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Abstract. Recently, some authors have proved monotonicity results for delta and nabla fractional dif-
ferences separately. In this article, we use dual identities relating delta and nabla fractional difference
operators to prove shortly the monotonicity properties for the (left Riemann) nabla fractional differences
using the corresponding delta type properties. Also, we proved some monotonicity properties for the
Caputo fractional differences. Finally, we use the Q—operator dual identities to prove monotonicity results
for the right fractional difference operators.

1. Introduction and Preliminaries about Fractional Sums and Differences

Fractional calculus have attracted many researchers in different fields of engineering and science since
not short time [20-22]. The extent of interest in this field reaches every concept can be applied to fractional
dynamical systems such as delay , impulse, stability, controllability, biological modelling, variational calcu-
lus, etc. [23-29]. Discrete fractional calculus remained without serious developing til the beginning of the
last decade in the last century. Twenty years after the articles [1, 2], many authors started to attack discrete
fractional calculus very extensively ([3]-[19]). Recently, some authors started to study monotonicity and
convexity properties of delta and nabla (left Riemann) fractional differences ([30]-[34]). For example, the
authors there studied the monotonicity properties for delta fractional differences of order 0 < a < 1 while
others studied the case 1 < @ < 2. In [31] the authors proved two monotonicity results for delta and nabla
fractional differences separately (see Theorem A and Theorem B there). Then, very recently, the authors
in [33] improved the results obtained for the delta case by using better starting conditions. In this article,
we use the dual identities relating delta and nabla (left Riemann) fractional differences [16, 17] to provide
monotonicity short proofs for the nabla case using the delta case. Then, we used the relation between
Riemann and Caputo fractional differences to carry the analysis in ([30]-[34]) from Riemann fractional dif-
ferences to Caputo fractional differences. Finally, we used the action of the Q—operator [3, 16, 17] in relating
left and right fractional difference types to prove monotonicity results for right fractional difference types.

For a natural number #, the fractional polynomial is defined by,
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) _ B F(t+1)
£ H(t R T (1)

where I' denotes the special gamma function and the product is zero when t + 1 — j = 0 for some j. More
generally, for arbitrary «, define

@ _ T't+1)

TIt+1-a) 2)

where the convention that division at pole yields zero. Given that the forward and backward difference
operators are defined by

Af(t) = f(t+1) = f(B), V() = f() = f(E=1) ©)

respectively, we define iteratively the operators A" = A(A"™') and V" = V(V"1), where m is a natural
number.
Here are some properties of the factorial function.

Lemma 1.1. ([15]) Assume the following factorial functions are well defined.
(i) A = @),
(ii) (t — Wt = e+ where u € R.
(i) ) = T(u + 1).
(iv) Ift <1, then @ < 7% for any a > 7.
() If0 < a < 1, then @) > (tM)7,
(0i) H*P) = (t — BB,

Also, for our purposes we list down the following two properties, the proofs of which are straightfor-
ward.

Vi(s = DY = (@ = 1)(p(s) - H* 2. (4)

Vilp(s) = Y = ~(a = D(p(s) - H*?. ®)
For the sake of the nabla fractional calculus we have the following definition

Definition 1.2. ([35-37])
(i) For a natural number m, the m rising (ascending) factorial of t is defined by

m—1
P = H(t+k), =1 (6)

k=0
(ii) For any real number the o rising function is defined by

7 Tt+a)

= O teR- {.,-2,-1,0}, 0°=0 (7)

Regarding the rising factorial function we observe the following:
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(@)
V() = at* L (8)
(if)
)= (t+a-1)9, )
(ii)
Ar(s = p(B)T = —a(s - p(H)*~! (10)
Notation:

(i) For areal @ > 0, we set n = [a] + 1, where [] is the greatest integer less than a.
(i1) For real numbers a and b, we denote N, = {a,a+1,..}and ;N ={b,b—1,...}.
(iti) For n € N, we denote
A" f(t) = (-1)"A"f(t).
(iv) For n € IN, we denote

Vef(t) = (1)"Vf(D).

The following definition and the properties followed can be found in [16] and the references therein.

Definition 1.3. [16] Let o(t) =t + 1 and p(t) = t — 1 be the forward and backward jumping operators, respectively.
Then

(i) The (delta) left fractional sum of order o > O (starting from a) is defined by:

A = ﬁ :Zj,a ~ ()@ Vf(s), t€ Ny (11)
(ii) The (delta) right fractional sum of order a > 0 (ending at b) is defined by:
1 ¢ 1 ¢
A0 = 15 s;a(s o)) = o5 S;a@(s) ~HODfGs), te paN. (12)

(iii) The (nabla) left fractional sum of order o > 0 (starting from a) is defined by:

t —_
Vif) = = Y (t=p()* T f(s), t € Ny, (13)

s=a+1

1
I'(a)
(iv)The (nabla) right fractional sum of order o > 0 (ending at b) is defined by:

b-1 L b-1 _
VO = 1 16~ POFTFO) = 1 Y060 =0T, te b, (14

Regarding the delta left fractional sum we observe the following;:
(i) A;* maps functions defined on IN, to functions defined on Ny.,.
(ii) u(t) = A" f(t), n € N, satisfies the initial value problem

AMu(t) = f(f), te N, u(a+j-1=0,j=1,2,..,n (15)

(t=o(s))" ™V
-1y

(iii) The Cauchy function vanishesats =t—-(n—1),....t - 1.
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Regarding the delta right fractional sum we observe the following:
(i) »A™" maps functions defined on ;IN to functions defined on ;_,IN.
(ii) u(t) = pA™"f(t), n € N, satisfies the initial value problem

Viu(t) = f(t), te yN, u(b—j+1)=0, j=1,2,..,n

(p(s)-p™1
(n=1)!

(iii) the Cauchy function vanishesats =t+1,t+2,...,.t+ (n —1).

Regarding the nabla left fractional sum we observe the following:
(i) V;¢ maps functions defined on IN, to functions defined on IN,.
(ii)V," f(t) satisfies the n-th order discrete initial value problem

V'y(t) = f(t), Viy@) =0, i=0,1,..,.n—1

(t=pe)"*
F()

(iii) The Cauchy function satlsfles V'y(t) =

Regarding the nabla right fractional sum we observe the following:
(i) »V™* maps functions defined on ,IN to functions defined on ;IN.
(ii) V7" f(t) satisfies the n-th order discrete initial value problem

oA"y(t) = f(t), oA'y(b)=0, i=0,1,..,n—1.
The proof can be done inductively. Namely, assuming it is true for n, we have
oA VT f() = A"[-A VTV f(B)]
By the help of (10), it follows that
AL VD £y = AT V() = £(B).
The other part is clear by using the convention that Yo = 0.

(iif) The Cauchy function “£2"~ satisfies sA"y(t) = 0

Definition 1.4. (i)[2] The (delta) left fractional difference of order o > O (starting from a ) is defined by:

t—(n—a)
Y (=06 Vf), t € Nowroa)
=a

n
I'n—a)
(ii) [7] The (delta) right fractional difference of order a > 0 (ending at b ) is defined by:

ASF(H) = ANV f() =

b

Y, 5-0®)"VfGs), te bpwN

s=t+(n—a)

(iii) [19] The (nabla) left fractional diﬁference of order a > 0 (starting from a ) is defined by:

(_1)nvn

oA f() = VE b AV = e

Vef(t) = V'V, f(t) = p(s))" %L f(s), t€ Ny

s=a+1

(iv) ([12], [16] The (nabla) right fractional difference of order a > 0 (ending at b ) is defined by:

b-1

V) = bV = Z ~ TS, te 4N
=t

3674

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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Regarding the domains of the fractional type differences we observe:

(i) The delta left fractional difference A} maps functions defined on IN, to functions defined on N4 (—q)-

(ii) The delta right fractional difference ,A®* maps functions defined on ,IN to functions defined on
b—(n—a)N-

(iii) The nabla left fractional difference V4 maps functions defined on IN, to functions defined on Ny, .

(iv) The nabla right fractional difference ,V* maps functions defined on ,IN to functions defined on
b—nN .

Definition 1.5. Let « > 0, o ¢ IN. Then,
(i)[3] the delta a—order Caputo left fractional difference of a function f defined on IN, is defined by

t—(n—a)

Y (- o)A 25)

CALFB = AN = o

(ii) [3] the delta a— order Caputo right fractional difference of a function f defined on ;N is defined by

b

Y 5- o) VL) (26)

s=t+(n—a)

PATF() 2 W ATTIVES) = e

wheren = [a] + 1.
Ifa =n €N, then
CASf() 2 A'f(t) and [Af(t) £ V] f(D)

It is clear that CA% maps functions defined on IN, to functions defined on N, (,—«), and that bCA“ maps
functions defined on ;N to functions defined on ;_(;—q)IN.

Theorem 1.6. [3] For any a > 0, we have

n-1
a _ A (t - a)(k—a) k
MO = 810 - ) f @ @7
and
n-1
a _ a (b — t)(k_a)
CAYF(E) = pAF(H) - ; mvléf(b)- (28)
In particular, when 0 < a < 1, we have
C A (t - a)(ia)
Bef) = BEFO ~ Ty f). 29)
b— )=
CAFO) = 00 = G2 O 0)

Definition 1.7. [17] Let f : N, — R (f : ,)IN — R, respectively), « > 0, n = [a] + 1, a(a) = a+n -1 and
b(a) = b — n + 1. Then the (dual) nabla left and right Caputo fractional differences are defined by

V() = VTN E(H), t € Nos (31)
and
bV f(B) = VA f(H), te N, (32)

respectively.
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The following proposition states a dual relation between left delta Caputo fractional differences and left
nabla (dual) Caputo fractional differences.

Proposition 1.8. [17] For f :IN, > R, a >0, n = [a]+1, a(a@) = a +n — 1, we have

( CAZ(f)(t —a)=( Cvg(a)f)(t)/ t € Nat- (33)

Analogously, the following proposition relates right delta Caputo fractional differences and right nabla
(dual) Caputo fractional differences.

Proposition 1.9. [17] For f: ;)N >R, a >0, n=[a] + 1, b(a) = b —n+ 1, we have

(FA(E+a) = (5, VB, tE puN. (34)

Theorem 1.10. [17] For any a > 0 and f : N, — R, we have

n—-1
Vi) = ViSO if(k”(—“vkﬂa(a» @)
and
VE£() Vaf(t (b“)—) A* 36
o V" F = wo V) - Z o oA @), (36)

In particular, when 0 < a < 1, then a(a) = a and b(a) = b and hence we have

CVIf(t) = VIF(H) - f( a) (37)

r(1

and

SVEF(D) = VUf(E) - f(b (38)

r(1

Proposition 1.11. [17] Assume o > 0 and f is defined on suitable domains IN, and ,IN. Then

va—(i) Cvg(a)f t) f(t) _ Z ( &l( )) ka(ll (X)) (39)
and
a C a (b(a k
bV b(a)v ft) = Z oA f(b(a)). (40)

In particular, if 0 < a < 1 then a(a) = a and b(a) = b and hence

V.  CVIf(t) = f(B) ~ fa) and yV[VEf(E) = (1) - f(b) (41)

Lemma 1.12. (see [18] and Lemma 5in [14]) Let 0 < n—1 < a < nand let y(t) be defined on IN,. Then the following
statements are valid.

(DAYt —a) = Vo_ y(t) for t € Ny,

(ii) (A7) (t + @) = V2 y(t) for t € N,.
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Next lemma for the right fractional sums and differences case.

Lemma 1.13. [16] Let y(t) be defined on ,.1IN. Then the following statements are valid.
DAYyt + @) = paVy(t) for t € -, IN.
(i) (A Yyt — a) = p V" Y(t) for t € ,IN.

In [19] the author used a delta Leibniz’s Rule to obtain the following alternative definition for Riemann
delta left fractional differences:

t+a

MF0) = s L= VFE), @ €N, £ Nown 2)

In analogous to (42) the authors in [13] used a nabla Leibniz’s Rule to prove that

vaf( ) - 1—|( ) Z ( - P(S) T 1f / te Na+1 2 Nu+n- (43)

s=a+1
In [12] the authors used a delta Leibniz’s Rule to prove the following formula for nabla right fractional
differences

b—
V) = ps Z —pH)*f(6), te 1IN 2 4N, (44)

=t

Similarly, we can use a nabla Leibniz’s Rule to prove the following formula for the delta right fractional
differences:

b
(s = o) Vf(s), tE N (45)

bATf(E) = F(ioz)

s=t-a

If f(s) is defined on N, N ;N and a = b (mod 1) then (Qf)(s) = f(a + b —s). The Q-operator generates a
dual identity by which the left type and the right type fractional sums and differences are related. Using
the change of variable u = a + b — 5, in [3] it was shown that

AQf(t) = QAT (D), (46)
and hence

AZQF(H) = (QpA*)(D). 47)
and

CATQF() = (Q1 “A“H(E). (48)

The proofs of (47) and (48) follow by the definition, (46) and by noting that

—QVf(t) = AQf(H).

Similarly, in the nabla case we have

V2AQf(H) = Q VU f(H), (49)

and hence
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VEQF () = (Q V). (50)
and
CVIQF() = (Qp VL)) (51)

The proofs of (50) and (51) follow by the definition, (49) and that
—QAf(t) = VQf ().
For more details about the discrete version of the Q-operator we refer to [16].

Definition 1.14. [32] Let y : INg — R be a function satisfying y(0) > 0. y is called v—increasing (v—decreasing) on
Ny if y(a + 1) > vy(a) for all a € Ny (y(a + 1) < vy(a) for alla € Ny ).

Theorem 1.15. [32] Let y : No — R be a function satisfying y(0) > 0. Fix v € (0,1) and suppose that Ajy(t) > 0
for each t € Ny—,. Then, y is v—incrasing.
2. Monotonicity Known Results via Dual Identities

The following two monotonicity results have been proved in [31] for delta and nabla fractional differences
separately in two long proofs.

Theorem 2.1. [30, 31]If f : IN, = R, A} f(t) = 0 for t € Npsp—y with1 <v <2, and f(a+1) > f(a) = 0, then
Af(t) > 0fort € N, . That is f is nondecreasing on IN,.

Theorem 2.2. If f : Nyyv1 = R, Vf(f) 2 0, foreach t € INyyq, with 1 <v <2, then Vf(t) > 0 for t € Ny4p. That
is f is nondecreasing on Wy..

Assuming Theorem 2.1 is given, we will use its conclusion together with dual identity in Lemma (1.12)(a)
to re-obtain and confirm Theorem 2.2. Actually, we state and prove the following version of Theorem 2.2
with a replaced by a — 1.

Theorem 2.3. If f : N, = R, V_ f(t) 2 0, for each t € N, with 1 <v <2, then Vf(t) > 0 for t € Ny41. That is f
is nondecreasing on IN,.

Proof. From the assumption and the representation (43) with a replaced by a — 1, we have

VY f@@) = f(a) >0, (52)
and
Viafla+1) =—vf(@+ fla+1) =20 (53)

Hence, (52) and (53) imply that f(a + 1) > vf(a) = f(a) = 0.

On the other hand, the dual identity Lemma 1.12 (i) implies A} f(t —v) = V!_, f(t) > 0 for all # € Ny, or
A} f(u) = 0 for all u € Ny4o-,. Then, by Theorem 2.1, we conclude that Af(t) = Vf(t + 1) > O for all t € IN, or
Vf(u)=20forallu € Nyy1. O

The following three theorems have been proved in [33] very recently for the delta fractional difference
operator. We shall use them to prove correspondent nabla ones by making use of the dual identities.
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Theorem 2.4. [33] Assume that f : N, — Rand A} f(t) > 0, foreach t € Ny, with1 <v <2. If fla+1) >
s f () for each k € Ny, then Af(t) > 0 for all t € Ng41.

Next, we state and prove its nabla version.

Theorem 2.5. Assume that f : N,-1 — Rand V! _, f(t) > 0, for each t € Ny with1 <v < 2. If f(a+1) > 5 f(a)
for each k € Ny, then Vf(t) > 0 for all t € N4

Proof. By assumption and the dual identity Lemma 1.12(i), we have A} f(t—v) = V! _, f(t) > O for all € INy,.
That is A} f(t) > 0 for each t € Ng4o-,. Then, Theorem 2.4 implies that Af(t) = Vf(t + 1) > 0 for all t € IN,4q,
or Vf(u) 2 0forall u € Nyyp. O

Theorem 2.6. [33] Assume that f : N, — Rand A} f(t) > 0, foreach t € Ngyp—, with1 <v < 2. If fla +2) >

e fla+1)+ %f(u)for each k € Ny, then Af(t) > 0 for all t € Ny4».

Its nabla correspondent result will be.

Theorem 2.7. Assume that f : N,-1 — Rand V!_ f(t) > 0, for each t € Nyyo with 1 <v < 2. If f(a+2) >

fla+1)+ %f(a)for each k € Ny, then V£(t) > 0 for all t € INyy3.

We omit the proof since it is similar to above.

Theorem 2.8. [33] Assume that f : N, — Rand A} f(t) > 0, for each t € Npyo—, with1 <v < 2. If f(a +3) >

Lf(a+2) + gopags fla+ 1) + Somaia f(@) for each k € Ny, then Af(t) > 0 for all t € Ny,

The nabla correspondent of Theorem 2.8 will be:

Theorem 2.9. Assume that f : N1 — Rand V!_ f(t) > 0, for each t € Npyq with 1 <v < 2. If f(a+3) >

Yfla+2)+ ;:E;I)l;f(a +1)+ %f(u)for each k € Ny, then V£(t) > 0 for all t € Nyy4.

In [32], the following monotonicity result was proved for the delta fractional difference operator, with order
O<a<l

Theorem 2.10. [32] Let y : Ny — R be a function satisfying y(0) > 0. Fix v € (0,1) and suppose that
Agy(t) 20, for eacht e Ny,. (54)
Then, y is v—increasing on INo.

By means of the dual identity Lemma 1.12(i) we can have the following nabla version of Theorem 2.10
above

Theorem 2.11. Let y : Ny — R be a function . Fix v € (0,1) and suppose that
VY, y(t) >0, for eacht e Ny. (55)
Then, y is v—increasing on No.

Proof. From assumption, V¥ y(0) = y(0) > 0. On the other hand, Ajy(t —v) = V¥, y(t) > 0 for t € N;. That is
Ayy(u) > 0 for t € N1, Thus, by Theorem 2.10 we conclude that y is v—increasing on INp. [

On the other way back, we can similarly use the dual identity and delta version Theorem 3.6 in [32] to prove
the following nabla theorem:

Theorem 2.12. Let y : Ng — R be a function . Fix v € (0,1) and suppose that y is increasing on INg and y(0) > 0.
Then

VY, y(t) >0, for eachte€ Ny. (56)
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3. Monotonicity Results for Caputo Fractional Differences

Theorem 3.1. If f : N, — R is a function, “ALf(t) > —(Hf)_(;;) fla) - (tr(;) 5 Af(a fort € Nyjp—p with1 <v <2
and f(a+1) > f(a) = 0. Then, Af(t) > 0 for t € N,.

The proof follows by (27) with n = 2 and Theorem 2.1.
The following is the Caputo version of Theorem 2.4.

Theorem 3.2. Assume that f : N, —» Rand CALf(t) > — (tr(f)(vt) f(a) - (;;)it;) Af(a), for each t € Nyia-, with

1<v<2 If fla+1)2 5 f(a) for each k € Ny, then Af(t) > 0 for all t € Npy1.
The proof follows by (27) with n = 2 and Theorem 2.4.

Theorem 3.3. Assume that f : N, —» Rand CAlf(t) > (;(f)(v)f( 0 - & g)(v) Af(a) for each t € Ngip-, with

1<v<2Iffla+2)2 25 f@+1)+ fogs f@) for each k € Ny, then Af(t) > 0 for all t € Ny,

The proof follows by (27) with nn = 2 and Theorem 2.6.

Theorem 3.4. Assume that f : N, —» Rand CALf(t) > — (;(f)(VV) f(a) - (tr_(‘;)ilv_;) Af(a), for each t € Nyio—, with

1<v <2 Iff(a+3) 2 }fa+2)+ s fla+1) + Sopaim f(a) for each k € N, then Af(f) 2 0 for all t € Ny,

The proof follows by (27) with n = 2 and Theorem 2.8.

Theorem 3.5. Let f : Ng — R be a function satisfying f(0) > 0. Fix v € (0, 1) and suppose that

“Af(t) = ‘r(l__V)v)f (0), for eacht €Ny °7

Then, f is v—increasing on INj.
The proof follows by (27) with n = 1 and Theorem 2.10.

The following is Theorem 3.6 in [32].

Theorem 3.6. [32] Let f : Ny — R be a function . Fix v € (0,1) and suppose that f is increasing on Ny and
f(0) > 0. Then

Ayf(t) 20, for eachte Ny,. (58)
By means of Caputo fractional differences, Theorem 3.6 takes the form:

Theorem 3.7. Let f : INg — R be a function . Fix v € (0,1) and suppose that f is increasing on Ny and f(0) > 0.
Then

CAgf(t)_ A f(O) for eacht € Ni_,. (59)

The proof follows by (27) with n = 1 and Theorem 3.6.

Remark 3.8. We can prove the results of this section for nabla left Caputo fractional difference operators either by
using the correspondence result for the delta left Caputo fractional differences obtained in this section via the dual
identity (33) (for 1 < a < 2,a(a) =a+1and for 0 < a <1, a(a) = a) or by using the nabla Reimann fractional
difference results proved in the previous section via the relation (35).



T. Abdeljawad, B. Abdalla / Filomat 31:12 (2017), 3671-3683 3681
4. Monotonicity Results for Right Fractional Difference Types

In this section, we use the monotonicity results for left fractional difference types discussed in the
previous two sections and Q—operator dual identities (47), (50) for delta and nabla Riemann fractional
differences, and (48), (51) for delta and nabla Caputo fractional differences, to obtain monotonicity results
for the right fractional difference types.

Theorem 4.1. Assume f : IN, N ,IN — Ris a function, yA%f(u) > 0 for u € p_p-IN, with 1 < @ < 2, such that
f(b—1)= f(b) 2 0. Then, =Vf(t) = 0 forall t € ,]N.

Proof. From the dual identity (47) we have (AJg)(t) = (Q A% f)(t) for all t € INayp—o, where g(t) = f(a+b—1).
The assumption, A%f(u) > 0 for u € p_(o—oIN implies that Afg(t) > O for all t € Ny4o_4. On the other
hand, the assumption f(b — 1) > f(b) > 0 implies that g(a + 1) > g(a) > 0. Therefore, Theorem 2.1 applied to
g(t) = f(a + b —t) implies that Ag(t) > 0 for all t € IN,. Which means that —Vf(t) > 0forallt € ,IN. O

The nabla version of Theorem 4.1 is then,

Theorem 4.2. Assume f : 1IN — Ris a function, ,,1V*f(u) > 0foru € N, with1 < a < 2. Then, —=Af(t) 20
forallt € 1IN

Proof. From the dual identity (50) we have (Vi 9)(t) = (Q p+1V* f)(t) for all t € N,, where g(t) = f(a+ b —t).
The assumption, 41V f(u) > 0 for u € ,IN implies that V&  g(t) > 0 for all t € IN,. Therefore, Theorem 2.3
applied to g(t) = f(a + b — t) implies that Vg(t) > 0 for all t € IN,.;. Which means that —Af(f) > 0 for all
te ,.,4IN. O

Similarly, the proof of the following three theorems follow by the dual identity (47) and Theorem 2.4,
Theorem 2.6 and Theorem 2.8, respectively.

Theorem 4.3. Assume f : IN, N ,IN — Ris a function, ,A%f(u) > 0 for u € p_p_oIN, with 1 < a < 2, such that
fb=1)25f(b) 20, ke No. Then, =Vf(t) 20 forall t € ,_1IN.
Theorem 4.4. Assume f :IN, N ,2IN — Ris a function, ,A%f(u) > 0 for u € p_o_oIN, with 1 < o < 2, such that

fb-2) 2 &5 f(b— 1) + (5% f(b) for each k € Ny,. Then, =V f(t) 2 0 forall t € 5.

Theorem 4.5. Assume f :IN, N ,2IN — Ris a function, ,A%f(u) > 0 for u € p_o_oIN, with 1 < @ < 2, such that
fbo—3)2 ££(b—2) + s f(b— 1) + SET0EG (1) for each k € Ny, Then, =V f(t) 2 0forall t € 4_3N.

The next two theorems treat the case when 0 < a < 1 for the delta right fractional difference operator.

Theorem 4.6. Assume f : Ny N ,IN — R (a = 0 is taken, b > 0) be a function, 0 < & < 1 and f(b) > 0. Suppose
pAY f(u) = 0 for p_1_w)IN. Then, f is a—decreasing on ,IN. That is f(t) > af(t + 1) forall t € ,N.

The proof follows by the dual identity (47) and Theorem 2.10 applied to g(t) = f(b - ¢).
Conversely, we can state:

Theorem 4.7. Assume f : Ny N ,IN — R (a = 0 is taken, b > 0) be a function, 0 < a < 1 and f(b) = 0. Assume f
is decreasing on IN. Then, yA*f(u) > 0 forallt € _q_oIN.

The proof follows by the dual identity (47) and Theorem 3.6 applied to g(t) = f(b —1).

Remark 4.8. 1. The delta right fractional difference results in this section can be carried to nabla right fractional
differences via the identity (50) as we did in Theorem 4.2 by using the results of Section 2.
2. The results obtained in this section can be carried to Caputo right fractional differences via the identity (28) in
the delta case and (36) in the nabla case. For example, the Caputo version of Theorem 4.1 is
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Theorem 4.9. Assume f : N, N N — R is a function, $A*f(u) > —(%”2;;) fb) + (b_r”&f)ﬂ) V£(b) for

U € p-olN, with 1 < a <2, such that f(b—1) > f(b) > 0. Then, =Vf(t) > 0 forall t € ,IN.
and the Caputo version of Theorem 4.6 is

Theorem 4.10. Assume f : No N ,IN — R (a = 0 is taken, b > 0) be a function, 0 < @ < 1 and f(b) > 0.
Suppose SA*f(u) > —(}}?1”2(;) f(b) for u €,_1-a) IN. Then, f is a—decreasing on ,IN. That is f(t) > af(t + 1)
forallt € pIN.

Conclusion

After, we investigated the monotonicity properties for delta and nabla Riemann and Caputo fractional

difference operators, we list the following:

1. Using dual identities is useful in providing short proofs for the nabla case using the delta case and
for the right case using the left case.

2. The monotonicity properties for Caputo fractional difference operators can be proved by using the

properties for the Riemann ones via the relation between them. This is very important, since Caputo
fractional differences is different from Riemann fractional differences in many aspects.

3. Thediscrete version of the Q—operators plays animportant role in proving the monotonicity properties

for the right case given the result for the left case.

4. We noticed that the positivity of the left fractional differences under certain extra starting conditions

in the delta case implies that the function is increasing for 1 < a < 2 and a—increasing for 0 < a < 1.
While positivity of the right fractional difference implies that the function is decreasing for 1 < a < 2
and a—decreasing for 0 < a < 1. However, we have to be careful that the right case is not equivalent to
the case when we assume that the delta fractional difference is negative, since the sign for the starting
type condition is different.

5. In some cases we need starting conditions when we deal with delta fractional differences, while we
may not need this type of condition for the nabla case. The dual identities clarify this.
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