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Uniqueness Part of the Schwarz Lemma at the Boundary
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Abstract. In this paper, a boundary version of the uniqueness (or, rigidity) part of the Schwarz lemma
should be investigated. Also, new results related to inner functions, inner capacities, and bilogaritmic
concave majorants are obtained.

1. Introduction

The classical Schwarz lemma gives information about the behavior of a holomorphic function on the
unit disc D = {z : |z|] < 1} at the origin, subject only to the relatively mild hypotheses that the function maps
the unit disc to the disc and the origin to the origin. In its most basic form, the familiar Schwarz lemma
says this:

Let f be a holomorphic function in the unit disc D, f(0) = 0 and | f (z)| < 1for |z| < 1. Then, for any point
z in the disc D, we have | f (Z)) < |zl and f’(0)| < 1. Equality in these inequalities (in the first one, for z # 0)
occurs only if f(z) = Az, |[A| = 1 ([4], p.329). For historical background about the Schwarz lemma and its
applications on the boundary of the unit disc, we refer to (see [16]). Also, the similar to considered problem
is studied in ([15]).

In recent years, a boundary version of Schwarz lemma was investigated in Daniel M. Burns and Steven
G. Krantz ([1]), Dov Chelts ([2]), M. Mateljevi¢ ([9], [10], [11], [12] and [13]) and a few other authors’ papers.
They studied the uniqueness(or, rigidity) part of the Schwarz lemma. Also, the similar to considered
problem is studied in ([15]).

The uniqueness part of the boundary Schwarz lemma was established in 1994 by Daniel M. Burns and
Steven G. Krantz ([1]).

Theorem 1.1. Let f : D — D be a holomorphic function from the unit disc to itself such that

f@)=z+0(z-1?) (1.1)

as z — 1. Then f(z) = z on the disc.

2010 Mathematics Subject Classification. Primary 30C80; Secondary 32A10

Keywords. Schwarz lemma, Holomorphic function, Inner function, Hopf’s lemma on the disc, Inner capacities.
Received: 28 January 2016; Accepted: 05 August 2016

Communicated by Miodrag Mateljevi¢

Email addresses: nafi .ornek@amasya.edu. tr (Bilent Nafi Ornek), tugbaakyel®3@gmail.com (Tugba Akyel )



B. N. Ornek, T. Akyel / Filomat 31:12 (2017), 3643-3650 3644

The theorem presented in ([1]) has no such hypothesis. The exponent 4 is sharp: simple geometric
arguments show that the function

f) =2+ =17

satisfies the conditions of the theorem with 4 replaced by 3. Note also that it follows from the proof that
@) ((z - 1)4) can be replaced by o ((z - 1)3).

The Burns-Krantz Theorem was improved in 1995 by Thomas L. Kriete and Barbara D. MacCluer ([7]),
who replaced f with its real part and considered the radial limit in o ((z - 1)3) instead of the unrestricted
limit. Here is a more precise statement of their result.

Theorem 1.2. Let f : D — D be a holomorphic function with radial limit f(1) = 1 and angular derivative f'(1) = 1.

If
lim inf w =0,
r—1- 1-7

then f(z) = z.

In 2001, Dov Chelst ([2]), in turn, established the following conditions on the local behavior of f near a
finite set of boundary points which ensure that f is a finite Blaschke product.

Theorem 1.3. Let f : D — D be a holomorphic function from the unit disc to itself. In addition, let p : D — D bea
finite Blaschke product which equals T € dD on a finite set Ay C dD. If (i) for a given yg € Ay,

f(z) =¢z)+ O((z - 1)4),as zZ = Yo,
and (ii) for all y € As — {0},
f(2) =¢z)+ O((z - 1)"*’), forsomek, 22asz— v,
then f(z) = ¢(z) on the disc.
In 2015, Miodrag Mateljevi¢ improved Theorem 1.3 and obtained the following theorem ([12]).

Theorem 1.4. Let f : D — D be a holomorphic function. Let B be an inner function which equals 1 precisely on a
set A C dD. Suppose the following condition are satisfied (a) for all a € A

f(e™) = B(e") + 0((6“ - a)z), et e dD, e — a,
(b) thereisa ay € A, such that

f(e") = B(e") + o((eit - a0)3), ¢t € D, ¢ — ay.
Then f = Bon all of D.

Let Mbe a class of functions p : (0, +00) — (0, +00) for each of which log ji(x) is concave with respect to
log x. For each function u € M the limit

1
o = lim 2BE)
x—0 IOgX

exists, and —co < py < +oo0. Here, the function u € M is called bilogaritmic concave majorant and py is
called the order of u ([5]). For example, the power function p(x)=x, 2 € R, belongs M with po=a.
We use the following assertions for the proofs of our theorems:
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Lemma 1.5 (Hopf’s lemma on the disc). Let u be a nonconstant real-valued harmonic function in D, Let y € dD
be such that: (i) u is continuous at y; (ii) u(y) > u(z) for all z € dD. Then the outher normal derivative g—g ofuaty,
if it exists, satisfies the strict inequality

du
5,0 >0
([3]p.34).
Remark 1.6. Let f : D — D be a holomorphic function and have a continuous limit at some y € 9D, and let
f(y) =1. Then f is not o(z — y) ([2]).
2. Main Results

In this paper, the more general majorants will be taken instead of power majorants in conditions (i), (ii)
and (1.1). Also, new results related to inner functions, inner capacities, and bilogaritmic concave majorants
are obtained. This type of results were first announced ([14]). Let d (z, G) be a distance from G to the point
z and U(z, r) be an open disc with centre z and radius r, respectively. Let 9 be the class of sets with zero
inner capacities ([8], p.13-14).

Theorem 2.1. Let u € M, ug > 3 and f be a holomorphic function in the unit disc that is continuous on D N U
(1,n,) for some n, > 0 and ’f(z) - 0(| < a for |z| < 1, where a is a positive real number. Suppose the condition

f@=al+2)+0u(z-1l)),z€dD, z—> 1. (1.2)
Then f(z) =a(1+2).

Proof. Consider the function

Therefore, we obtain

f@-a al+z)+0uwlz-1))-a
a a

h(z) =
and

h(z) =z + O (u(z ~ 1))
So, there is a number b; > 0 such that

Ih(z) —z| < bju(lz - 1)), Yze dDNU(1,7,).
We will write s and b, as follows;

s= sup |h(z)—z
lz—1]=n,
zeD

and

s
b, = max{——, by ¢.
2 {y(no) 1}
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Obviously,
Ih(2) — 2 < byu(lz — 1))

inequality is satisfied at every boundary point of the set of D N U(1,7,). Thus, it is seen that the same
inequality from Theorem3 of ([5]) is satisfied at the set of D N U (1, n1,). That is,

h) - 21 < byp(z — 1)), Vz€ DN UL, ). (13)
From the hypothesis py > 3 follows that there is a some positive constant ¢ > 0 such that

log 1i(x)
log x

>3+4+¢ VYxe(0,1)
and
log u(x) < (3 +¢)logx, VYx e (0,1).
That is to say,
p(x) < x°*, Yx e (0,1). (1.4)
From (1.3) and (1.4) we obtain
Ih(z) —z| < ¢y lz = 1P*¢. (1.5)

Consider the harmonic function k defined as

B 1+ h(z) 1+z
kz) = Re(1 —h(z)) - R€(1 —z)'
The function
1+ h(z)
1-h(z)

maps the disc D to the right half plane and hence the first term of k(z) is nonnegative, the second term is
zero on dD\ {1}. That is,

1+z
Re(l_z)—O.

Therefore, the boundary values of k(z) function is not negative at its every point except for point 1 in the
unit disc. In other words,

liminfk(z) > 0, V¢ € dD\{1}.

z—¢,zeD

Let us now examine our function at point 1. Let w(z) = h(z) — z.
From the definition of k(z), we take

2w(z) )

K@) = Re((l “hE) (-2

According to Remark 1.6, the denominator of the last fraction can decrease no more quickly than O (Iz - 1|2)

at the point 1. From (1.5), the numerator approaches zero as O (lz - 1|3+g). Thus, k(z) is O (lz - 1|1+g) in some

neighborhood of 1. We obtain from the maximum principle ([6], p.48) either k(z) > 0,Vz€ Dork = 0. If k
is not a constant, it takes minimum at the pointz = 1, and it is O (Iz - 1|1+E) there, as well. This contradicts

with Hopf’s lemma statement. Consequently, k = 0. This h(z) =zand f(z) =a(1+z). O
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Theorem 2.2. Let u € M be a bilogaritmic concave majorant, P € M, ug > 3; f be a holomorphic function in the
unit disc and | f(z)— a| < a for |z| < 1, where a is a positive real number, which satisfies the following condition

limsup |f(z) - a (1 +2)| = O(u(c - 1)), Y € @D\P) N U(L,1,), (16)

z—¢, zeD
for some 1, > 0. Then f(z) = a(l +z).
Proof. Let
w(z)

So, we have

_f@)-a
==

0(z) -z = f(z)——a_Z: fzm)—a—-az _ f@)—al+2z2) — 0 (u(c - 1))
a o o
and
lim sup fo(z) ~ 2| = O (u(< - 1)). (17)

From (1.7), there exists c; > 0 that the inequality
limsup|w(z) —z| < cip(lc =1, Ve e (@D\P)NU(L,1,)

z—¢, zeD

satisfied as the proof of Theorem 2.1. Let us make a marking as follow:

a1 = sup |w(z)—z|
\z—l\:r]o

zeD
and

()
) =maxy ———,C1¢.
u(n,)

The inequality

lim sup |w(z) — z| < axp(lc — 1]
z—¢, zeD

is satisfied in every z boundary point of DNU (1, 7,). So, from Theorem 2.1, same inequality is also obtained
inDNU(1,7,). Then, we take that f(z) = a (1 + z) similar to the proof of Theorem 2.1. [J

In the following theorem, we shall show that certain conditions on the growth of the boundary function
(which is defined out of a set of zero inner capacity) in a neighborhood of a given point yields the uniqueness.
Theorem 2.3. Let ¢ be an inner function which equal T € dD on a finite set Ay C dD. Let f be a holomorphic

function in the unit disc and
1,2

f(z)— a| < a for |z| < 1, where a is a positive real number. Assume that P € I,

ult,u* € M, ul > 3, ud > 2, where ul and p3 are the orders of u* and p?, respectively. Suppose the following
conditions are satisfied (i) for a given yo € Af

timsup|£2)—a (1+9@)| = O (' = yo)), < €@D\P), < =y, (18)
(ii) for allVy € A — {yo}

limsup|f() - a(1+ ()| = O (ke = 7)), c€@PP), c =y, (19)

Then f(z) = « (1 + d)(z)).



B. N. Ornek, T. Akyel / Filomat 31:12 (2017), 3643-3650

Proof. Let

0@ =L (ZL_ g

From (1.8) and (1.9), we obtain for a given yo € Ay

. . (2)-a
lim sup (q)(z) - (1)(2)) = limsup - ¢(2)
z—¢, zeD z—c¢, z€D
_ f(2) —a(l + ¢(2))
= limsup
z—¢, zeD a

= O(u'(c-10)), c€@D\P), c >,

lim sup [©(z) - p(2)] = O (u'(|c = 7o), ¢ € @D\P), ¢ — 7,

z—¢, zeD
and for all Vy € A¢ — {yo}
f(2) —a(l+ ¢(2))

[24

limsup (q)(z) - (j)(z)’ lim sup

z—c¢, z€D z—¢, zeD

O(y2(|g - )/|)), c€(@D\P), c >,

limsup ((D(z) - ¢(z)| = O<y2(|g - V‘)), G €(ID\P), ¢ > 7.

z—¢, zeD

3648

(1.10)

(1.11)

Without loss of generality, we may assume that 7 = 1 and that o = 1. Due to (1.10), there exist numbers

c3 > 0,7, € (0,1) such that

limsup |P(z) - ()| < csp(lc = 1)), Ve € (@D\P), |c—1| <1,

z—¢, zeD

Let us denote p and ¢4 as follows;

7

p= sup |B@) - )

[z=1|=bo
zeD

_ p
Cq = Il’laX{‘U1 (60),C3} .
Clearly,

limsup |[®(z) — ()| < capt (I = 1)

z—¢, zeD

inequality is satisfied at every boundary points of the set of D N U (1, 17,). Therefore, it is seen that the same

inequality from Theorem 3 ([5]) is satisfied at the set of D N U (1,n,). That is,
q y Mo

|0(z) - p(2)| < cap’z - 1I), Vze DNU(,7n,).

(1.12)

From p > 3 follows that there are some positive constants ¢ and ¢ < min (1,, 1) such that inequality (1.4) is

satisfied. Combining (1.4) and (1.12), we obtain

|0(z) - p(2)| < s (2= 1)**, Vze DNU(Q,0).

(1.13)
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From the hypothesis, u3 > 2, u2 € M,

1 2
lim—ogy ) >

2 _

[Jo_x—>0 logx 2,

1 2

%;x) >2+¢, Yx€(0,0), 0 <min(n, 1),

log p?(x) < 2+ ¢)logx, Yx € (0,0)

and finally we take
pA(x) < 2, Vx € (0,0). (1.14)
Analogously, for any point y € A¢ — {1}, from (1.14) and (1.11) we have
|0(z) — ¢(2)| < c5 (12— 1)***, Yze DNU(y,01) (1.15)

with some constant c5 and 0.
We introduce the harmonic function

1+ D(2) 1+ ¢(2)
1—@@)‘R41—wm)

O(z) = Re(

Since an inner function ¢ is a holomorphic function throughout D and that |qb| =1 on dD, we have that the
second term of ©(z) is zero on dD — {A f}. The first term of ©(z) is nonnegative. Consequently, when taking
limits to any boundary point in (dD\P) — {A f}, one always obtains a nonnegative value.

Now, let’s examine behavior of the function ®(z) at points of set Ay.
Let W(z) = ®(z) — ¢(z). Under the simple calculations, we obtain

O(z) = Re

2W(2) ]
(1- @) (1-¢@))

Now, let’s take any point y € A¢ — {1}. According to (1.15), the numerator of the last fraction approaches

zeroas O (|z - 7/|2+8). From Remarkl, the denominator can decrease no more quickly than O ()Z - )/)2). Thus,

O(z) must have a liminf at y.

From (1.13), the numerator of the last fraction approaches zero as O (|z - )/|3+8). According to Remark
1.6, the denominator can decrease no more quickly than O (|z - 7/)2). As in the proof of Theorem 2.1, we

obtain O(z) is O (|z - y|1+8) in some neighborhood of 1. Thus, from the Phragmen-Lindelof principle ([6],
p-232) we obtain either O(z) > 0, Vz € D or © = 0. If O is not constant, it takes minimum at the pointz = 1

and is O ()z - y)lﬂ) there, as well. This contradicts with Hopf’s lemma statement. Consequently, ® = 0.

This (z) = () and f(z) = a(1+ ¢(z)) O
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