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for Stochastic Differential Equations
with Piecewise Continuous Arguments and Poisson Jumps
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Abstract. In the present work, the tamed Euler method is proven to be strongly convergent for stochastic
differential equations with piecewise continuous arguments and Poisson jumps, where the diffusion and
jump coefficients are globally Lipschitz continuous, the drift coefficient is one-sided Lipschitz continuous,
and its derivative demonstrates an at most polynomial growth. Moreover, the convergence rate is obtained.

1. Introduction

In recent years, tremendous interest has been expressed for developing stochastic differential equations
(SDEs) with Poisson jumps (SDEwjs), which play an important role in numerous applications. In particular,
the convergence properties of SDEwjs have been the subject of extensive study and application. Of course,
the local Lipschitz condition is not sufficient to guarantee the exsitence of the global solution, but SDEwjs
demonstrate unique solutions under the global Lipschitz condition when the linear growth condition is
included. Moreover, the convergence of the Euler method for SDEwjs under local Lipschitz and linear
growth conditions has been studied by Yu [17]. In addition, the weak convergence of numerical methods
for SDEwjs has been studied [2, 3, 6, 10, 13-15], and other convergence concepts have been investigated as
well, e.g., convergence in probability [16] and almost sure convergence [11, 12].

However, limited work has been conducted for the numerical analysis of SDEs with piecewise con-
tinuous arguments and Poisson jumps (SEPCAswjs). It is apparent from the equations that studies of
SEPCAswijs have been motivated by the fact that they represent a hybrid of continuous and discrete dy-
namical systems, and combine the properties of both differential and difference equations. Due to the
stochastic factors, numerical solutions of the systems play an important role for the investigation of their
analytical solutions. In the past decades, substantial effort has been devoted to the mathematical study
of the convergence and stability of SDEs with piecewise continuous arguments (SEPCAs) under standard
conditions. For example, Dai et al.[4] have given the sufficient condition of convergence for linear SEPCAs.
In 2011, Zhang et al.[19] studied the existence of the solution and the mean-square convergence of the Euler
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method for non-linear SEPCAs under global Lipschitz and linear growth conditions. Meanwhile, the local
Lipschitz condition and p—th moment boundedness have been applied to guarantee the strong conver-
gence of the numerical solutions of SEPCAs [19]. The classical explicit Euler-Maruyama (EM) method has
attracted considerable attention because of its simple algebraic structure, low computational cost, and an
acceptable convergence rate under the global Lipschitz condition [7]. However, if the standard conditions
are relaxed, some of the results are unfortunately not correct. The explicit Euler method is divergent under
the condition of super-linear growth [9]. In 2012, Martin et al.[8] improved the Euler method, and imparted
strong convergence for SDEs under the condition of superlinear growth. In the present work, we prove that
the tamed Euler method is strongly convergent for SEPCAswijs, where the coefficients satisfy non-Lipschitz
conditions. The key issue for the convergence study is the p-th moment boundedness of the numerical
solutions. Moreover, we also give the rate of the convergence.

The remainder of this article is structured as follows. In Section 2, we introduce the tamed Euler method
and some preliminary concepts, and formulate the main result. In Section 3, we introduce various lemmas,
which are used for the proof of the main result. In Section 4, we give a detailed proof of the main theorem.

2. Numerical Method and Main Result

2.1. Setting

Throughout this paper, unless otherwise specified, we use the following notations. We define [-] to
be the greatest-integer function. Let (Q,%,P) be a complete probability space with a filtration {F}i0
satisfying the usual conditions (i.e., it is right continuous and increasing while ¥ contains all P-null sets).
L1([0,); R) denotes a family of continuous functions that satisfy fom |u(H)ldt < oo, and L3([0,o0);R) is a

family of continuous functions that satisfy fow | y(t)lzdt < co. Moreover, let || - ||r = (E|| - ||P);17 denote the L
norm.

The following 1-dimensional SEPCAs with Poisson random measure is considered in our paper
dx(t) = px(t7), x([(E7D)dt + o(x(t), x([E"D)AW(E) + g(x(t7), x([£"]))dN(D), 0<t<T, 2.1)

Here x(0) = &, T € R*, lims,- x(s) = x(t7), and the drift 4 : R X R — R, diffusion coefficient 6 : RXR — R
and the jump coefficient g : R X R — R are assumed to be Borel measurable functions and the coefficients
are sufficiently smooth. Let W(t) be a one-dimensional standard Brownian motion defined on a filtered
probability space (Q, 7, (Fi)i0, P). We define N(f) to be a scalar Poisson process with intensity A and we
require finite intensity 0 < A < 1. N(t) = N(t) — At is referred to as compensated Poisson process which is a
martingale. The process x(t) is thus defined on a probability space (Q, ¥, (F1)1=0, P), and denotes the exact
solution of the equation (2.1) with &£ is a ¥/ B(R)-measurable random variable. The Wiener process and the
Poisson process are mutually independent.

Definition 2.1. An real value stochastic process {x(t)}o<i<t is called a solution of equation (2.1) if it has the following
properties:

(){x(t)} is Fi—adapted;

(i)){x(t)} is cadlag;

(iii)equation (2.1) holds for every t € [n, n + 1) with probability 1.

A solution {x(t)} is said to be unique if any other solution {X(t)} is indistinguishable from {x(t)}, that is

Pi{x(t) = x(t) forall0<t<T}=1

Assumption 2.2. Assume there exists L € [0, 00), and C > 1, such that for every smooth function f : R — R and
any x,x1, X2, Y, Y1, Y2 € R, satisfying
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lo(x1, y1) — a(x2, y2)l < L(lx1 — x2| + [y1 — val), (2.2)
lg(x1, y1) — g(x2, y2)| < L(Ix1 — x2| + [y1 — 20), (2.3)
lu(x, y1) — p(x, y2)l < Lly1s = y2l, (2.4)

lux(x, )| < L1+ 1x[), (2.5)

(v =32, pr, y) = p2, ) < Livi = xaff, (2.6)

Remark 2.3. u(x,y) satisfies one-sided Lipschitz condition on x and global Lipschitz condition on y. Furthermore,
the p-moment of the exact solution is bounded in any finite interval [0, T](see[19]).

2.2. Existence, uniqueness and moment of the exact solution

By extending the non-jump proof of [8], it can be shown that a unique solution exists for (2.1) under our
assumptions. The essential change to that proof is the inclusion of the jump term; this can be estimated
with the martingle isometry for the compensated Poisson process:

t t
E( f F(s7)dN(s))? = A f E|F(s)|ds,
0 0

which holds for appropriate integrand functions F (in particular , non-anticipative, if random). Thereafter
such terms are handled in the same way as the Ito integral terms. This leads to a solution on any bounded
time interval [0, T] with E|x(t)|*> < C(1 + E|x(0)|?) for some constant C = C(T).

2.3. Numerical Method

In this paper, we investigate the strong convergence of the Tamed Euler method in finite interval. Let
h = 1 > 0bea given step-size with integer m € N* and grid points , be defined by t,, = nh(n = 1,2,---). The
independent version of the Tamed Euler method applied to (2.1) computes approximations Y, by setting
Yy = £ and forming

p (Yo, Yinnim)

Y =Y, +
T T u (Y, Ymgm)lh

h+o(Yu, Yiurm) AWy + g(Y 0, Yiunm) ANy, (2.7)

forn =0,1,2,---,Tm and for simplicity, we assume T = Nh. Here AW, = W(t,11) — W(t,) and ANy =
N(ty+1)—N(t,). Actually, we can see [18] that AN,, ~ Poisson(Ah), E[AN,] = Ah, Var(AN,) = Ah,and E|AN,|' =
Zj-zl()\h)f% Zizo(—l)j‘sC;si(where C = #;),) Furthermore, let n = km + I, (km + 1 € {0,1,2,--- ,Tm},l =
0,1,2,--- ,m—1). The equation (2.7) becomes the following type:

U ka1, Yiom)
1+ |(u(Ykm+lr Ykm)lh

Yimaie1 =Yime1 + b+ 0(Yinst, Yim) AWimat + 9V im+1, Yim) ANkm1, (2.8)

where AWgyi1 = W(timsi+1) = W(tim+1) and ANgyy1 = N(timare1) — N(tms1). We denote the piecewise constant
interpolant of the Tamed Euler method solution by Y(¢) = Y11, Y([£]) = Yim for t € [tinst, tim+1+1). We then
define the ”piecewise linear” interpolant by

7(r) = (YD), Y([sD) S c
Yo _x0+f0 e YRt fo o(Y(s), Y(IsTDAWs) + fo gV, Y[ D)ING),  (29)

fort e [tkm+l/ tkm+l+1)'
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2.4. Main Result

We now prove that Assumption 2.2 is sufficient condition to ensure strong convergence of the Tamed
Euler method for the equation (2.1).

Theorem 2.4. If Assumption 2.2 holds, then for every p > 2, we have
(Elx(t) - Y7 < M2,

forw e Qandt € [0, T]. Here M is independent of h.

3. Lemmas

In order to prove Theorem 2.4, the following objects are needed. First of all, let the ¥ /$B(R)-measurable
mappings Qum+1 : Q = R, Ryt : Q = R, A1 : Q — R, and Cyypqg 0 QQ — R be defined as

O(Ykﬂl+l(a))l Ykm (a))) B 0(0/ O)
mat(@w) = Ll + sgn(Yi,
Qim+1(@) gn(Yim+1) Yol + Vel

g(Ykm+l(w)r Yim(@)) — g(or 0)
Yiem-+1l + 1Y iom]

Akm+l(a)) = ka+l(a)) + ka+l(a))1

Cimsi(w) = F(O/ 0)h + (0, 0) AW 1(w),

Aka+l((L)),

ka+l(a)) = Sgn(ykmﬂ) AZ\[km+l(a))/ (31)

for every w € Q,km+1 € {0,1,--- ,Tm} and I € {0,1,---,m — 1}. Let the ¥/P({0,1,--- , n})-measurable
mapping

Timsi(@) = max ({0} U {om + j € {1,2,- -+, km + Bsgn(Yom+j(@)) # sgn(Yomsj-1(w))}),

for every w € O, 79(w) = 0and every km +1€{0,1,--- ,Tm},1 € {0,1,--- ,m — 1}. Using these notations, we
now define D;, (w) : Q — R which is ¥ /B(R)-measurable, given by

[km:;,l_ll -1 [km+l 1] [km+l 1]
Dy (@) 1=at(@) + Bronsi(@qumey @)+ Y a@) [ Bam@) + 1%l T Bim(@), (32)
j=1 s=j+1 j=1
where
km+1-1

Wnsi(@) =(OL + [6(0, 0)] + (0,0 + Ig(0, 0) exp ( Y, Aj(w))

j =Tkm+l

km+l 1 km+1-1
+ su (sgn(Y;)Cj(w) exp ( A (a))) 3.3
ve[0,1,~~1,3km+l Z g P s;l ( )
km+I1-1 km+I1-1
+ sup () (sgn(¥))g(0,0)(@)aNjexp (Y As@))),
”DE[O,l,m ,km+l} ]':v S=j+1
km+I1-1 km+1-1 km+1-1
Pomi@) =exp( ), Aw)+ Jsup | Z Ajfl@)exp( ) Al@),
j:m[%] - km+1} s=j+l

for every v € {0,1,--- ,Tm} and km +1 € {0,1,--- ,Tm},l € {0,1,---,m —1}. As usual, Z a] = 0 and
H;Uzzlﬁj =1foreveryv>w-1.
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Remark 3.1. It is apparent from the definitions of Qm+1, Pxm+1 and Dx,, ., that dgper 2 0, Bimer = 0, and ajgyer +
Bim+1Dx,,, = Do, foralll =1,2,--- ,m—-1,km+1€{0,1,---,Tm}.

Next we define these events Oy, km +1 € {0,1,--- , Tm} and every m € N*. Let the real number =1«
[0, o0). Let

hC+

Qe =0 € Q) sup D@ <", sup [aAWj@)|<h™, sup  |aNj@)| <hT),
j€l0, 1, km+1-1} j€l0, 1, km+I-1} j€f0, 1, km+I-1}

forall/ €{0,1,---,m —1}. We use the following lemmas in order to prove Theorem 2.4.

Lemma 3.2. Let Qj(w) be given by (3.1) with j = 0,1, -- -, then we have

u—1
LT+212T
sup |l exp()_ Q) < e,

ze{-1,1} =0

forallv,uwith0<v<u<TmmeN*, p>landze{-1,1}.

. . . —1 _o(Y{(@),Yijum(@))~0(0,0 . .
Proof. Note that the time discrete stochastic process Z’;:vl s (MI)Y;I[ZI]Y[(,:;L)I ot )AWj(a)) is an ;, martingale for

z € {~1,1}. Therefore, the time discrete stochastic process exp (Z;‘;} PRl (ml)},:;[i,?;,;[(:))l—a(o,O) AW(w)) is a positive
Jhjm

¥+, sub-martingale. Using the formula,

E[exp(cY)] = exp(g), (3.4)

where Y is a standard normally distributed ¥ /B(R)-measurable mapping, we have by (2.2) for all x,y €
R,ze{-1,1}andp >1

G(xl y) - G(O/ O)

Elexp(zpLh + pz EEa AW;)]
pL ot y) —00.0) 3.5)
<e"™Elexp(pz 1yl AW))]

<l Eh _ e(pL+¥)h[
forall x,y € R,z € {~1,1} and p > 1, which implies that

212
Elexp(zpQ))IF7,] < e#+ =0,
forj=0,1,---,Tm, and

u-1 u=2
Elexp(zp ), Q)] < Elexp(zp ) QE[" %[, ]

u-2 (36)

212 212
<E[exp(zp Z Q]-)]e(”“%)h < WL,
v

2
Therefore, || exp(Z;‘_1 z2Qj) llr< eT+5)T | This completes the proof of the Lemma 3.2. [
Lemma 3.3. Let Rj(w) be given by (3.1), then we have

km+1-1

zp 2pL
I sup  exp( Ri(w)) ly< LTAE-1)
km+1€{0,1, , Tm} ]:ZO / Zp -1
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Proof. Using the Holder inequality and the formula (2.3), we have

km+I1-1
I sup  exp( ) Ri(@) I
km+1€{0,1,+- ,Tm} =0

km+1-1

g9(Y5, Yijnm) — 9(0,0)

=l sup  exp( sgn(Y;) ANj(@)) llr (37)
km-+1€{0,1,- Tm) ;)‘ ! Y51 + 1Y gl !

km+1-1 km+1-1
<l sup  exp( Y LaNj@)sgn(¥) ll -l sup  exp( ). Lsgn(¥;hA) I,
km+1€{0,1,--, Tm} =0 km+1€{0,1,+- , Tm} =0

According to the Doob’s martingale inequality, we have

km+1-1
I sup exp( ) Ry(@) Iy
km+l€{0,1,-~ ,Tm] ]'_O
2 Tm-1 km+1-1
< (E[exp(zp Z LaN; (a)))])2” I sup exp (LhA) i,
Zp =0 km+1€{0,1,-- =0
(3.8)
2 Tm-1 2 km+1-1
_2;? (E[exp(Zp Z L(ANj(w) - h)\)]) | ) sup H exp (LhA) |IL,,
=0 m+1€{0,1,--, Tm} =0
2 Tm-1
=S (E[exp(Zp ; L(aN; (a)))])
Applying the formula E[¢"X] = ¢}¢"~1 in [5], we obtain
km+1-1 Tm-1
I sup el Z Ri(@) < (H PLAER D)
km+1€{0,1,-
(3.9)
< ZP ALTAE 1)
_—ZP —q .
This completes the proof of the Lemma 3.3. [
Lemma 3.4. If the Assumptions (2.2),(2.3),(2.4) and (2.5) hold, then for w € Qg4 and p > 1, we have
|Ykm+[((l))| < DTkn,+1(w)' (310)

Proof. Let km +1 € {0,1,---,Tm]} be fixed and arbitrary. We establish (3.10) in the case Yj, > 0 since

the case Yy, < 0 is immediately follows from the case Yy, > 0. Now we establish by induction on
km+1€{0,1,---,Tm} wherek e N,1 €{0,1,--- ,m — 1}, and m is fixed. First of all, when 1¢(w) = 0, we have

[Yo(w)l =I€] < (OL + (0, 0)| + 1a(0, 0)] + (0, 0)] + [<])

-1 -1 -1
=(OL + [u(0, 0)| + [0(0,0)l + 190, 0D exp (Y, A)) + Y (Cjsgn(¥))exp (), A))

j=T0 j=0 s=j+1

+[exp(ZA)+|ZA exp(Z, AlE]

s=j+1

(3.11)

=ap + ﬁ0|5| =
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for all w € Qp, which shows (3.10) in the base case km + | = 0. Now we suppose that (3.10) holds for im + j
[Yimj(@)| < Dy, (@), (3.12)

where w € Q;yyj,im +j € {0,1,--- ,km + I}. Moreover, we fix an arbitrary @ € Q1141 € Qppes and now we
show (3.10) for w € Qyy4141. For this we divide it into four different cases.
(1) If Y = 0 and Y441 < 0 hold, then we obtain ty,,4141 = km + [ + 1. Moreover, note that

Yisej@) < sup  Dy(w) <7,

jel01, km4m—1) (3.13)

holds due to the induction hypothesis and w € Q4141 C Qjuyj for im +j € {0,1,- -+, km + I}. Therefore, we
obtain

0 >Yius11(w)

Vigpar() + Gt @ Xin @D ) V(@) AWenst + (Yt (@), Yien (@) ANens
1+ [u(Yins1(@), Yim(@))h
Y ai(@) ! [ s1(@), Yin(@))

T T 0 at(@), Y @)l
= u(Ymsr(@), 0 + ((Yim+1(w), 0) — (0, 0))h + (0, 0)k]
+ (0(Yim+1(@), Yim(w)) — 0(0,0)) 2AWigs1 + 0(0, 0)A Wi
+ (Y km+1(w), Yim(@)) = g(0,0)) AN+t + g(0, 0) AN
R T T (@), Yio @) = e, Ol
— u(Yim+1(w), 0) = p(0, 0)Ii — |u(0, O)17] (3.14)
= lo(Ykm+1(@), Yim(w)) = 0(0, 0)[|aWin1| = |0(0, 0) A Wigeo1|
=19V km+1(@), Yim(@)) = g(0, O)llaANkm+1| = 19(0, O)| AN+
[ pYim+1(@), Yign(@)) = p(Ykm+1(w), 0)|h
= |uYm+1(w), 0) = (0, 0)h — |1(0, 0)|1]
= lo(Ykm+1(@), Yim(w)) = 0(0, 0)[|a W1l = |0(0, 0) A Wigpio1]
=19V km+1(@), Yim(@)) = g(0, O)l|aANkm+1| — 19(0, O)| AN
> — LYim(@)lh = hL(L + [Yionsd )Y imatl = 11(0, 0)|
= LIYkmi(@)laAWign1l = LIY (@) | A Wil = 10(0, 0)| 2 Wign41]
= LIY¥ns1(@)|ANgm41] = LIY k(@) | ANg1] = 19(0, O)| ANg41
> —9L — |u(0,0)| - |o(0, 0) — |g(0, O)I.

(ii) If Yiu+: < 0 and Yimer41 = 0 hold, then Tyy1141 = km + 1 + 1. Similarly, we also see for w € Qpp4141, We
have
0 <Yimi+1(w)
LY inri(@), Yign(@))
1+ |p(Yim+i(@), Yim(w)) Il
+ 0(Yims1(@), Vi (@) AWigns1 + §(Yims1(@), Yin (@) ANg 41

~ 1 (3.15)
—Ykm+l(a)) + 1+ |[J(Ykm+l(a))/ Ykm(a)))lh [(H(Ykm+l(a))/ Ykm(w))

- H(Ykm+l(a))/ 0))h + (H(Ykm+l(a))/ 0) - [’1(0/ 0))h + H(Or O)h]
+ (0 (Yims1(@), Yigu(@)) — 0(0,0)) AWigys1 + 0(0, 0) AWigi41
+ (9(Yims1(@), Yiu(@)) = 9(0,0)) ANgm11 + g(0, 0) AN

=Yims1(w) +
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<L|Y k(@) + BL(L + Yt Yimal + 110, 0)]
+ LY k1)1 AWt + LIY k()| A Wil + 10(0, 0)|| A Wigsil
+ LY 41 (@)|ANgm41] + LIY k(@) | ANg11| + 19(0, O)| AN
<9L + |u(0,0)| + |o(0, 0)| + 1g(0, 0)|.

Therefore, when 7y,,11.1 = km + 1+ 1, we can have

Yims141(@)] <9L +10(0, 0)] + |u(0, 0)] + 19(0, 0)]

km+1
<(OL +10(0,0)] + 14(0, 0)| + 19(0,0)) exp ( Y A))
J=Thme141
km+l km+l km+l
+ (exp (Z Aj) + sup ( Z (stgn(Yj(a))) exp ( Z AS)))
]':km ve{0,1, km+I+1} ]':U S:j+1
km-+1 km+1
v sup () (900, 0sgn(¥j@)aNjexp (Y A))) (3.16)
vel0,1, km+1+1} =0 s=j+1
km+1 km+1
+ s |Z(A exp () A)I)(etey,
- kml+1) S s=j+1

+ Z QT T_j, B + [T )|

j=1
:DTknx+I+1 (CU) .

which shows that (3.11) holds in this case for w € Q141 and km + [ + 1.
(iii) If Yimer > 0 and Y4041 = 0 hold, then Ty4141 = Tkm+- And we observe

x(p(x, y) — p(0,y) < Lx?,

Then, we have
x(p(x, y) — u(0,y) — Lx) < 0.
for x € R. Hence we obtain

0 <Yimsi1(w)

Vigpar(@) + Lt @ X @) V(@)W + Yo (@), Yion (@) ANgst
m+ l + h“,l(YkWH,](a)), Ykm(a)))l m+ 7 m m+ m+ 7 m m+
1
=Y, m + Y m s Y, m
) i), Yo e O i)
— 10, Yiu(@)) = LY (@) + LY s (@)t + (U(0, Yi(@)) — (0, 0))it + (0, 0)i]
Y, m+ ’ Y m - 0/ 0
IWinst(@0), Yin(@)) = o ))(|Ykm+1| + Y ) A Wit
Yo+l + Y iom] (3.17)
IV ims1(@), Yim(@)) = 9(0,0)
Y m+l| Y, m AN m+
Wt + Wl 0 ot Wi Ne
G(Ykm+l(w)/ Ykm) - 0(0/ 0) AW, + Q(Ykarl(ﬂ))r Ykm) - 9(0, O)
Y ksl + Vi ol Y ksl + [V

+ 110, 0)h + 6(0, 0)AWiss + [Yiem (@)|(HL + 0V +1(@), Yin(@)) — 9(0,0)

[Yimstl + Yioml
g(Ykm+l(w)r Ykm) - 9(0, 0)
[Yimtl + Y]

+ G(O/ O)Avvkm+l + (

+ 9(0,0)ANgn41 + (

<Yims(@)|(1 + AL +

AI\]km+l)

AWinat

ANp+1) + 9(0,0)ANj41-
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for w € Quiis1-
(iv) If Yims < 0and Yiua41 < 0 hold, then Tyy4101 = Trmas- For w € Qppaia1, we also obtain

0 >Ym+141()

_ H(Ykm+l(w)f Ykm (a)))
=Yimsi(w) + T+ M (Vomea(@), Yo (a)))lh + 0(Yims1(@), Yign(@0) AWina1 + §(Yin1(@), Yim (@) ANj 41
Vigroi(w) + ! 1Y ir(@), Yo (@) = 1O, Vi) = LY a0

1+ Hu(Yim+1(@), Yim(@))
+ LY p(w)h + ([J(Oz Yim(@)) — [J(O/ 0)h + ”(0/ 0)h]
0(Yim+1(w), Yim(@)) — 0(0,0)
Y1l + 1Yiml
Yim+1(@), Yim -9,
k(@) Yin(@)) = 90 0))(|Y1<m+1| + Ykml) ANJm1

[Yimstl + [Yiml
O(Ykm+l(w)r Ykm) - O(Or 0)
Y i1l + 1Y ¥oml

+ (0, 0) AWipsr + ( Y Ykmnatl + 1Y) AWisr + (0, 0) AN

+(

> - |Ykm+l(a))|(1 +hL + Sgn(Yanl)

(Yims1(@), Yim) — 9(0,0)
[Yimrtl + Y]

Y . ,Y - - 0,0
) |Ykm(a))|(hL+Sgn(Ykm+l)U( k +z|(;)k) lr+(T;/): | a(0,0)

g(Ykm+l(w)/ Ykm(w)) - 9(0; O)
|Ykm+l| + |Ykm|

AWial

+ 5g1(Yions) 2

AZ\[km+l) + U(Or O)h

AWignal

+ sgn(Yigu+1) ANgn+1) +0(0,0)AWigyar + 9(0, 0) ANy

Hence, when Ty,1141 = Tk, We have

Y141 (@) LY gmat(@)| exp (Agmet) + Yim (@) Aras
+ 8gN(Yin41(@)) Cromrt + Sg1(Yin41(@))g(0, 0) ANy

Case 1 Tyy4; = km, we have

[Yimair1 (@)l
<Y imri(w)l exp (Agmet) + Yim () Akmsr + 8910V ign+1(@)) Cromar + 591V in41(@))g(0, 0) ANy 41
km+l km+l km+l km+l1 km+l1
D @exp( Y A+ You@) Y Ajexp (Y AN+ Y (Cgn(Yi@)exp () A))
j:Tkvr1+I j:Tkrn+I 5:j+1 j:Tkm+I S=j+1
km+1 km+l1
+ Z (g(0,0)sgn(Yj(a)))ANjexp(Z A))
j:Tknx+I 5=j+1
km+l
<(OL +10(0, 0)] + (0, 0)| + 9(0,0)) exp ( Y Aj)
j=Tkm+l
km+l km+l km+l1 km+l
@) Y Ajexp (Y AN+ Y (Cisgn(Yi@)exp () A))
J=Thm+l s=j+1 J=Thm+1 s=j+1
km+1 km+l

+ Y (500, 05sgm(Y (@)aN exp (Y, A)

J=Thms s=j+1

3823

(3.18)

(3.19)

(3.20)
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km+1
<(OL + 10(0, 0)| +112(0, 0)| + 190, ) exp (Y, Aj)
j:Tkrv1+l+1
km+1 km+1 km+1
+ Yon(@)l(exp () A + L Sup 'ZA exp () Al
j=km ve - km+1+1} — 5= j+1
km+l km+l km+l km+l
+  sup () (Cgnri@nexp(Y A)))+  sup () (aNjsgn(Yi(@)g©,0)exp () A))),
vel0,1, km+I+1} j=v s=j+1 vel0,1, km+I1+1} j=v s=j+1
for w € Qyp4141. By the hypothesis, we show
km+l
[Ykm+1+1 (@)l <OL + [0(0,0)] + (0, 0)] + |g(0, 0)[) exp ( Z Aj)
]':”fkm+l+l
km+l km+l km-+l
D, exp(ZA)+ sup |ZA exp ZA)I
j=km vel0,1, km+l+1} 5= s=j+1
K+ km+1 (3.21)
+  sup () (Cgn(ri@)exp () A))
vel0,1,- km+1+1} =0 s=j+1
km+l km+1
+ sup ( Z (AN]-sgn(Yj(a)))g(O, 0)exp ( Z As)))
vel0,1, km+1+1} = s=j+1

=km+141 + Prm+141D7,,, = Doy (w).

Case 2 Ty < km, we have

[Yimsre1 (@) <Y imei(@)l exp (Armsr) + Y (@) Akmsr + 590(Y kn41(@)) Ciomat + 591(Y k41(@))9(0, 0) ANyt

km+1 km+1 km+1 km+1 km+1
W@ exp (Y A)+ Vil Y Ajexp (Y A)+ Y (Csgn(Yj@)exp () A)
j=km j=km s=j+1 j=km s=j+1 (3.22)
km+1 km+l
+ Z (90, 0)aN sgn(Y () exp ( Z AJ)
j=km s=j+1
km+1 km+1
<(OL +10(0,0)] + (0, 0)| + 190, 0 exp ( Y A+ Yen(@)l( exp (), A
j:Tkm+I+1 j:km
km+1 km+1
+ su | Ajexp ( A )
kPr)n+l+1 Z P s;l
(3.23)
km+1 km+1
+ sup ( Z (stgn(Yj(cu)) exp ( Z As)))
ve(0,1, km+I1+1} =0 s=j+1
km+1 km+1

+ sup ( Z (g(O, 0)ANsgn(Y j(w)) exp ( Z As)>),

vel0,1,+ km+1+1} =0 s=j+1
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By the hypothesis, we obtain

km+1
Yin+11(w)l <OL + |0(0,0)] + |u(0, 0)] + 19(0, 0)]) exp ( Z Aj)
j:Tkm+I+1

km+l1 km+1 km+1

+ DTkm( exp (Z Aj)+ sup | Z Ajexp ( Z As)l)

j=km ve(0,1, km+I+1} =0 s=j+1
km+1 km+1
+ sup (Z (C]-sgn(Yj(a))) exp ( Z AS)))
vel0,1, km+1+1} =0 s=j+1
km+l km+l
+ sup (Z (g(O, 0)AN;sgn(Y j(w)) exp ( Z As)))
ve{0,1,+ km+I+1} =0 s=j+1
k-2
=m+141 + Prm+141Dry, = Qkmrrar + Prm+i41 [akm + Bom(@g-1ym + Z a1 ]1+1,Bsm + |5|Hk ! ﬁ]m)]
j=1
:DTkm+1+l (Cl))
(3.24)
for all w € Q1141 Therefore, when Tip 4141 = Tiom+1, We get
Yimsir1(@)| < Do,y (@). (3.25)

which shows that (3.11) holds for every w € Qyy4s,km +1 € {0,1,--- ,Tm} and every m € N by induction.
This completes the proof of Lemma 3.4. [J

Lemma 3.5. ([8]) (Time discrete Burkholder-Davis-Gundy type inequality). Let k € N and let Z; : O — R, €
{0,1,---,Tm},m € N*, be a family of mappings such that Z; : QO — R is measurable forall1 € {0,1, - , Tm} and all
m € N*. Then we obtain that

km+1-1

Jsup IEZZAWIMﬁ%KEZ 121 12, 1, (3.26)

- km+1} 1=0

forkm+1€{0,1,--- ,Tm},k € N and p € [2,00).

Lemma 3.6. Let aj, ; be defined by (3.3). If the Assumption (2.5),(2.6) and (2.7) hold, then for all j = 1,2,--- ,Tm
(D)l &l < er(T,p, L, A);
(i) || B; ||LP< (T, P,L A)

(iid)|| Z 7' im Hs i1 ,Bsm llr<cs(T,p, L, A);

(iv) || |&] H ﬁ,m llr< ca(T, p, L, A). where c1,ca,c3,c4 are constants and dependent on T,p, L, A, but independent
of hand j.
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Proof. Let i < Tm, then we have from Lemma 3.2 and Lemma 3.3

llevi [lze
i-1 _
<(OL + [0(0, 0) + (0, 0) + Il + 19(0, O)) 1 == [l + 11 sup (Y Cpsgn(Y ()=o) [y
vel0,1,-,i} i=v
i-1
+1 sup Zg(O 0) AN sgn(Y j(@)e==n) [ (3.27)
0el0,1,+,i}

<@L+ IG(O,O)I + 1100, 0)] + lIEllz2 + 190, 0))e-*2T- || e LR
i-1

I sup () (0, 0hsgn(Y (@)e™ 1 2)) o + 1) sup () (u(0, 0)isgn(Yi(@)e=1))

vel0,1,,i} vel0,1, i}

[y

j=v j=v
i-1 i1 =
+]) sup 2(0(0 0)sgn(Y j(w))elin & “AW) llpz + 1| sup (Z(O(O,O)sgn(Yj(a)))eZFf*lRSAWj)) N2
ve{0,1, j=0 ve{0,1,-+,i} j=v
i1 .
+1 sup () 9(0,0)aN;sgn(Yj(@)et=") I
vel01i) =
ne 8
<L +16(0, 0)] + [(0, 0)] + l|Ellz2» + (0, 0)e+2L)T . o1 P - exp (LTAE ~ 1))
i—1
+|y(0,0)|T(e<L+PL2>T+ exp(LT/\(e47’L 1)))+ I sup 12(0(00sgn(y (@))eZn @ AW))
UG{Ol ] 0

i-1

- Z(o 0,0)sgn(Y j(w))e T &AW, Al + 11 sup |Z(o(0 0)sgn(Y(w))e Tajor Re ‘AW))

vel0 1} 20

Tm-1
—Z(ao O)sgn(X j(Ne™m ® aW s + 1154 1l 190,00 Y, I AN loll e Zeo
j=0 j=0
8
<(9L + [6(0,0)] + (0, 0)] + 1€]l120 + 9(0, )3T . Sp—ﬁl exp (LTA(e" - 1))
4
(L+pL2)T P WL
+ (0, )| T (-7 + yren - exp (LTA(eY 1))
i—1 v—1 .
+11] ) (0(0,0)sgn(Y(@))e L QAW s + I sup | Y (000, 0)sgn(Y (@))e==r+ @ AW s
=0 vef j=0

- i-1
+ 1] Y (000, 0)sgn(Y f(w))e™=r1 ™ AW,) [l
j=0
v-1

+1 sup | Y (@(0,0)sgn(Y j(w))e=r AW la

‘Z/E{O,l,-" ,1} ]:O
_— Tm-1 )
m+1— _v/
#11eE5 A gz 190,001 Y Il AN llpsll e Z=0 [,
j=0
(3.28)
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Using the inequality (3.26) of the Lemma 3.5 , we have
I evi Iy
np 8
<(OL +10(0,0)] + |u(0, 0)] + IIEllz +1g(0, O+ . Sp—fl exp (LTA@Y" - 1))
2 4p
(L+pL*)T _r ApL
+1u(0,0)/T(e t 1P (LTAEY" -1)))
i-1 . i—1 »
+2p()_ 1160, 0)sgn(Y (@)e=1 % 2, 1% +2p(Y Il 6(0, 0)sgn(¥Y (@))e==1 % |, b}
=0 =0
i-1 ) i—1 )
i-1 1 i-1 1
+2p() " 1160, 0)sgn(Yj(@))e™= % 2, > +2p() " 1 6(0, 0)sgn(Y j(w))e™==1 ™ |12, by
=0 =0
" b ot : » (3.29)
m+1-1 km+1-1 _vJ _yJ .
I gy BT Y 190,001 3 11 AN lnll e Eoa® iy [l B
j=0

8
SOL+ 100,01+ 140, 0) + Wl + 190, 00T £ exp (LTAE" ~1)

4
(L+pLY)T P apl
+ (0, ) T(e-PHT + yren - exp (LTA(eY 1))

i—1 i—1
i-1 1 i-1 1
+4p() 11 9(0,0)sgn(Y j(@))e= = % |2, s +4p() " 1l o(0, 0)sgn(Y (w))e™=1% |2, )2
j=0 j=0
Tm-1
4+ oLHpLAT 8p

16
8pL—1yy . o pLHAPLAT P 16pL-1
-1 exp (LTA(e ) - 1g(0, 0)| ]Ezo Il AN || -e —16p —{ &P (LTA(e ))-

Now, we approximation the AN; and we have by the properties of the Poisson jump

Tm-1

Tm-1 Tm-1
Z Il AN = Z Ah+ Z || AN llw= TA + C(4p)T = TC(4p, A).
=0 =0 =0

Therefore, we have

IV
Il i Nl <OL + 16(0, 0)] + |4(0, )| + lIElI2» + 1g(0, 0) e+ Y exp (LTAE ™)

8p—1
2 2]7
(L+pL*)T 2pL—1
+ | (0, 0)[T(e™+HT + 5 =1 P (LTA@E¥))
(L+pL)T 4p
+4plo(0,0)| VT (™77 +

p) exp (LTA(e*" - 1)))

o 8
4 oLl >T8p—fl exp (LTA(" = 1))lg(0, 0)|TC(4p, 1)

16
. e(L+4”L2)T16p—ﬁ1 exp (LTA(E"E — 1)) = ¢1(T,p, L, A).



H. Yang et al. / Filomat 31:12 (2017), 3815-3836 3828

(ii) In view of Lemma 3.2 and Lemma 3.3, we have

161 < 1 eZFb s 41 sup |ZA€ 1 Iy

vel0,1,-,i} i=v

—1 . i-1 -1
< || eErm Al - || BRIy 41| sup  eF® sy | sup  sup er o] gz
i€{0,1,++ , Tm} i€{0,1,-++, Tm} ve{0,1,-+ i} j=o

4p
<pLApLHT _ 71 TLA(*L —1
<e dp—1 exp (TLA(e )

“LZP

8
+e<L+2pL2)T8p—ﬁl exp (TLAE*" - 1)) - [l sup SuP ZQJ “Eat

i€{0,1,-- , Tm} ve{0,1,

] =0
+l_sup  sup )ZRe o ln]
i€{0,1,-+-, Tm} ve{0,1,-

(3.30)

4p
<pWHpLOT _ 7 4pL _
e p—1 exp (TLA(e 1))

8

@L+2pyT_ P SpL _

+e ——exp (TLA(e D)-[lIl su su E Lhe™ Lo 12
8p—1 p i€f0,1,- me} vel0, 1p | ) =

o(Y;,Y 0(0,0 -
+ sup |Z ( ] []h]m) ( )AW]»@ZSJI*J A5| ”sz

veOl 4 Y51 + 1Y gl
Y., Yy —¢(0,0 ;
+ || Sup Sup Z g( ] []h]m) g( )AN]e_ Zi:oAS’ ||L2p]
i€{0,1,, Tm) ve(0,1, i} & Y| + 1Y gl

i-1

exp (TL/\(EspL 1)-[2Lh || sup |Z “Eea

ie01,~,Tm) 45

<eL+PIAT 4P4P exp (TLA( 1)) +e (L+2pL2)T8 8p

”sz
i—1

+2L|| sup IZAWe e A |l +2L 1| sup sup |ZANe +=0 s)||sz
i€{0,1,--- ,Tm} =0 i€{0,1,--- ,Tm} i€{0,1,-- ,Tm} =0

3e<L+2PLZ>T4P4—f exp (TLA(e¥" — 1))

8
+e(L+4pL2)T8pp exp (TLA(¥" — 1)) - [2LK || sup |Z Il s|||L2p

i€(01- Tm) (3.31)
Tm—1 . Tm=1 _ Tm-1
j 1 _yi
+2L2p( Y e B 2, 1T 420 Y e B Ml - Y I aNG] ] = eo(T, p, L, A).
j=0 j=0 j=0
(iif) According to the above formula, we obtain
I Z o, U7 L e Z e, geell T2 L e 632

STclc2 =c3(T,p, L, 7).
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(iv) Similarly, we have
L Bl e TS Bl 2l 161 2
j=0 jm Lr= =0 jml L L%
SCZ(’T/ p/ L)T ” Iél ||LZF7 = C4(T/ P/ L/ /\)
This completes the proof of Lemma 3.6. [J
Lemma 3.7. If the Assumptions (2.5),(2.6) and (2.7) hold, then we have

sup E[  sup  |Dq,, (0)f] < oo,
meN*  km+1€{0,1, ,Tm}

forweQandp > 1.

Proof. Letp > 1,k € N,m € N*. It comes from Holder inequality that

[ km+l=1 ]_1

mn

m

[k
[N N e PR o 1 R (R Y

j=1
[km+l—l]
+ | |Hj=1’” Brm+1Bjm|Yoll I,

< ekt e, + 11 1Bromil Neg, Il Netpsansizr Iy,

m

[km+1—l]_1
k
Bl ol sup 1Y T Bond Il
km+l€{0,1,~-- ,Tm} j=1

[km:rnl—l]
+ A Brmtl o, [Ty Bl Yoll Iy, -
We obtain from Lemma 3.6

Il 1D
+ (T, p, L, A)ea(T,p, L, A) = c5(T, p, L, A) < o0,

where c5 is independent of h. This completes the proof of Lemma 3.7. [J

Corollary 3.8. Let the Euler approximation Yy : Q — R fork,m e N,1€{0,1,--- ,m — 1}, then we have

E[Ika+[ |Ykm+l|p] < o,

for every p € [1, o0).

tonnt) 1o <C1(T, p, L) + co(T, p, L)e1 (T, p, L, A) + co(T, p, L, A)es(T, p, L, A)

3829

(3.33)

(3.34)

(3.35)

(3.36)

Remark 3.9. It is easy to see that Oy is decreasing set on km + 1 by the definition of OQpyer. Hence, we have

Ella;, |Yim+1lP] < oo.

Lemma 3.10. Let Qi € F, for m € N* and Q € F be given by (3.1) and Remark 3.1. If Assumption 2.2 holds,

then we have that

mPP[(Qrp)‘] < eo.
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Proof. Using the definition of the Qr,,, Chebyshev’s inequality, and 0 < A < 1 we obtain for g > 0

PIQr)]1<Pllo€Q: sup |Dy@)2?]+PlloeQ: sup [aAW,(w) = hT}]
ne{0,1,-, Tm-1} ne{0,1,-- ,Tm—1}

+PlweQ: sup  |AN, (@) = he)]
nef0,1,+, Tm—1}
<E[ sup |Dx, (@)™ + Tm - Pl{w € Q : |aAW; (w)] > h&}]
ne{0,1,+,Tm—1}
+PllweQ: sup  [ANy(w)— Al + Al > he}]
nef0,1,+, Tm—1}
<E[  sup  [Dq,(@)V)(")7 + Tm - Pliw € Q: ViAX1(w)] > hTi )]
nef0,1,-- ,Tm—1}
+PllweQ: sup  [ANy(w)— Akl > het — Ak}
VlE[O,l,“',Tm—l} (337)
<E[  sup  [Dq,(@)I)(")7 +Tm- Pliw € Q: ViAX1(w)] > hTi )]
ne{0,1,+, Tm—1}

+PlweQ: sup  |AN,(@)— Al > hea(1 - A))]
nef0,1,+, Tm—1}

<E[  sup Do, (@107 + T E[lAx: () jm' 0%
ne{0,1,+,Tm—1}

+ ————TmE[|aN,(w)/]
hei (1= Ay

<E[  sup  [Dq, (@V10")7 + T - E[Ax (@) ]m! =05+

1-0.5q+

+T-m

2(p+1)(C+1)

where Ax1 ~ N(0,1). Taking g > {p(C + 1) V ==

}, we obtain

mpp[(QTm)C]

<mP"TE[  sup Dy, (@)I7] + T - E[|JAx: (@)l ]mP*1-0%* &
ne{0,1,+, Tm—1}

<E[  sup  |D.,(@)l] + TE[Ax: (@)V].

nef{0,1,--, Tm—1}

This completes the proof of the Lemma 3.10. [

Lemma 3.11.

sup[ sup E | Yy, IF] < oo,

meN 0<n<Tm

forall p € [1,00).
Proof. According to the formula of the Tamed Euler method and Minkowski inequality, we have

Yo lp< T E Ml + 1o (0, 0)aW, Iy + I 9(0, 0)AN,, Iy

n—1

hu(Yi, Yingm) (3.38)

LY ey,
= 1+ (Y, Yiingm)
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n—1 n—-1
1Y (o, Yiam) = 0(0,0))8 Wi [l + 1Y (90X, Yiinm) = 9(0,0))aN; s
i=0 i=0

< || & llw +p VTI0(0,0)] + T + (E || 9(0,0)aN, [I')?
n—1

n-1
+ P(Z h |l o(Yi, Yiingm) — 0(0,0) ||in)% + Z(E[L(|Yi| + |Yimgml) P EIAN;P) P
=0

i=0
< |1 & llr +p VTIo(0,0)| + T + |g(0, 0)|hC(p, A)

n-1

n—1
+ pLN2HY VY IR + 1 Y g 13)2 +HLC(p, ) Y (1Yl + 1 Yy 1)
i=0 i=0
< |1 & Il +p VT|o(0,0)| + T + |g(0, 0)|hC(p, A)
n—-1 n—-1 1
# pLV2ROY B0 YG I, + 11 Y g 1802+ L N20C o, () (Y3 1B+ 11 Y 1))
i=0 i=0

< 1€ Il +p VTIa(0,0)| + Tm + |g(0, 0)|hC(p, A)

[T

n—1 n-1
+ pLNZRCY 1Y + 1 Y g I3 + RLNV2TmC(p, (Y003 1y + 1 Yo 1))
i=0 i=0
< || & llr +p VTIo(0,0)] + T + (0, 0)|hC(p, A)
n—1 1
+ LN2HVTCp, A) + p)( Y 00Y3 1By + 1 Yiam 1))’
i=0

Using the Gronwall’s inequality, we obtain

1Y 1< 2(11 € Il +p VT10(0, 0)| + T + [9(0, 0)|hC(p, A))2e8L ¢+ VICRA)*, (3.39)
Therefore, it is easy to see that
I Yo llr< V20| € [l +p VT16(0, 0)] + T + [9(0, 0)|C(p, A))e 4L e+ VICHAY (3.40)
Using the Holder inequality and Lemma 3.7, then we have
sup  sup | g,y Yn Il
meN nef{0,1, ,Tm}
<sup sup |[mlgq,c ll» X(sup  sup w7 Yy, llpz) (3.41)
meN ne{0,1,,Tm} meN nel0,1,,Tm} '

< V2T VICWAY (sup 2 P[(Qr) 1 (1] € [l +p VTI0(0,0)] + T + [9(0, 0)[C(p, A)) < oo.

meN

And we know the sup,,.\, SUP,1c(0.1, T Il I, Yn llir< oo from the Corollary 3.8. Hence, this completes the
proof of the Lemma 3.11. [

Lemma 3.12. If Assumption 2.1 holds, then for t € [0, T]

EIY(H) - Y(OP < M(p, \)h%. (3.42)
Proof. In section 2, we know the formula of Y(t) and we have
¢ ¢
Y(t) - Y(O) =| p(Y(sD), Y(IsZD)ds + f a(Y(sD), Y([sZ]))dW(s)
tkm+lt b1 (3.43)

+ g(Y(sD), Y([s_]))AN(s)l

bem+1
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Taking the supremum of the above formula, we have

sup [Y(t) - Y(B)F

te[0,T]
t
<@ sup (s YV 447 sup || oY), YASS)AWE)P (3.44)
km+1€{0,1,--, Tm} km+1€{0,1,--, Tm} trmal
t t
w7 sup | oY), YASANGP + 47 sup || Ag(Y(), Y(s))dsP.
km+1€{0,1,--, Tm} trmsl km+1€{0,1,-- ,Tm} Fom+1

Now, we take the expectation of the above formula, we obtain by Burkholder-Davis-Gundy

E[sup [Y(t) - (O]
te[0,T]

S4p—1hPE[ sup |[J(Ykm+1, Y]+ 4p_1Eph%E[ sup lo(Ymst, Yiem)F]
km+1€{0,1,-- ,Tm} km+1€{0,1,--, Tm} (345)

+#7C, + DRIE[  sup APIg(Yimst, Yien)P]
km+1€{0,1,-+ ,Tm}

<M(p, Ah?.

This completes the proof of the Lemma 3.12. [J

4. Proof of Theorem 2.4

We can know from the (2.9)

p(Y(sD), Y([sZD)
1+ hlu(Y(s2), Y([s))I

+ fo [o(x(s™), x([s7]) = o (Y(sD), Y([s_)]dW(s) (4.1)

t
x(H) - Y(t) = fo [u(x(s™), x([s7])) = 1ds

t
+ fo [g(x(s7), x([s7])) = g(Y(sD), Y([s_]))IdN(s)-

Proof. According to the It6 formula, we have

lx(t) - Y()P
(o (YD), Y((sT))
_jo‘ 2 <x(s7)=Y(s7), u(x(s7), x([s"1)) T+ (G, YD) > ds
t
- fo 2 < x(s7) = Y(57), 0(x(s7), x(0s7]) — o(Y(D), Y(ST)) > dW(s) @2)

t
" f lo(x(s), x([s7D) — o(¥(s), Y(Is ))Pls
0

t
+ fo [(1x(s™) = Y(s7) + g(x(s7), x([s71)) = g(Y (D), Y([sZD)* = Ix(s7) = Y(s")PIdN(s)
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t
:fo 2 <x(s7) = Y(s7), plx(s7), x([s71)) — (Y (s7), Y([sZ])) > ds
t

+ fo 2 <x(s7) = Y(s7), p(Y(s7), Y(IsZD) — p(Y(sD), Y(IsZD) > ds

p(Y (D), Y([sINIu(Y(sD), Y([sZD)I
L+ hu(Y(sD), Y([sZD)I
t

+ fo 2 <x(s7) = Y(s7),0(x(s7), x([s7]) — o (Y(D), Y([sZ])) > dW(s)

¢
+ th <x(s7)=Y(s7), > ds
0

t
# [ 1ot x5 = o), Yl
0

t —_

" fo [(x(s™) = V(s + gx(s), x([57T)

~ oY), Y(s 1)) — x(s) — Vs O)PIANGS)
t

" fo [(x(s™) = V(s + gx(s), x([57T)

= g(Y(sD), Y(ISZI))* = Ix(s7) = Y(s7)1Ads.
By the Assumption 2.2, it is easy to know that

sup |x(f) - Y(t)P
te[0,t1]

ty 151
<(4L% + 2L +3) f [x(s™) — Y(s7)*ds + 5L> f lx([s™]) = Y([s_])ds
T ° T _ °
+1 f lu(Y(sD), Y(Is~D)I*ds + f (Y(s7), Y([s~1)) — p(Y(sD), Y(Is"])Pds
0 0
: Y(s7) - Y(sO)Pds
2L s7)—
+ fo | s 4.3)
t

+ S[I-SP]| | 2 <x(s7) = Y(s7),0(x(s7), x([s7])) — o(Y(sD), Y([sZ]) > AW(s)l
te[0,tq
t
+ sup | | [(x(s7) = Y(sT) + g(x(s7), x([s71) = g(Y(sD), Y([sZ))* = Ix(s7) = Y(s)PIAN(s)|

te[0,t] 0
t
+ s[up]l | [(lx(s7) = Y(s)I + gxe(s7), x([s]) = (Y (D), Y([s~]))* = Ix(s™) = Y(s7)P ] Ads|
tel0,t

]

T
<(9L? +2L +3) | Sl{lpl () = Y (u)Pds + j; p(Y(s7), Y(IsZ1) — p(Y(sD), Y([s~D)Pds
uel0,s

T T
#1 [ ), s + 27 [ 16 - Y Pds
0 0

¢
+ s[up]l | 2 <x(s7) = Y(s7),0(x(s7), x([s71) = o(Y(sD), Y([s"])) > dW(s)|
te[0,t

t
+ sup | fo [(x(s7) = Vs + gxts™), x([s71) = g(Y(), Y{I~IN)? = Ie(s™) = V(s7)P]dN(s))

te[0,t1]

t
+ sup | fo [((s7) = YOI + gas), x([57D) = g (), YA — (™) = Vs )P]Ads.

te[0,t]
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Now, we estimate the £-th power of the above formula, and we have by fundamental inequality

(sup |x(H) - Y(DIP)*
te[0,t1]
t

T
<7:7OL + 2L +3)2( | sup |x(w) - Y()Pds)? + ( fo (V) YD) — p(Y (), Y(s-D)Pds)

0 uel0,s]

T T
) L v 2517 [ 19 — e y2ant
I fo (Y (), Y((s D)ds)} + 2517 fo ¥(s7) — Y(sO)Pds) "
w25 (sup | [ 2 <x(s7) = Vs, 0(x(s7), x((57T) = o(Y(s), YD) > dW(S)) '

te[0,t1] 0

t
+( S[uP]| i [(|x(5_) = YO+ gx(s7), x([s71) = g(Y (D), Y([sD))* ~ Ix(s7) — Y(S_)|2]dN(S)|)§
te[0,t;
t

+(sup | | k() = V() + gx(s7), x([s71) = (¥ (sD), YAZD)) - Ix(s™) = V(s Ads? .

te[0,t1] 0

Taking the expectation for the above formula, we obtain applying the Burkholder-Davis-Gundy’s inequality,
Kunita’s first inequality [1], Holder inequality, and lemmas for ¢; € [0, T,

E[ sup |x(t) = Y(t)I]
te[0,t1]

£
<7571 (OL% + 2L +3)S T5 | f sup [x(u) = Y(u)'ds]
0  uel0,s]

T

+ T fo (V) YD) - p(Y(sD), Y(I“D)ds]
T
L TR f (Y(s), Y([s~D)¥ds]
0
T
2P TE R f V(™) - Y(sO)Pds]
0

t
+21GE| fo | < x(s7) = V() 0, x5 D) — oY), Y([sD) > Pels] ws)

+2:D,(E[ fo " (57) = YN, (0571 - 90V, YD)

+ lg(x(s7), x([s™D) — g(¥(sD), Y([ZD)P)?Ads]

+E[ fo " (57) = YNt (0571 — 9V, YD)

+lg(x(s7), x([s™D) — g(¥ (D), Y([s“))P)> Ads])

+2:7'E[(sup f 2(x(57) — Y gl ol ) — (Y6, V(s DA

te[0,t1]

+2:7E[(sup f l9(x(s7), x([s71)) = g(¥ (D), (I~ ])PAds)*]

te[0,4]
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fy
<727 (OL? + 2L + 3): T2 '] f sup |x(u) — Y(u)ds]
0 uel0,s]

T T
+ THIE fo V), YASTD) - (YD), YA D)Pds] + TS E] fo (Y(s), Y(Is~)Pds]
T
F 2T f V(s - Y()Pds]
0

[1 tl
+ T57125 G, [l fo |%|x(s—) — Y(s7)Pds] + E[ fo iy sup () — Y(w)Pds]|

+ 221D (751 4 1)173E] fo () - V(s AS)]

fy
+ 2% IT53LPE| f sup |x(u) — Y(u)l”AdS)]].
0 uel0,s]

Then,we have according to the Lemma 3.12

E[sup |x(t) - Y(t)P] <7577 f 1 E[sup |x(u) — Y(u)['}ds + 727" T=' 1P f 1 E[|Y(s7) — Y(sO)IP1ds
0 0

te[0,t1] u€l0,s]

t
LT f Ella(Y(s), Y(s" D)X 1ds
0
+7 T [V ) - VPl “6)
0

p ~ tl —
+ 7%—1T’r12%cp(1 +20717p) f E[ sup |x(u) — Y(u)['1ds
2 0 uel0,s]

t
+7:71T3713.0%7117D, fo E[ sup |x(u) — Y(u)1ds.

uel0,s]

Hence, we have according to the lemmas in section 3 and the Gronwall’s inequality

I sup [x(t) = YO lly< e PDMy(p, T, Dk, 47
te[0,T] '

This completes the proof of the Theorem 2.4. [J
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