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A Remark on the Ball-Covering Property of Product Spaces
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Abstract. In this paper, we prove that Banach spaces X and Y have the ball-covering property (BCP) if and
only if (X X Y, || - [|,) have the BCP, where 1 < p < oo.

1. Introduction

The study of geometric and topological properties of unit balls of normed spaces has played an im-
portant role in the geometry of Banach spaces. Almost all properties of Banach spaces, such as convexity,
smoothness, reflexivity and the Radon-Nikodym property, can be viewed as the corresponding properties
of their unit ball.

Starting with a different viewpoint, Cheng [1] introduced a notion of a ball-covering property for Banach
spaces: A Banach space is said to have the ball-covering property (BCP, in short) if its unit sphere can be
contained in the union of countably many closed (open) balls off the origin. Since every open ball is
a countable union of closed balls, and every closed ball off origin is contained in an open ball off the
origin with almost the same radius, it does not matter much to consider ball-coverings by open balls or by
closed ones. In this paper we will speak about ball-coverings by closed balls, and symbol B(x,r) (B°(x, 1),
respectively) denote the closed (open, respectively) ball with center x and radius r.

Clearly, a collection of countable balls {B(xn, rn)} forms a ball-covering if and only if it satisfies: (1)Sx C
(U B(xn, 74) and (2) [|x,|| > 7, for all n. In the recent years, the BCP of Banach spaces and its applications have
been intensively studied (see, for instance, [1-13]).

It is easy to see that all separable spaces possess the BCP, but the converse version is not true. s [1]
is a typical example of non-separable space with BCP. In [3], Cheng, Cheng and Liu constructed many
equivalent norms on I, such that /., does not admit the BCP under these norms. It is well known [1] that if
X has the BCP, then X" is w*-separable. Furthermore, Cheng, Shi and Zhang [6], Fonf and Zanco [8] showed
independently that if X* is w*-separable, then for every ¢ > 0 there is a (1 + ¢)-equivalent norm on X such
that X has the BCP. All these results imply that BCP is not invariant under isomorphic mappings.

For Giteaux differentiable spaces (GDS) X, Cheng [2] proved that X has the BCP if and only if there
exists a sequence {x},} of w*-exposed points of Bx- such that {x}} positively separates points of X. When
considering product spaces XX Y, by studying the sequence of w*-exposed points which positively separates
points of X x Y, Shang [13] proved that Gateaux differentiable spaces X and Y have the BCP if and only if
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(XX Y,|l1lp) have the BCP, where 1 < p < co. This means that for Gateaux differentiable spaces X and Y, the
BCP of X X Y is invariant under all the norms || - ||,, where 1 < p < co. In this paper, by direct constructions
of countable ball-coverings, we point out that the assumption ”"Gateaux differentiable space” in the Shang’s
theorem can be removed. The paper is organized as follows. In Section 1, some definitions and notations
are collected. In Section 2, we prove that Banach spaces X and Y have the BCP if and only if (X X Y, || - [|,))
have the BCP, where 1 < p < 0.

In all the text below, X and Y are real Banach spaces and the unit sphere of X is denoted by Sx.

2. Main result

First, we give two lemmas.
Lemma 1. Suppose that 0 < tand s < r. Let t > 0 with |t — #'| sufficiently small, then |t — #'| + t's < t'r.

Proof. We only need to note that the inequality is equivalent to ‘t;—” < r—s,and that limy_,; ‘t?—” =0.

Lemma 2. Let 0 < a; < 1 and 0 < ay < B2, then

Jnf (61, (= #)7 2l = e, (1= #) aa)ly) > 0,

1
where 1 < p < coand ||(a1,a2)ll, = (lallp + Iazlf’)" for scalars a4, and a,.

Proof. Let f(t) = |I(tp1,(1 - t”)%‘Bz)llp = I(tar, (1 — t”)%az)llp. By noting that f(t) > 0,t € [0,1] and f(¢) is
continuous on the closed interval [0,1] which is compact, we can complete the proof.

The following is our main theorem.
Theorem 1. Suppose that X and Y are Banach spaces. Then the following statements are equivalent:
(1) X and Y have the BCP;
(2) Prodcut spaces (X X Y, || - ||,) have the BCP, where ||(x, y)l[, = (x|l + IIyIIP)Fl’,l <p < ooand [|(x, Ylleo =
max{[lx], [[yl[}.

Proof. (2)=— (1). Let {B((xn, Yn), rn)} be a countable ball-covering of SEXY)Hly)- Since {B((x,,, Yn), r,,)} dose
not contain the origin, we have that for every n, ||(x,, yu)ll, > r,. Next, we will divide the proof into two
cases.

Case L. p = 0. First, for those n with ||y, = ||(xn, ¥n)ll, we have
B((xn,yn), r,,) ﬂ (X X {0}) =0.
Indeed, under this condition, [/(x,0) — (xx, ¥u)lle = max{llx — xull, llyull} = llyull = (x40, yu)llo > 74. Hence,

(x/ 0) ¢ B((xn/ yn)/ ri’l)-
On the other side, if ||x,|| > [|y,|l and (x,0) € B((xn, Yn), rn), then we have

lle = xull < 11(x, 0) = (X, Y)lloo < 7.

This means that x € B(x,,, r,,) and [lx,|l = [[(xn, Yi)llo > *n.
Now, let A = {n : |Ix,l| > [ly.ll}. By the above discussion, we have that {B(x,,,rn),n € A} is a countable
ball-covering of Sx. Therefore X has the BCP. Similarly, we obtain that Y has the BCP.

CaseIl. 1 < p < 00. As in Case ], for those n with ||y,|IF > 7, we have

B((X”, yn)/ rn) m (X X {O}) =0.
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Indeed, under this condition, [|(x, 0) = (%, yu)lf) = [lx = xull” + lyall’ > 4. Hence, (x,0) & B((xx, ), 7).

Moreover, for those n with ||y, |l < 1, we have that 0 < 7/ — [lyallP < llx,]l. Hence, we can pick some 7,
such that
0 <7 = llyall < 1F < llxull.

Now, if (x,0) € B((xn, Yn), rn), i.e. [1(x, 0) = (X, yu)lly = llx = xullP + [lyallP < 7}, we obtain that
e = xull’ <75 = llyull’ <777,

which means that x € B(x,, r},).
Let A = {n : [ly,llP < ) and it is easy to see that {B(x,,,r;),n € A} is a countable ball-covering of Sx.
Therefore X has the BCP. Similarly, Y has the BCP.

(1)= (2). Suppose that X and Y have the BCP, we will prove that (X X Y, || - [|,) also have the BCP for

1 <p < oo Let {B(xn, rn)} and {B(ym,sm)} be countable ball-coverings of Sx and Sy respectively. Since for
every n and m, |[x,|| > 7, [ymll > S, we may assume that Sx C |JB°(x,,, r») and Sy C U B°(Yum, Sm) by taking
r, and sy, a little bigger. First, Let {t;} D {0,1} be a dense sequence in [0, 1]. Next, we will divide the proof
into two cases.

Case I. p = oo. For every n,m and k, Let

Bn,m,k = B((xn/ tk}/m)r max{rm tksm})/

and
B:l/m/k = B((thn,ym), max{tkrn,sm}).
Note that
1, teYm)lleo = m@x{llxall, tellymll} > max{ry, tsm},
and

Itk Ym)lloo = max{tellxull, [|ymll} > max{tirn, sp}.

dose not contain the origin of X x Y.

This implies that the countable closed ball collection {Bn,m,k, B k}

Moreover, we will show that S¢xxy..) € U {Bn,m,k, B* }

n,mk
Without loss of generality, we only prove that (x,ty) € | B, mr, where |lx]| = ||yl = 1and 0 < t < 1. By
hypothesis, there exist some n and m such that ||x — x,|| < 7, and ||y — yull < . For t = 0, we have that

[1Cx, 0) = (i, 0+ Yi)lloo = llx — xull < 7, = max{ry, 0 - s},
i.e. (x,0) € By 0. For 0 <t <1, by Lemma 1, we can take some #; with |t — #;| sufficiently small such that
[t = tel + telly — Yl < tiSim-

Thus
1Cx, £y) = (e, teYm)lloo = max{llx — xull, Ity — teymll)

< maxfllx — xull, It — tl + telly — yull}
< max{r,, tkSm}-

This implies that (x, ty) € By, p k.

CaseIl. 1 < p < 0. For every n,m and k, Let

1 1
Onmpe = (bexn, (1 = ti)Pynl)/ Ynmk = (tZTZ +(1- tZ)Sf;)p,
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and
Bn,m,k = B(en,m,kr Vn,m,k)~

Note that
161,k

b= Plocall? + (= E)llywll > 9

n,m,k’
This implies that the countable closed ball collection {Bn,m,k} dose not contain the origin of X X Y. And, we
will show that S(XXY,H-H,,) cly {Bn,m,k}'

Suppose that 0 = (tx, 1- t”)%y) € Sxxv,), where [lx]| = |lyll = 1and 0 < ¢ < 1. By hypothesis, there exist
some n and m such that ||x — x,|| < r, and ||y — ymll < s,. Then we can take some #; with |t — #| sufficiently
small such that

16 = G milly < 116 = (x, (1= £)7 y)ll, + (tx, (1 = £)7y) = Gyl

P
1 19\ 1
= (it =t + @ =) = A=) [") + (Ellr = xalP + (1= EDlly = yull)”

< (B + @ =E)sh)” (%)
= Vumks

where the inequality (*) can be deduced from Lemma 2 by letting a1 = |[x—x,l, B1 = 7, @2 = lly—=Yull, B2 = 5m-
Thus, we complete the proof.

Remark 1. It can be seen from Theorem 1 that the BCP of X X Y is invariant under all the norms || - ||,, where
1 < p < oco. But this result does not hold any more if we consider all equivalent norms on X X Y other than
all the norms || - ||,. To see this, We can take X = Y = (Lo, || - [lo). Then X and Y have the BCP (see [1]).
However, it is well known [3] that there are many equivalent norms on X X Y = I, such that /., does not
possess the BCP under these norms.

Acknowledgements

The authors are thankful to the referees for their valuable suggestions for improving the content of the
paper. The research of this paper was supported by China Scholarship Council (CSC).

References

[1] L. Cheng, Ball-covering property of Banach spaces, Israel . Math. 156 (2006) 111-123.
[2] L.Cheng, Erratum to: “Ball-covering property of Banach spaces”, Israel J. Math. 184 (1) (2011) 505-507.
[3] L.Cheng, Q. Cheng, X. Liu, Ball-covering property of Banach spaces is not preserved under linear isomophisms, Sci. China Ser.
A 51 (2008) 143-147.
[4] L.Cheng, Q. Cheng, H. Shi, Minimal ball-covering in Banach spaces and their application, Studia Math. 192 (1) (2009) 15-27.
[5] L.Cheng, Z. Luo, X. Liu, W. Zhang, Several remarks on ball-coverings of normed spaces, Acta Math. Sin. 26 (9) (2010) 1667-1672.
[6] L.Cheng, H. Shi, W. Zhang, Every Banch spaces with a w*-separable dual has an (1 + €)-equivalent norm with the ball covering
property, Sci. China Ser. A 52 (2009) 1869-1874.
[7] L.Cheng, B. Wang, W. Zhang, Y. Zhou, Some geometric and topological properties of Banach spaces via ball-covering, ]. Math.
Anal. Appl. 377 (2011) 874-880.
[8] V.P.Fonf, C. Zanco, Covering spheres of Banach spaces by balls, Math. Ann. 344 (2009) 939-945.
[9] L. Cheng, V. Kadets, B. Wang, W. Zhang, A note on ball-covering property of Banach spaces, J. Math. Anal. Appl. 371 (2010)
249-253.
[10] W. Zhang, Characterizations of universal finite representability and B-convexity of Banach spaces via ball coverings, Acta Math.
Sin. 28 (7) (2012) 1369-1374.
[11] §.7Shang, Y. Cui, Ball-covering property in uniformly non—lgl) Banach spaces and application, Abstr. Appl. Anal. 2013 (1) (2013)
[12] S. Shang, Y. Cui, Locally 2-uniformly convexity and ball-covering property in Banach space, Banach J. Math. Anal. 9 (1) (2015)
42-53.
[13] S. Shang, Differentiability and ball-covering property in Banach spaces, J. Math. Anal. Appl. 434 (2016) 182-190.



