [F Z |AR(A - X)I”]

are equivalent on c,(A), ¢/(A) and chy(A). Each of the spaces cj(A), ¢(A) and ciy(A) is a BK space, cj(A) is a closed
subspace of ¢P(A), ¢?(A) is a closed subspace of cio(A). Let (M), be the sequence with ci.k) =0forj<k-1and
cﬁ.k) =1/Ajfor jzk(k=0,1,...). Then (c®)2  is a Schauder basis for c{(A) ([58, Proposition 2.1 (c)]).

Let ¢V = (ce(=1))52, be the sequence with c}((_l) = Z?:o 1/A;(j=0,1,...). Then (W) . is a Schauder basis for
c?(A). ([34, Corollary 2.5])
The space chy(A) has no Schauder basis ([34, Remark 2.3] and Theorem 3.1).

Throughout, we will always assume that the spaces cg (A), c?(A) and ¢, (A) have the block norm, unless
explicitly stated otherwise.

Example 4.5. ([49, Example 2.3]) (a) If A, = 2" (n = 0,1,--), then we may choose the sequence (A,)5, itself as
an associated subsequence, Ay /Ay =1/2 (n =0,1,---) and we obtain, for instance,

@A) = fx € @1 s = il 0 (15 ).

1
/\n+1
(b)Leta > 0,Ag = Ay =land Ay = n®forn =1,2,---. Then we may choose (A )oeo 45 an associated subsequence,
A [Ags =27% forv =0,1,- - and we obtain, for instance,

2v+171

P Z [Ar_1Xk1 — A = 0 (v — 00) .
@) =

If o = 1 then the sets co(A), c(A) and coo(A) reduce to the sets [col1, [cli and [cso]1 introduced and studied by Hyslop,
Kuttner and Thorpe [28, 39].

(c) Let a« > 0, Ag = Ay = 1 and Ayy1 = (log,n)* for n > 1. Then we may choose (Aye),?, as an associated
subsequence.

co(A) = {xew:

Now we give the duals of the sets cg(A), c’(A) and c&,(A). Again, we consider the the case p = 1 first. We
put

CA) = {ﬂ €w: llallcny < 00}, where |lallca) = Z An+1yMaX ()
v=0

< g,
My
Theorem 4.6. ([46, Theorem 2] for (a)—(d) and [46, Theorem 3] for (e) and (f)) We have
(@) (co(A))P = (c(A))P = (co(A)f = C(A);  (b) (co(N))* is norm isomorphic to (C(A), 1l - lle));
(c) f e (c(A)) if and only if there exist b € C and a sequence a € C(A) such that
f(x) =bE+ i anXy for all x € c(A), where & is the c(A) limit of x, a = (f(e™))>, and b = f(e) — i Ay
n=0 n=0

furthermore, we have |b| + |lallcay < |IfIl < K(s, t) - (Ibl + IIallc(A))for all f € (c(A))".
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(d) ||a||c w = = |lalloe) for all a € (co(AN))F;  (e) (C(A), Il - llceay) is a BK space with AK;

(f) coo(N) is p—perfect, that is, (Coo(A)PP = ((co(A))F)F = (C(A))P = coo(A), and the continuous dual (C(A))* of
C(A) is norm isomorphic to ceo(/\).

Now we consider the case 1 < p < c0. We put

aj

- g\1/9
Co(A) = {a € w: llalle, ) < o0}, where llallg,) = ) Ay [ZW) T ] :
]

v=0

=

For each n E ]No, let v(n) be the uniquely defined integer such that n € I,(,). Then we define the sequence

(d )n O

v(n)—-1

du= Y Aigeny (v + 1) = KO+ Agguyony(n + 1= k()7 forn =0,1,....
v=0

Theorem 4.7. ([47, Theorem 3]) Let 1 < p < co. Then we have

(@) (ch(A)P = (P(N)P and a € ((AN))P if and only if
R ] (5)
=i A

(b) a € (ch(AN)P if and only if the condition the first condition in (5) is satisfied and

a € Cy(A\) and sup{

(o)

o[

k=n

lim

n—oo

(c) Let X =ch(A), X = P(A) or X = ch(A). If a € XP, then

(o8]

Y A=) A(A) Z for all x € X and llalfy = llalle, () for all a € XP.

k=0 k=0 j=k

Now we study matrix transformations. First we give the complete list of characterizations of the classes
(X,Y) for X = co(A), c(N), co(A) and Y = ¢y, ¢, Coo, 1-

Theorem 4.8. ([49, Theorem 4.1])
The necessary and sufficient conditions for A € (X,Y) when X € {co(A), c(A), coo(A)y and Y € {€w, ¢, co, €1} can be
read from the following table

From | coo(A) | co(A) | c(N)

To
I~ 1. 1. 1.
o 2. 3. 4,
c 5. 6. 7.
0 8. 8. 8.
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where
1. [4.8](1.1) lAllca(a)e) = sup llAsllcn) < o0 2. [48](2.1) 1}1_{{}0 lIAllcay =0
n

3. [4.8](1.1) and [3.3](3.1) 4.,  [4.8](1.1), [3.3](3.1) and [3.3](4.1)
5. [3.3](5.1), [4.8](5.2) and [4.8](5.3), where

[4.8](5.2) (ax);2,, An € C(A)forall n

[4.81(5.3) lim [lA; — (@) llcay =0
6. [4.8](1.1) and [3.3](5.1) 7. [4.8](1.1), [3.3](5.1) and [3.3](7.1)

8. [48](8.1), where [4.8](8.1) IAllc.vn = sup ||Y Adl <o,
N IIneN - lleqa)

Furthermore, if A € (X, 1), then ||Allc. )1y < ILall <4 - |Allcw(a),1), and if A € (X, Y) in the remaining cases above,
then |ILall = [|Allca(r),00)-

We remark that the conditions for A € (coo(A), co) and A € (ceo(A), c) can be replaced by the conditions [4.8](2.1")
and [3.3](3.1) in 2. and [4.8](2.1") and [3.3](5.1) in 5., where [4.8](2.1") |Aullca) converges uniformly in n.

Now we state the dual result of Theorem 4.8. We assume that the spaces o(u), ¢(1t) and ¢« (1) are endowed
with the sectional norm || - ||s.

Theorem 4.9. We write

1
— X ([vlnank ‘Un—lanfl,k)

) o

sup (mame (sup

m [’lm nENy,
Al (o =
| ||(p,coo(y)) w1 g 1/q
sup [maxN” (Z — Y (Mnfnk — Pn—1an-1)) ) } (I<p<eo)
m k=0 Hm neN,,

and

max, |[—

|

The necessary and sufficient conditions for A € (X,Y) when X € {€,,€w,co,c,coo(N),co(A), c(A)} and Y €
{Ceo(1t), Eo(), E(1)} can be read from the following table

v=0 neNm j=k

Y DR

Al (A) () = sup [maxN,,, Z A1)

From &y
T (1<p <o) loo | ¢ Coo(A) co(A) | c(A)
M) 1. 2. 2. | 2. 9. 9. 9.
So(1) 3 unknown | 4. | 5. unkown 10. 11.
e(u) 6 unknown | 7. | 8. | unknown | 12. 13.
where
1. [49](1.1) |Allpeoq) < o 2. [4.91(2.1) [|All(co ey < ©°
3. [4.9](1.1) and [4.9](3.1), where [4.9](3.1) hm {Ji Z |ttnnk — Hn—1an-1l | = O for each k
n=0

4. [4.9]2.1) and [4.9](3.1)
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]=

for each k there is ay € C such that

496 { m%( % pank — o) - un_l(an_l,k—akn):o

Um n=0

5. [4.9](2.1), [4.9](3.1) and [4.9](5.1), where
[4.9](5.1) 11m{ Z

6. [4.9](1.1) and [4.9](6.1) where

(o]
Z [—lnank - ‘U—lan—l,k)
k=0

7.  [4.9](2.1) and [4.9](6.1)
8. [4.9](2.1), [4.9](6.1) and [4.9](8.1) where

lim Y

1 m | >
[49](81) { m—oo ("lm B Z Hn(ank - CY) Hn_l(an_lrk — (X)

k=0
for some a € C

9. [49]09.1) 1Al < 10.  [4.9](9.1) and [4.9](3.1)
11, [4.9](9.1),[4.9](3.1) and [4.9](5.1) 12.  [4.9](9.1) and [4.9](6.1)
13.  [4.9](6.1),[4.9](6.1) and [4.9](8.1).

If A € (X,Y) in the cases above, then we have ([53, Corollary 1, (2.8)]) |Allp,w.) < IILall < 4 - [|1Allp,w.)-

Proof. Part 1. is [52, Remark 1 (a)], 2. follows by [53, Corollary 1 (b)] and the well-known fact that
II-1I% = Il - Il for X € {w, co, c. Since ¢o(u) and Co(pt) are closed subspaces of &(u) by Theorem 4.4, 3. and 6.,
and 4. and 7. follow by [66, 8.3.6] from 1. and 2., respectively, and finally 5. and 8. follow by [66, 8.3.7]
from 4. and 7.. The characterizations of (cco(A), Eeo(1t)) and (co(A), Eeo(t)) are given in [54, Remark 3.50 (b)]
and [32, Theorem 3.4 10.], and (coo(A), o (1)) = (co(A), Coo(pt)). Since cp(A) C c(A) C coo(A), we also have
(c(A), () = (co(A), Ew(u)). Hence we have established 9. Furthermore, 10. and 12. are [32, Theorem 3.4
11. and 12.], and finally [66, 8.3.7] and 10. and 12. yield 11. and 13.. O

Finally, we give the known characterizations of the classes (X,Y) when X = cf;(A),cg(A), c’(A) and

Y = foor 51/ ¢, Co, CNOO(,U)/ 50(‘1.1), 500(”)
q]l/q

Then the necessary and sufficient conditions for A € (X, Y) when X = cb,(A), cf)(A), P(A)and Y = €, €1, ¢, o, Coo(Lh),
Co(1), Eco(). can be read from the following table

Theorem 4.10. Let 1 < p < co. We write

ANy

ANl () ) Eeoll)) — sup maxn,, Z Akw+1)
neNm =k

v=0

From & (A) cﬁ (A) | (N
To
loo 1. 2 3.
o unknown 4 5.
c unknown 6. 7.
{1 8. 9. 10.
Coo () 11. 12. | 13.
Co(1) unknown | 14. 15.
&(u) unknown | 16. 17.




where

10.

11.
12.
13.

14.

15.

16.
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[4.10](1.1) and [4.10](1.2), where
[4.101(1.1) [1All 2 (r),00p = SUP IAullc ) < 00
n

(o)

£

k=m

[4.10](1.2) lim d,, =0foreachn

(e8]

[4.10](1.1) and [4.10](2.1), where [4.10](2.1) supd,, Z Lj\ik < oo for each n
m k

k=m
[4.10](1.1), [4.10](2.1) and [4.10](3.1), where [4.10](3.1) sup Za | < o0
k=0
[4.10](1.1), [4.10](2.1) and [4.10](4.1), where [4.10](4.1) V}i Z /\—] =0 for each k

i’
=~

j

[410](1.1), [4.10]2.1), [4.10](4.1) and [4.8](5.1) where [410](5.1), lim Za,,k =0
k=0

8

[4.10](1.1), [4.10](2.1) and [4.10](6.1), where [4.10](6.1) ;}i Z /\—] = ay exists for each k
j=k

[4.10](1.1), [4.10](2.1), [4.10](6.1) and [4.10](7.1), where [4.10](7.1) }E‘;Z”"k = a exists
k=0

Y A,

neN

[4.10](8.1) and [4.10](1.2), where [4.10](8.1) sup

NcNg
N finite

< 00

()
[4.10](8.1) and [4.10](2.1)

00

[4.10](8.1), [4.10](2.1) and [4.10](10.1), where [4.10](10.1) Z Zank
n=0 [ k=0

[4.10](11.1) and [4.10](1.2), where [4.10](11.1) |All 2 (r) 5.y <

[4.10](11.1) and [4.10](2.1)

[4.10](11.1) [4.10](2.1) and [4.10](13.1), where

m

< 0

(o) (9]

[4.10](13.1) sup ui Z ™ Z Ak = U Z "

M =0 k=0 k=0
[4.10](11.1) [4.10](2.1) and [4.10](14.1), where

< 00

m

[4.10](14.1) lim lz

m—00 ["lm por

[4.10](11.1) [4.10](2.1) [4.10](14.1)

m

1
4.10](13.1) lim —
{10J13.0) Jim =

m
n=0

[4.10](11.1) [4.10](2.1) and [4.10](16.1), where

m

[4.10](16.1) lim —
m—0o0 [Jm =

NN

- Ay _

Z yn—j - ,u,,_lw = 0 for each k
4 Aj A

j=k
and [4.10](15.1), where

Un Z Ak — Un-1 Z Ap-1k| = 0

k=0 k=0
— Un-1 an/\?’k) = By for each k

j=k /

3108
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17.  [4.10](11.1) [4.10](2.1) [4.10](16.1) and [4.10](17.1), where

L [i Ank = B] — Hn-1 [i An-1k = ﬁ]

= 0 for some p € C.

1 v
[4.10](17.1) r}gr(}w—m Z
n=0 k=0 k=0

Furthermore, if A € (X,Y) in 1. —7., then ||L4|| = Al Ay, 00) and if A € (X,Y) in 8. —10. or in 11. -17. , then
||A||(C’;(A),1) < ”LA” < 4- ||A||(c€o(/\),1) or ”AH(CL(A),@O(H)) < ”LA” <4- HA”(cﬁQ(A),Em(y))'
Proof. Parts 2., 4., 6., 12., 14. and 16. are [32, Theorem 3.4 1.-6.], 1. and 3. are [47, Corollary 1 (a) and

(b)], and 11. and 13. are [47, Corollary 2 (a) and (b)]. Furthermore, 8. and 9. are obtained as follows. By
[44, Satz 1], we have for arbitrary BK spaces X

*

A€ (X, t)ifand only if [[Allxny = sup ||} Aufl <o,
N 1IneN - lx
If X = c&,(A) or X = dh(A) then we must use a € (ch(A))F ora € (ch(A))F, and || - IIZ,;(A) = I-llc,(a) in (a) and (b)
of Theorem 4.6. Finally, 5., 7., 10., 15. and 17. follow by [54, 8.3.7] from 4., 6., 9., 14. and 16.. O

Additional results on matrix transformations involving the spaces cg(A), c?(A) and cb,(A) can be found
in [15-18, 39]. Also there is a study on the Banach algebras (c(A), c(A)) and (ce(A), co(A)) in [19], and
applications to the solvability of infinite systems of linear equations and sequence spaces equations can be
found in [41, 42].

5. Strong Cesaro Summability, Convergence and Boundedness

Throughout this section, let &« > 0 and 1 < p < oo. In the case of @ = 0, the indices start from 1 with the
convention that every term with an index less than 1 is equal to zero.

We study the sets of all sequences that are strongly summable C, to zero, strongly summable and
bounded C,, strongly convergent to zero, and strongly convergent and bounded, with index p, defined by

n

, 1 a1/ AP
[Ca]g = [C1,Ca_1]€ = {x Ew: 21_1)1.}0 — Z ‘ak 1(x)| = ()},

[Cal =[C1, Coa]’ = {x € w: x = &e € [C, ]} for some & € CJ,

1 a— P
[Calt = [C1, Cacilho = {x Ew: sup =7 L, ot )| < oo},

. 1y
[CoTy = {x €w: lim ~ kz_; ki — (k — Dl = o},

[CoFF = {x € w:x— & € [Col} for some & € C}

and

1 n
[Col% = {x Ew: Slip - kz_; lkxy — (k — Dax_q P < oo}

Remark 5.1. Since
1 - 1) = 1 for
1 E A;jjz——landk—(k ) =1 forall k,

a—-1 _
op (€)= —
k=0

A
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the definition of [C, ] is the same as that in (1), and [Co]P = [Hol? in (3).
In the special case of a = 1, we obtain [C1]) = wh, [C1) = wP and [C1]%, = wh.
If we write Cy = (c%)%,_, for a > =1 and C_y = (c ), _, for the triangles with

nk ’n,k=0
a-1 n fork=n
Cop = X;kﬁ’”OSkﬁnﬂndc;;: —-(n=1) fork=n-1 foralln,
" 0 otherwise

then we obviously have [Ca]g = (wg)ca_l, [Col = (@P)c,_, and [Cully = @Why)c,, forall a > 0.
For each x € [C,)P, the complex number & with x — &e € [Ca]g is unique; & is referred to as the [C, )P limit of the
sequence X.

We frequently use the well-known properties of the Cesaro coefficients A; and the fact that the inverses

Ga-1 — (s 1 :::k:o of the matrices C,-; are the triangles given by

1
a=1 _ p-a pa-1 -1 _ —
sy =A YA fora>0ands,; = - for a = 0.

Finally, we write R*! = (ror 1) for the transpose of the matrix S*~! (@ > 0), that is,

0 fork<n-1
il = A Ast fora >0 for all n;
n 1 fork>n
T fora=0

we also write 0;,1(x) = nx, — (n — 1)x,,_1 for all n and all x € w.

First we establish some important topological properties of the spaces [Ca]g, [CoJP and [CoI, for a > 0

v+l _
and p > 1. We write ), = Zizo, maxgy = maxg<<1, and Y., = Zi:zv ! and max, = maXy <<pig for v > 1.

Proposition 5.2. ([51, Proposition 2.1] for @« > 0, and Theorem 3.1, and [66, Theorem 4.3.12] and [34,
Corollary 2.5] fora = 0) Let « > 0 and p > 1.

(a) The sets [C,IE, [Co)P and [C, )., are BK spaces with respect to

1 k
Z A"".zxk

n1/p
—_— ora >0
Al Sk ] f

1 Lo\ 1
sup (5 Loy '@F) - = sup| 5L,

Ixiic,z, = . p
sup (EZ‘” lkxy — (k — 1)xk_1|”) fora =0;
v

[Ca]g is a closed subspace of [C,)P and [C, )P is a closed subspace of [C.T5.

(b) For each n, define the sequence ¢ = (c*"™)* by

0 for0<k<n-1
(@m _ ) A A%Y fora >0
k 1k w fork>n
- fora =0.

Then every sequence x = (xk).2, € [Ca]g has a unique representation x = Y, 0%~ (x)c™.
n

Every sequence x = (x);2, € [Col? has a unique representation

x=&-e+ Z 097 (x — & - e)c™, where & is the [C, )P limit of the sequence x. (7)
n
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Remark 5.3. (a) Since w’, has no Schauder basis by Theorem 3.1, [Colb has no Schauder basis by [34, Remark
2.4].

(b) We have [C,)P = (wg ®e)c,, by definition, and so it follows from [34, Corollary 2.5 (c)] that every sequence
x € [Cy]? has a unique representation

x= £ 1 Y (031w - £ - ) o ®
n
where the sequences clam) for all n are defined as in Proposition 5.2 and the sequence c@= = (C(a 1))k 0 is
given by
n
ZAkajA;r 1= Ag =1 fora>0
Cl((a,—l) _ ]1:0 . forn=0,1,....
p Yyi=1 fora=0
i=1

j
hence @D = e Since 04~ 1(x) — & = 0%~ H(x — & - ) for all n, the representations in (8) and (7) are identical.
Now we determine the 8 duals of the spaces [C.T, [Co) and [C,]%. First we consider the case a > 0.
Theorem 5.4. ([51, Theorem 3.3] for @ > 0; the case a = 0 follows from [7, Lemma 3.1]) Let p > 1 and a > 0.
We define the triangle W@ = (wfz;f‘_l)) fora e wby

‘Z AGAY laj fora>0

w;‘;}f"l) = a; fork < m.
Y = fora=0
j=m ]

Then we have
(a) a € ([Colb)P if and only if a € (Mp)ga-r and WD e (wh, £s);
(b) a € ([C,))P if and only if a € (Mp)ger and W@ € (w?, c);
(c) a € ([Calto)f if and only if a € (My)ge-r and WD € (wh,, co).
(d) If X = w) or X = wh, and a € (X¢,,)F, then

Y az

k=0

Mz

(R 'a)(08 ™" (x)) for all x € Xc, ,; also lally, = IRY " all a4,

o~
I
fe=}

Ifa € ([C,JP)P then

(R&'a)(08 7 (x)) — Ep where & € Cis the [C, )P limit of x and p = lim W%,

m—00

gk
gk

axZx =

o~
Il
S
~
I
S

also llallyc. ,, = lpl + IR*allp, for all a € ([CaIP)P.

Remark 5.5. Writing W = W@~ and R = R*71, for short, we have

ZA]_O;(A;: laj fora>0

Rea = /3 aj forall k,
Z fora=0
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hence a € (Mp)r if and only if ||R||,p < co. Furthermore we have by Theorem 3.3 1. W € (wh, L) if and only if

sup [[Willm, < 0.
m

We have by Theorem 3.3 7. that W € (w?, c) if and only if (9) holds,

m (o)
m lim ¥ Y A74Aa;  fora>0
. . M= k20 i=m ]
p = lim Wye = lim Wik = m o q;
m—oo m—oo . ]
=0 Iim Y, ) — fora =0

m—00 k=0 j=m ]

©)

(10)

exists, and limy,_,co Wk = Y exists for each k, which is redundant since the convergence of Rya for each k implies

limy,—c0 Wk = yi = 0 for each k.

Finally, it follows from Theorem 3.3 2. that W € (w),, co) if and only if lim,—eo |[Wo|| m, =0.

Finally, we give the characterizations of the classes (X, Y) for X = [C.Tos, [Ca]g, [ColP and Y = £, o, C.

Let A = (ank);’k:o be an infinite matrix. We define the matrix A%~ = (ﬁg;l);“jkzo by ar 1= R]‘z‘_lAn

Theorem 5.6. ([51, Theorem 4.2] for a > 0, [7, Theorem 4.2] for a = 0) The necessary and sufficient conditions
for the entries of A € (X, Y) for X € {[Calls, [Call, [Cal) and Y = {£w, co, ¢} can be read from the following table

From
T [Callo | [Caly | [Cal
l 1. 2. 3
Co 4. 5. 6
c 7. 8. 9

where
1. [5.6](1.1) and [5.6](1.2).where
[5.61(1.1) [lAllc, .00 = sup A4S Iy, < o0
[5.6](1.2) lim W Dllpg, = 0 for all n
2. [5.6](1.1) and [5.6](2.1) sup [[Wi" V||, < oo for all n

3. [5.6](1.1), [5.6]2.1) [5.6](3.1) and [5.6](3.2), where
[5.6](3.1) p™ = lim Wie e exists for each n

[5.6](3.2) sup |As™e - p)| < o0

4. [5.6](1.2) and [5.6](4.1]; Lim [|AS I, =0

5. [5.61(12), [5.6121) and [5.61(5.1) lim a%" = 0 for all k

6. [5.6](1.1), [5.6](2.1), [5.6](3.1), [5.6](5.1) and [5.6](6.1), where
[5.6](6.1) lim (Ase—p™)=0

7. [5.6](1.1), [5.6]1(7.1), [5.6](7.2) and [5.6](7.3), where
[5.61(7.1) & = lim %! exists for all k

[5.61(7.2) (&x), A% € M, forall n
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[5.61(7.3) lim IA7™" = (@)llm, =0

8. [5.6](1.1), [5.6](2.1) and [5.6](7.1)
9. [5.6](1.1), [5.6](2.1), [5.6](3.1), [5.6](7.1) and [5.6](9.1), where

[5.6)9.1) lim (A3e - p™) = B exists.
n—o0
Furthermore, if A € ([Ca]g, Y) or A € ([Calls,Y), then we have ||La|| = Al (e, 12, 00) and if A € ([C,)P,Y), then
ANl = IAlke,r.0 = sup, (10" + 1Allc, . o0 )-

Remark 5.7. We note that by (10) and the definition of the matrices A*™' and W=V we have

(e8]

(] m (o)
Y. L A]Tf‘kAlf‘lanj - 7'111_1)130 Y X A]Tf’kAg‘lanj fora >0
Aa1, _ ) _ )k=0j=k k=0 j=m
n P aa al’lf . m.o X an]'
Y Y —-1lim } ¥ — fora=0
k=0j=k ]~ M2®k=0j=m ]
lim ;kA]Tf‘kAz‘lanj foreachk  fora >0
A = ];’ Ayj
lim ), — for each k fora=0
n—oo j=k
and, for all n,
A5 - (@ T 2'maxy [ - (=1
n — Qg M =14 « 1/
p ra-1 A |7\ __P
EOZV/”(ZV At — ) (p>l,q—p_1).

6. Compact Operators

In this section, we give the characterizations of some classes of compact operators between the spaces
of the previous sections. We achieve this by using the Hausdorff measure of noncompactness. Although a
different approach for the characterization of compact matrix operators between certain sequence spaces
can be found, for instance, in [63], we chose our approach because it seems to be more elementary and
suitable for our purpose. Measures of noncompactness are also widely used in fixed point theory.

The first measure of noncompactness, the function «, was defined and studied by Kuratowski [36] in 1930.
Later in 1955, Darbo [13] was the first who continued to use the function a. He proved that if T is a
continuous self-mapping of a nonempty, bounded, closed and convex subset C of a Banach space X such
that a(T(Q)) < ka(Q) for all Q c C, where k € (0, 1) is a constant, then T has at least one fixed point in the set
C. Darbo’s fixed point theorem is a very important generalization of Schauder’s fixed point theorem and it
includes the existence part of Banach'’s fixed point theorem.

Other measures were introduced by Goldenstein, Gohberg and Markus (the ball or Hausdorff measure of
noncompactness) [20] in 1957 (which was later studied by Goldenstein and Markus [21] in 1968), Istritesku [29]
in 1972 and others. Apparently Goldenstein, Gohberg and Markus were unaware of the work of Kuratowski
and Darbo. It is surprising that Darbo’s theorem was almost never noticed and applied, not until in the
1970’s mathematicians working in operator theory, functional analysis and differential equations began to
apply Darbo’s theorem and develop the theory connected with measures of noncompactness.

These measures and their applications are discussed for example in the monographs [1, 3-5, 27, 30, 61],
and a large number of research articles.

We recall that if X and Y are Banach spaces and L : X — Y is a linear operator, then L is said to be compact,
if its domain is all of X and, for every bounded sequence (x,) in X, the sequence (L(x,)) has a convergent
subsequence in Y. We write C(X, Y) for the set of compact operators in B(X, Y).
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Let (X,d) be a complete metric space and Mx denote the class of all bounded subsets of X. Then the
Hausdorff measure of noncompactness of the set Q € My is given by

X(Q) =inf{e > 0: Q can be covered by finitely many open balls of radius < ¢};

the function y : Mx — [0, 00) is called the Hausdorff measure of noncompactness.

Let X and Y be Banach spaces and x; and x» be measures of noncompactness on X and Y. Then the
operator L : X — Y is called (x1, x2)-bounded if L(Q) € My for every Q € My and there exists a constant
C > 0 such that

x2(L(Q) = C- x1(Q) for all Q € My; (11)

if L is (x1, x)-bounded then the number ||L||(, ,) = inf{C > 0 : (11) holds} is called the (x1, x2)-measure of
noncompactness of L ([54, Definition 2.24]); we also write ||L|, = [|L||y,,y,), for short, and call ||L||, the Hausdor{f
measure of noncompactness of L.

If X and Y are Banach spaces and L € B(X, Y) then the following vitally important facts are well known:

IILIl, = x(L(Sx)) ([54, Theorem 2.25]) (12)
and
L is compact if and only if ||L]l, =0 ([54, Corollary 2.26 (2.58)]). (13)
We also need the following results.

Theorem 6.1 (Goldenstein, Gohberg, Markus). ([54, Theorem 2.23]) Let X be a Banach space with a Schauder

basis (by); 1, Q € Mx, P : X — X be the projector onto the linear span of by, by, ..., by, and R, = 1 — P, where I is
the identity on X. Then we have
1. . .
—limsup (sup ||7€,,(x)||] < x(Q) <inf (sup IIRn(x)II] < limsup (sup IIR,,(x)II] , (14)
4 nooo xeQ "\ xeQ n—oo xeQ

where a = limsup, _, _ IRyl is the basis constant.

We give some prelimimary well-known examples of the Hausdorff measure of noncompactness of
bounded subsets of £, for 1 < p < co and ¢, and of the measure of noncompactness of operators L € B(¢1).

Example 6.2. ([54, Theorem 2.15 and Corollary 2.29]) (a) We have

g{}o [sup (sup |xk|)) for Q e M,
Q=4 e
lim [

n—oo

o 1/p
sup(z |xk|P) ] forQe M.

x€Q \k=n

(b) Let L € B(61). Since €y is a BK space with AK by Example 2.3, L is given by a matrix A € ({1, €1) by Proposition
2.2. Then L is compact if and only if

LI = lim (sip Y, |ank|] = 0.
n=m

First we give a few identities or estimates for the Hausdorff measure of noncompactness of bounded
linear operators on the spaces wf) and w”. We need the representations of bounded linear operators on w”.
If X and Y are Banach sequence spaces and L € B(X, Y), then we write L, = P, o L for all .
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Theorem 6.3. ([6, Theorem 3.9]) We have L € B(w?,c) if and only if there exist a sequence b € c and a matrix
A = (@) 1o € (W, ©) such that

L(x) = b& + Ax for all x € w?, (15)

where & € C is the strong w? limit of x,

00

Ak = Ly(e®) and b, = L, (e) — Z an for all n and k. (16)
k=0

Moreover, if L € B(wP, c), then we have

bn—ﬁ-f-iak bn—ﬁ+iak

% .nr;f::p[ + ||An||Mp] <|ILlly < lirfjogp[ + ||An||Mp]f (17)

k=0 k=0
where A = @)y, 18 the matrix with Gy = ay, — oy for all n and k, and
&= lim a forall k> 0and p = lim (b,, + kz_;‘ a,,k] . (18)
We also have
n=lim L,(x) =&+ Z ar(xx—&) = [ﬁ - Z ag| &+ Z axxy for all x € wP. (19)
k=0 k=0 k=0

Now we give the estimates for ||L||, when L € B(X,Y) for X = wg, wP and Y = ¢y, c.

Theorem 6.4. We use the notations of Theorem 6.4. Let X be any of the spaces wg and w¥, and Y = cyor Y =c.

Then identities or estimates for ||L||,, when L € B(X,Y) can be read from the following table

From p
P
T wy | w
Co 1. 2.
c 3. | 4.

where

1. [6.4](1.1) |ILally = lim (sup ||An||M,,) ([6, Corollary 3.8])
=\ nxr

2. [64]21) |ILally = limsup (bl + lAsllx,) ([6, Corollary 3.11])

3. [64]3.1) { %.}gg (snlga 14|l M,,) < IILally < lim (snlg) || 4|l M,,) ([6, Corollary 3.6])

4. [64](4.1), where [6.4](4.1) is (17).

We obtain as an immediate consequence of (13) and Theorem 6.3 the following characterization of
compact operators

Corollary 6.5. ([6, Corollary 3.13]) Let X be any of the spaces w’o’ and w?, and Y = cy or Y = c. Then the necessary
and sufficient conditions for L € C(X,Y) and be read from the following table
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From wg wr

To
Co 1. 2.
c 3. 4.

where

1. [65](1.1) lim (SupHAnHMp):O 2. [65121) lim ([bul+ 1Ay ) = 0
=00\ n>r n—00

bn—ﬁ+iak
k=0

Remark 6.6. Putting b, = 0 for all n in 2. and 4. of Theorem 6.4 and Corollary 6.5 we obtain

3. [65](31) lim (sup|)An|| M):o 4. [64]41) lim [

+||An||Mp]=o-

(a) if A € (wP,co) then ([6, Corollary 3.12])

ILally = lim [l Axllp, and La € C(@?, co) if and only if lim ||A,||p, = 0 (20)

(b) if A € (@Wr,c)then ([6, Corollary 3.10])

1. . X : . ;
3 hmsup( Z ar — | + [[Anllm, | < lILally < hmsup[z ap—al+ ||An||Mp],
n—oo k=0 n—oo k=0
with oy from (18) and @ = lim ay;  (21)
n—o00
k=0

also Ly € C(w?,c) if and only if
lim { Z ap—
n—oo =0

Now we characterize the compact matrix operators in (wh,, co) and (why, c).

Al | = 0.

Corollary 6.7. ([6, Corollary 3.15]) (a) Let A € (@, co). Then we have Ly € Cw,, co) if and only if 1. in
Corollary 6.5 holds.

(b) Let A € (wh,, c). Then we have La € C(w,, o) if and only if 3. in Corollary 6.5 holds.
We say that an operator L € B(w?, ¢) is wP-regular, if lim,_,., L,(x) = & for all x € w”, where & is the w”
limit of x. A matrix A € (w?, ) is said to be w’—regular, if the operator L, is w’-regular.

Now we give a characterization of compact w’-regular operators.

Corollary 6.8. ([6, Corollary 3.16]) Let L € B(w”, c) be wP—regular. Then we have L € C(w?, c) if and only if
Tim (b =11+ 1Aullag,) = 0. (22)

The next result is similar to a well-known result by Cohen and Dunford [10] which states that a regular
matrix, that is, a matrix A € (c, ¢) with lim,, A, x = lim, x,, for all x € ¢, cannot be a compact matrix operator.

Remark 6.9. ([6, Remark 3.17]) If A is a wP—regular matrix then L, cannot be compact, since, with b, = 0 for all
n, we have 1 + ||An||Mp > 1 # 0 forall n, and so (22) in Corollary 6.8 cannot hold.
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Now we give a result for the representations of L € B(w”, w) and L € B(w”, wy), similar to Theorem 6.3,
and for the operator norm ||L]|.

Theorem 6.10. ([2, Theorem 2 and Corollary 7]) We use the notations of Theorem 6.3, and assume that w and wy
have the sectional norm.

(a) We have L € B(wP,w) if and only if there exists a matrix A € (w, w) and a sequence b € we, with

m

lim ﬁ L by + Ane — Bl = 0 for some f € C (23)
such that (15) holds; moreover, we have, writing SN(b) = Y. ,en b and SN(A) = Y. .en An for any finite subset
N of N U {0},

sup vV (b, A) < |ILI| < 4 -vNn(b, A), where vN"(b, A) = !
m m+

—maxy, ( SN ()] + [| 5N (4,)| Mﬁ). (24)

Also, if & is the wP limit of x € wP, then the w limit 1 of y = Ax is given by ([2, Remark 3])

n=pE+ ) auln—&). (25)
k=0
(b) We have L € B(wP, wo) if and only if there exists a matrix A € (w)), wo) and a sequence b € Weo with
1y
im —— ) |b,+Auel=0 (26)
m—eo 111 + 1 o

such that (15) holds; moreover, we have (24).

Next we give the estimates for ||L||, when L € B(X,Y) for X = wg, wP and Y = (wy, w).

Theorem 6.11. ([2, Corollary 7] for X = wg and [2, Theorem 6] for X = w’) Let m,r € N U {0} and m > r.
Then we write N(m, r) for any subset of the set {r + 1,7 +2,...,m}. We also use the notations of Theorem 6.10, write
VNT(A) = yNr(0, A), for short, and assume that w and wy have the sectional norm.

Let X be any of the spaces wh and w?, and Y = cq or Y = c. Then estimates for ||Ll|, when L € B(X, Y) can be read
from the following table

From

p
To wg w
wo 1. 2.
w 3. | 4.

where
. 1 N(m,r) : 1 N(m,r)
1. [611]0.1) }LI?O(SI:np(m+1V (A)) <Ll <4-lim strlnp(m_'_lv (A))

1
m+

2.  [6.11](2.1) lim (sup( 11/1\’(""r)(b,z‘l))) <|ILIl, £4-lim (sup (mi— 1vl\’(m'r)(b,A)))

1
™m+

3. [611](3.1) lim (sup( 1VN<m'f>(A))) <ILlly < 4 lim (sup(%vN(m’r)(A)))

+1

1 N
-]

lim |su ( 1
P m+1 m+

( VNW)(%A))) <L, <4 lim (sup(
4 (61151, ] 7o\ A

where y = (y,) is the sequence with y, = b, — p + i ay for all n.
k=0
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Next we give the characterizations of the the classes C(X,Y) when X = wg, wf and Y = wy, w.

Corollary 6.12. ([2, Corollary 8]) Let L € B(X,Y). Then the necessary and sufficient conditions for L € C(X,Y)
when X = wg, wP and Y = wy, w can be read from the table

From | wj | w?
To h
o 1. | 2 wnere
w 3. 4.
1 1

m+1

1. [6.12](1.1) lim (sup( p—y

VN(m,r)(A))) =0; 2. [6.12](2.1) r11_>r£10 (sup( 1VN(m,r)(b,A))) =0;

o 1 o
: N(m,r) —0- : N(m,r) —
3. [6.12](3.1) rlgg (s?np( " 11/ (A))) 0; 4. [6.12](4.1) rh_g}o (stip( " 1v ()/,A))) 0.
Now we study compact operators on cg(A), c”(A) and b, (A). The results are similar to those for wg, wP

and w’,.
We start with the case p = 1. The first results concern the representations of bounded linear operators
from c(A) into ¢ and ¢, similar to those in Theorem 6.3.

Theorem 6.13. ([49, Theorem 5.9] for (a)—(d), and [49, Theorem 5.10] for (e)) We have
(a) L € B(c(A), c) if and only if there exists a matrix A € (co(/\), c) and a sequence b € €« for which the limit f in
(18) exists such that

Lx)=b-&+ Ax forall x € c(A) (27)

holds, where the entries of A and the terms of b are defined as in (16), and & is the c(\) limit of the sequence x;

(b) L € B(c(N), co) if and only if there exists a matrix A € (co(A), co) and a sequence b € Lo with B = 0 such that (27)
holds.

(c)IfL € B(c(A),Y) for Y = ¢, ¢y then we have

sup ([bal + Aulley) < LI < K(5, ) - sup (bal + |Aullcq) with K(s, 1) from (4). (28)

(d) Let L € B(c(A),c), x € c(A) and & be the c(A) limit of the sequence x. Then we have

n=lm(Ly() = p-&+ Z ap(x — &) = [ﬁ - Z ak] . Z g with g (k = 0,1,...) from (18).  (29)
k=0

k=0 k=0

(e) Finally, if L € B(c(A), c), then we have

bn_ﬁ"'iak

k=0

bn_,8+iak . (30)

k=0

1 lim
2 TSP

<ILIl, < K(s, ) -limsup[

+ Al +[Aullegn,

Now we give the estimates for ||L||, when L € B(X,Y) for X = cp(A), c(A) and Y = ¢y, c.

Theorem 6.14. We use the notations of Theorem 6.13. Let X be any of the spaces co(A) and c(A), and Y = ¢q or
Y = c. Then identities or estimates for ||L||,, when L € B(X,Y) can be read from the following table

From
o coA) | e(a)
Co 1. 2.
c 3. 4.
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where

1. [6.14](1.1) ||Lall, = ylgg (sup ||A,,||C(A)) ([49, Corollary 5.14 (b)])

lim sup (|b,| + ||A, <|IL < K(s, t) limsup (|b,] + ||As
2. [6.14]2.1), Hop(l [+ WAsllo) < ILalle < K(s, 1 H}’(' |+ lAullew)
([49, Corollary 5.12])

1 ..
3. [6.14]31) { 2 Jim (SuP”A ”C(A)) < [IEally < lim (SUPHA HC(A>)
([49, Corollary 5. 14 @)
4, [6.14](4.1), where [6.14](4.1) is (30).

We obtain as an immediate consequence of (13) and Theorem 6.14 the following characterization of
compact operators

Corollary 6.15. ([49, Corollary 5.15]) Let X be any of the spaces co(A) and c(A), and Y = co or Y = c. Then the
necessary and sufficient conditions for L € C(X,Y) and be read from the following table

From | co(A) | c(A)
To
Co 1. 2.
c 3. 4.
where
1. [6.15](1.1) lim (sup ||An||C(A)) =0 2. [6.15](2.1) lim (|bn| + ||An||C(A)) =0
r—oo n>r n—oo
3. [615]3.1) lim (sup (||| C(A)) =0 4. [615](4.1) lim [ b=+ Y x| + A C(A)] = 0.
nzr k=0
Remark 6.16. ([49, Corollary 5.16]) Putting b, = 0 for all n in 2. and 4. of Theorem 6.14 and Corollary 6.15 we

obtain
(a) if A € (c(N),co) then ||ILally = limy, e |Anllcea), and La € C(c(A), co) if and only if lim,, e [|Anllca) = 0;
(b) if A € (c(A),c)then

o0

Y oo

k=0

(e8]

F o

k=0

n—oo n—oo

= hmsup( + “An”C(A)] < |Lally < limsup[ + “An“C(A)]/

with oy and o from (18) and (21);  (31)
also La € C(c(A), ¢) if and only if

hm {

Now we characterize the compact matrix operators in (ce(A), ¢p) and (ceo(A), €).

a| + 1Aullcw | = (32)

Corollary 6.17. ([49, Corollary 5.17]) (a) Let A € (coo(A\), co). Then we have Ly € C(coo(N), co) if and only if 1. in
Corollary 6.15 holds.
(b) Let A € (coo(A), ). Then we have Ly € C(co(A), co) if and only if 3. in Corollary 6.15 holds.
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Similarly as before, we say that an operator L € B(c(A),c) is c(A)-regular, if lim,_,. L,(x) = & for all
x € c(A), where & is the c(A) limit of x. A matrix A € (c(A), ¢) is said to be c(A)-regular, if the operator L, is
c(A)-regular.

Now we give a characterization of compact c(A)-regular operators.

Corollary 6.18. ([49, Corollary 5.18]) Let L € B(c(A), ¢) be c(A)-regular. Then we have L € C(c(A), c) if and only
if

lim (b, = 1/ + IAullec)) = 0. (33)

Similarly, as in the case of w’-regularity in Corollary 6.8, it turns out that a c(A)-regular matrix cannot
be a compact operator.

Remark 6.19. ([49, Remark 5.19]) If A is a c(A)—regular matrix then L cannot be compact, since, with b, = 0 for
all n, we have 1 + ||Aylleay = 1 # 0 for all n, and so (33) in Corollary 6.18 cannot hold.

Next we study some more Hausdorff measures of noncompactness of matrix operators on cg(A) for
1<p<o

Theorem 6.20. Let Y be any of the spaces co, ¢, Co(u) and &(u). Then the identities and estimates for ||Lall, when
Ae (cg(/\), Y) for 1 < p < oo can be read from the following table

From cg (A)
To
Co 1.
c 2.
o(w) 3.
(w) 4.
where
L [620)(11) [ILally = lim [|A7<[| sy ), where

(o)

g\1/q
||A>r<||(cg(A),oo) - Snli}r) ZO‘ Akws1) ] ([58, Theorem 5.3 (a)])
>r 4=

Y =
55

ILally < lim [|A>"<
r—0o

2. [6.20](2.1) % lim [|A>< ” ([58, Theorem 5.3 (b)])

P = ”(cgm),oo)

lim, e ||A>V<||(CS(A),50(H)) < |ILally < 4-lim, e ||A>r<||(cg(A),50(H)) , where
1
A= llco(a) 0 = SUP | ——MAXN(n,) Y. (unAn = tin-1An-1)
m>r ,um neN(m,r) Cp(A)
3. [6.20](3.1) { and
b X Hnlnj — Un-10n-1,j N
Y (UnAn = pin-1An-1) = Y. Ak (Zv r L - ' ]
neN(m,r) Co(A) v=0 neN(m,r) j=k j
([58, Theorem 5.4 (a)])
1 : >r< : >r<
4. 16200(41) 5 - B [JA7< oy o ) S MEall < im {477 0 - ) (158, Theorem 5.4 (b)]).

Now we establish some identities or estimates for the Hausdorff measures of noncompactness of matrix
operators on the matrix domains of arbitrary triangles in w},, w? and wk,.
It is well known that every triangle T has a unique inverse S, which is also a triangle, and T(Sx) =

S(Tx) = x for all x € w ([66, Theorem 1.4.8] and [12, Remark 22 (a)]).
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Theorem 6.21. ([51, Theorem 5.3]) Let X be any of the spaces wh and w¥ and Y = coor Y = c. If A = (aw) is

an infinite matrix, then we write A = @) for the matrix with 4y, = ):;';k Sjkank for all n and k. Then identities or
estimates for ||Lall, when A € (Xt,Y) can be read from the following table

From

o @hr | @)r
Co 1. 2.
c 3. 4.

where

1 [621](11) lILall, = lim (SuP ||An||M,,)

nxr

2. [6.21](2.1) |ILally = lim (sup (IIAnHM,, + Ip(”)l)) where p™ = lim We for all n

1 . A N . A N
5. feanan | 2 PR (Sﬁg 4. - (ak)”Mv) = lalle= o (S,EE) 4. - (ak)HMV)
where @y = ;}1_15310 Ak for each k
1 .. A . S . A »
2 (UP |42 = @], +| X =B~ p® ) < Ll

4. [6.21](4.1)

|

We obtain the following characterizations of compact operators from Theorem 6.21.

Y & —p—p™
X k=0
where p = lim (A,e — p™)

< lim (sup HAn - (&k)HM,, +

r—00

Corollary 6.22. ([51, Corollary 5.4]) Let X and Y be any of the spaces of Theorem 6.21. Then if A € (Xr,Y) then
the conditions for L to be compact can be read from the following table

From
To (wE)T, (wf;)T (wP)r
Co 1. 2.
c 3. 4.

where

1.  [6.22](1.1) lim (sup ||A,1||Mp) =0 2. [6.22](2.1) lim (sup (||An||Mp + |p(n)|)) =0
rooo \ ok =00\ >y

3. [622]3.1) lim (sup 14 = @l ,, ) =0
T=00\ p>r 4

4. [622](4.1) lim

Z&k_ﬁ—p(")]:o.
k=0

Remark 6.23. The estimates and identities for the Hausdorff measure of noncompactness of Ly when A € ([C,1}, Y),

([C., ), (IC)%, Y), and the characterizations of the corresponding compact operators are obtained from Theorem
6.21 and Corollary 6.22 with T = Cy—1.

sup ||An - (@k)”M +
n>r P

Additional related results on compact operators can be found in [15, 16, 50, 54, 55, 57].
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