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Second Order Infinitesimal Bending of Curves
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Abstract. We investigate a second order infinitesimal bending of curves in a three-dimensional Euclidean
space in this paper. We give the necessary and sufficient conditions for the vector fields to be infinitesimal
bending fields of the corresponding order, as well as explicit formulas which determine these fields. We
examine the first and the second variation of some geometric magnitudes which describe a curve, specially
a change of the curvature. Two illustrative examples (a circle and a helix) are studied not only analytically
but also by drawing curves using computer program Mathematica.

1. Introduction

The problem of infinitesimal bending of curves and surfaces is a special part of the theory of bending
which also considers the bending of curves and surfaces as well as the isometric deformations and presents
one of the main consisting parts of global differential geometry. The main characteristics of the infinitesimal
bending is an appropriate precision. Namely, under an infinitesimal bending arc length is stationary with
a given precision, which is described with the condition

dsg—dsz=o(em),m21,620,e—>0.

The fundamental tasks at infinitesimal bending problems are: to check the flexibility of surfaces, to
find as many surfaces which represent the class of uniquely defined, rigid, surfaces, as well as to find
these ones which represent the class of bendable, flexible surfaces. A very important question is to find an
application of an infinitesimal bending in different realistic areas and physical situations because it is well
known that this theory is in close connection with thin elastic shell theory. The word “rigidity” has a proper
mechanical meaning, although applications can also be found in biology, medicine, etc (see [15], [16]). A
nice application in the architecture and roof constructions was given in [17].

H. Liebman [6] had obtained the first results of the infinitesimal bending theory of non-convex surfaces.
He proved that the torus and analytic surfaces which contain a convex strip are rigid in the sense of
infinitesimal bending. Later, Efimov [2] introduced PDEs as a tool for studying of the infinitesimal bending.
Infinitesimal bending theory was also developed thanks to the works of leading mathematicians of the
considered area like A. D. Alexandrov, W. Blaschke, S. Conh-Vossen, V. T. Fomenko, I. Kh. Sabitov, I. I.
Karatopraklieva, I. N. Vekua, V. A. Alexandrov and many others.
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Infinitesimal bending of curves was widely studied in [2], [7], [11]-[13]. The graphical tool CurveBend,
developed in Object Oriented language C++ for graphical presentation of non rigid curves, was presented
in [8]. Infinitesimal deformations of curves in the spaces with linear connection were considered in [18]. In
[1], the geometry of embedded curves in three dimensional space was described, as well as the effect of a
small deformation of the curve on its geometry.

The next step in the theory of infinitesimal bending of curves is to study high order infinitesimal
bending and the change of important geometric magnitudes of curves under such infinitesimal bending.
Some papers related to the high order infinitesimal bending of surfaces are [4], [9], [14].

This paper is organized as follows: In Section 2, some used notations and preliminaries are introduced.
A few properties of an arbitrary order variation are examined. In Section 3, necessary and sufficient
conditions for infinitesimal bending fields of the first and the second order are given, as well as their
explicit formulas. In Section 4 the behavior of some geometric magnitudes of curves under infinitesimal
bending of the second order is described, specially the change of the curvature. Finally, in Section 5, some
examples are analytically and graphically studied. It is interesting to see the influence of infinitesimal
bending field on flexible curves and their corresponding bent shapes. The computer program Mathematica
[3] is used for this purpose.

2. Infinitesimal Bending of a Curve in R?

Let us consider a regular curve

C:r=ru), ueJcR (1)
of a class C%, a > 3, included in a family of the curves
3 ) e ()
Ce:Hu,e)=rew)=r(u)+ez()+ez(u)+...+€e"zw),m=>1, 2)

where € > 0, ¢ = 0 and we get C for € = 0 (C = Cp). The fields (é)(u) €C% a>3,j=1,...m, are vector
functions defined in the points of C.

Definition 2.1. [2] Family of curves Cc is an infinitesimal bending of the order m of the curve C if
ds? — ds* = o(e™). (3)

The field (é) = (é)(u) is the infinitesimal bending field of the order j, j = 1,...m, of the curve C.

The previous condition is equivalent to the system of equations ([2], [5]):

o |
1 -1
dr-d7 =0, 2dr-d7+Y d2-d'z =0, forj=2,...,m. @)
=1

where - stands for the scalar product in R?.
Under an infinitesimal bending, geometric magnitudes of the curve are changed which is described
with variations of these geometric magnitudes.

Definition 2.2. [10] Let A = A(u) be a magnitude which characterizes a geometric property on the curve C and
Ae = Ac(u) the corresponding magnitude on the curve C being infinitesimal bending of the curve C, and let the
equation

AA=A; ~ A=A+ A+ ...+ " " A+... (5)

be a valid one. The coefficients 0A, 8%A,...,0"A, ... are the first, the second, ..., the n-th variation of the
geometric magnitude A, respectively under the infinitesimal bending C of the curve C.
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Let us mark some properties of the variations:

L. For the variations of the product of geometric magnitudes it is effective the equation
S 4 def
§AB =Y 6ASTB, n>0, (A= A). (6)
i=0

According to Def. (2.2), the variations of geometric magnitudes A and B, as well as of the product AB
are:

AA=A. — A=A+ EFPA+...+ "I A+... ?)
AB=B. -~ B=€5B+€e**B+...+€"8"B+... (8)
AAB=AB:. — AB=€ 5(AB) + > *(AB) + ... + " 0" (AB) + ... 9)

respectively. On the other hand, the following equalities are satisfied:
AAB=AB. - AB=ABc — AB + AB - AB=A(B: — B) + (A. — A)B (10)
Substituting (7) and (8) into the equation (9) we obtain it is satisfied the result
AAB=€(ASB + BOA) + €2(A5*B + A OB + BA) + ... + €" Z SASB+ ... (11)
i=0

As the left sides of the last equation and of the equation (9) are equal, the equation (6) is a valid one.

IL. An arbitrary order variation of a derivative is the derivative of the variation, i. e.

o AdA d(6o"A)

n —_— =

(‘)(du) L n>0. (12)
For

dA

du 5, )

using (5) we obtain it holds the equation

Ad”—ﬂzAB:e68+ez(52B+...+e”6”B+...=eéd“—7( +e262d“—7( +...+e”6”d“—7{ +... (14)
du du du du
It is also valid
daA _dA(u)  dA(u)
Ad—u =AB=B(u) - B(u)= T T
d AAA deSA+ 2 FPA+...+ " A+..)
AL — AW = iy 15)
2 n
:ed(éﬂ) +€2d(6 A +...+e"d(6 A +...
du du du

By comparing the equations (14) and (15), we confirm validity of the equation (12). The same case is for the
differential, i. e.

IIL 6" (dA) = d(6"A), n > 0.

In this paper we will consider the first and the second variation under infinitesimal bending of the
second order. For this reason, we can represent the magnitude A, as
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Ae = A+ edA+EGA,
by neglecting the terms in €”, n > 3. The previous considered properties are reduced to
la. SAB = ASB+ BOA, *AB=AB+BO*A+0AB
IIa. 6( ) — d(gﬂ) 62( ea ) — d(ézﬂ)
MIa. 5(dA) = d(6A), &*(dA) = d(ézﬂ)
Let

C.: #ut,€) = (1) = (1) + €2(u0) + 27

() (16)
be a second order infinitesimal bending of a curve C. Then the system (4) is reduced to

dr-dZ =0, 2dr-d7 +d7-d7 =0, (17)
which is equivalent to the next system of differential equations:

(€} @ O O
r-z=0, 2t-z+z-z=0. (18)

Here dot denotes a derivative with respect to u. Based on these equations we obtain it holds the following:

(6] (2
dse = ||te(w)|| du = ||i(u) + ez (u) + ezz(u)lldu

M @) ) 1
= (@I +2€% 2 () - 2 () + |z @W)|*)> du (19)
(1 2 )
282w 2 )+ 2Py g,
o)l

= [leGu)ll(1+

Further, we get

L0 @ PR L0 @ FC
22w 2+ ez ez 2 + ez )

dse =ds(1+ - -
( 2|Ji(u)l? 8lli(u)|*
ie.
w2 2P
dsgzds+e3uds+e4 " ds—€®...+€" ... +...,
] 2|lie(u)|l?
wherefrom
200+ 2 O
S5ds=0, 6 ds=0, 63ds:Mds, &5t ds = Z ds,
1] 2|Ji(w)l?

Therefore, we proved one more property of the variation.

IVa. Under a second order infinitesimal bending of a curve, the first and the second variations of the
line element ds are equal to zero.

3. Determination of the Infinitesimal Bending Field
Consider a curve

C:r=1r()=r[u@s)], sl CR, (20)
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parameterized by the arc length s. The unit tangent to the curve is t = r’, where prime denotes a derivative
with respect to the arc length s. Clearly, t’ is orthogonal to t, but t”” is not. The classical Frenet equations

t = kl‘ll,
n; = —kt+ 7ny, (21)
n, = —1ny,

describe the construction of an orthonormal basis {t, n1, n,} along the curve, where n; and n; are respectively
unit principal normal and binormal vector field of the curve. We choose an orientation withn, =t X ny. k
and 7 are respectively the curvature and the torsion.

Consider an infinitesimal bending of the second order of the curve (20):

C. 1 %(s,€) = 1.(s) = 1(s) + € 2(5) + €22s). 22)

As the vector fields Z and 7 are defined in the points of the curve (20), they can be presented in the form

1) 9 .
(é)= ét+Z]1n1 +Z]21‘l2, ]:1,2, (23)

) . () [ (RO .
where Zzt is a tangential and zin; + zon, is a normal component, z,z;, z; are the functions of s.

In this case the system of differential equations (18) has the form

@, @®, @,
+z' -z

r-z' =0, 2r- -z =0. (24)

Using the equations (24), the expressions (23) for the infinitesimal bending fields of the first and the

second order respectively, as well as Frenet equations (21), we proved the next theorem.

Theorem 3.1. Necessary and sufficient conditions for the fields (%), j =1,2,(23) to be infinitesimal bending fields of
the corresponding order of a curve C (20) are

1 1
2k =0,

@, ,0 1 m m
z

(25)
—kzy = —E{[k%) + (zll)’ -1z + [tz + 92) ’]2}

where k is the curvature and t is the torsion of C.
The next theorem is related to determination of the infinitesimal bending field of a curve C.

Theorem 3.2. Infinitesimal bending fields of the first and the second order for the curve C (20) are respectively

9= ﬁp(s)m +q(s)malds + Cy, (26)

> t+7(s)ng + g(s)ny]ds + Cy, (27)

where p(s), q(s), r(s), g(s) are arbitrary integrable functions and vectors t, ny, ny are unit tangent, principal normal
and binormal vector fields, respectively, of the curve C. Cy and C, are constants.

o _ ﬁ_PZ(S) +7°6)

Proof. According to the first equation of the (24), we conclude that 2 lies in the normal plane of the curve
C, i e

(%) "= p(s)n1 + g(s)ny, (28)
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where p(s) and g(s) are arbitrary integrable functions. Integrating the previous equation we obtain the
equation (26). If we put the equation (28) into the second equation in (24) we obtain

2 - D74 5) + 425) =

wherefrom we have
@,  P)+q()
t-z =1
2
Therefore,

2 2
%= _PO*TE Z 9 (S)t +r(s)n + g(s)ny, @9)

where r(s) and g(s) are arbitrary integrable functions. [

4. Change of Geometric Magnitudes under Second Order Infinitesimal Bending of Curves

Let us describe the behavior of some geometric magnitudes under second order infinitesimal bending
of a curve, specially the change of the curvature.

Theorem 4.1. Under second order infinitesimal bending of a curve C, the first and the second variation of the unit
tangent vector respectively are:

1 1
ot = (k(z) + (zl) - ngz)) n; + (zz + 7.'21) ny, (30)

2) 2 2
Pt= (2 kD t+ k2 + o — oy + (5 + T, @31)

Proof. According to Ila, we have it holds 6t = or' = (6r)’ = 2 and 6% = %' = = (6%r) = Z’. Then, using the
equations (23), (25) and the Frenet equations we obtain it is valid the equations (30) and (31). O

Obviously, using the equations (25), (30) and (31), we obtain the connection between the first and the
second variation of t:

1 2 2 2
0%t =~ ot t + 62+ N+ & D, (32)

Theorem 4.2. Under second order infinitesimal bending of a curve C, the first variation of the unit normal and
binormal vectors respectively are:

O «a 1 1 1) 1
oy = (k2 + 57— e+ L (sz 20 8+ 57— 28y, (33)
1 1 1 1) 1

b1y = —(57 — 1)t - —(k’L’(Z) + 2T+ T+ 5 — 25y, (34)
Proof. The unit normal vector remains unit after infinitesimal bending, which means (n; + eén; + €26%n;) -
(n1 + €dny + €26®n) = 1. This fact gives the following equations:

n- (5111 = 0, (35)

2 1
n; -0 n; = —Eénl '(3111. (36)

Also, the unit normal vector remains a perpendicular one to the unit tangent vector, i. e. (n; + edn; +
€26%n;) - (t + edt + €25*t) = 0, wherefrom we conclude

@), (1)
t-6n; = —ny - 6t = —(kz +21 —12), (37)
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t-6°n; = —n; - 6°t — on; - 6t. (38)
Further, we take a first variation of the first equation of (21),

ot = n16k + kdn;. (39)

Dotting this equation with n, we obtain

1
np - 6111 = Tnp- ot'.

k

To compute 6t' we apply commutativity of the variation and the derivative. For this reason, we obtain it
1 1

holds 6t” = (6t)’. Based on the equation (30), the Frenet equations and %= k(zl) (due to the (25)), one obtains

it holds

1 1 1 1
= —k(kz +£z1> —Tzz)t+(k’z +(zl)" + (K? —TZ)(Zl) —21(22)’ —T’(z;)nl

,1 @ (40)
+ (k’[Z + 2T21 +7 21 + zp " TZZZ) np.
Now we have
1 1) @ 1
n; -on; = —(sz + 27(21) +7T (zl) ( )” - TZ(ZZ)) 41)

Comparing the equations (35), (37) and (41) we obtain the equation (33) is a valid one. Similarly, from the
conditions ny - nye = 1, nye - te = 0 and ny - nj. = 0 we confirm the validity of the equation (34). O

Theorem 4.3. Under a second order infinitesimal bending of a curve C, a unit vector of the orthonormal basis and
its first variation are orthogonal, i. e.

t-6t=0, n;-6n;, np-6mp, =0. (42)

A unit vector of the orthonormal basis and its second variation are not orthogonal, i. e.

1 2 2
b0t = ot = 27 - K, (43)
1_.a 1 1 1 1) @ 1
ny - 50, = —E[(k( T —(k T2 4275 T+ B — PV, (44)
1 1 1 1 1 1 1
n - 6’y = ——[((zz) - T(Z1)) (kT(Z) + 21(21) +71 (zl) +z ( )” 2( ))2] (45)

Proof. The previous result comes directly from the equations (30), (33), (34), (36) and the same for n;, as
(36). O

Theorem 4.4. Under a second order infinitesimal bending of a curve C, the first and the second variation of the
curvature are respectively

1 1 1 1 1
Sk=k2+ 57 + (2 -5 - 215 — %, (46)

1 1 1 1 1 1 2 2 2 2
62k———(’c(zl)+(zz)) —(k Qo) v+ G 2+ 1248 By @ 5. @)
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Proof. Dotting Eq. (39) with n; and using Theorem 4.3, we obtain 0k = n; - 6t’. This leads to Eq. (46) after
using (40).

Let us take a second variation of the first Frenet equation. We obtain it holds 8% = n 6%k +k6*nq + 6kon;.
After scalar product with n; we obtain

5%k = ny - 6*t' —kn; - 6*nq — okny - Ony (48)
As itis °t’ = (6°t)’, applying the equation (31), Frenet equations and dotting with n; we get

2 2 2 2 2 2 2
n - = k(2 N+ (2 + 5 By — 1+ . (49)

Using the previous equation, Theorem 4.3 and the second equation in Eq. (25) we complete the proof of
this theorem . [

Directly from Theorem 4.4, in the case of a plane curve (7 = 0), we obtain the next corollary.

Corollary 4.5. Under a second order infinitesimal bending of a plane curve, the first and the second variation of the
curvature are respectively

®» o O]

Sk=k'z +z2," +K°z1, (50)
k 1
k= -~ =G+ 1@+ 80y, (51)
2 2k
5. Examples

Example 5.1 Let us examine a second order infinitesimal bending of a circle
r = (cosu,sinu,0), (or x>+ yz =1). (52)
Hereis R = 1and u = s, i. e. the curve can be parameterized by the arc length and we have

/7

_ T
Ll

t=1" = (-sins,coss,0), m = (—coss,—sins,0), ny=txn; =(0,0,1).

According to (26) we have
(é) = f[p(s)(— cossi—sinsj) +q(s)k]ds + Cy,

where p(s) and g(s) are arbitrary functions. For instance, for p(s) = C; = 0, 4(s) = 1, an infinitesimal bending
field of the first order is

(é) =(0,0,s) =sk =sny. (53)

Now according to the equation (27) for r(s) = C; = 0 and g(s) = 1, we obtain it holds:
? = f(% sinsi— %cossj + k) ds,

? ( 1coss 1sins s) 1cossi 1si1r1s'+sk
zZ =(—— —_— = —— _ =
R R 2  SmsyTs

or after determination of this vector field via the vectors of the Frenet frame {t, n;, n,},

1
(%) = Enl + sny. (54)
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Thus the curves we got under infinitesimal bending of the second order of a circle with these infinitesimal
bending fields present a family of helices

1 . 1 .
r. = (coss — 5 coss e, sins — 5 sinse?, se + se?) (55)

that are not on the cylinder x> + y* = 1. Let us examine if the relation (3) is a valid one. According tou =s
we have ds® = du? and also

dsﬁ = dr. - dr. = du® + 2e3du?® + Ze‘lduz,
wherefrom we get
ds? — ds* = 2e3du® + Ze“du2 =0(e?),
i. e. the fields (53) and (54) are corresponding fields of a second order infinitesimal bending of the circle (52).

The resulting deformation is shown in Figure 1. The influence of € € {0,0.01,0.02,0.03,0.05,0.07,0.1,0.2} to
the circle is presented. On the last picture we have the family of deformed curves C. for given values of €.

/
10

Figure 1: Infinitesimal bending of the second order of a circle to a helix for € € {0,0.01,0.02,0.03, 0.05,0.07,0.1,0.2}

Let us compute a variation of the curvature. Obviously, k = 1% =||r”|| =1, T = 0 (plane curve).

Asitis
(%) n O o @ ) 1

=z1=2=U, Z=1Z3=5, 21=§,

according to (50) and (51) we obtain 6k = 0 and 6%k = —%.
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Example 5.2 Let us observe a helix

r=(acosu,asinu,bu), ueR, a#0, b#0,

which lies on a cylinder x* + y*> = 4?. If we measure s from the point r(u) = (4,0,0), we get s =

fOM Va2 sin? u + a? cos? u + b2 du = Va? + P u, ie. u = u(s) = 7 Substituting this result into the starting

equation gives the parametrization of the helix by the arc length

. bs
r= (a cos ,asin , )
a? + b? Va2 + b2 Va2 + b2
Specially, fora =b = %5, we have a helix
2 2 2
r= (% CoSs, 7\/_ sins, 7\/—5). (56)

The vectors of the Frenet frame {t,n{, n,} are

V2 V2 V2 V2 V2 V2

t= (—7 sins, - COS S, 7), n; = (—coss,—sins,0), np = (T sins,—T COSS, 7).

For p(s) =1, q(s) = r(s) = 0, g(s) = %, C1 = C; = 0, we get infinitesimal bending fields of the first and the
second order respectively

€

z = (—sins, coss,0) = —sinsi + cossj, (57)
P - (—g coss,—g sins, 0) = —g cossi— TZSinsj, (58)

i. e. in the basis {t,n{, ny}:

Z=—t-——ny, z=-—n. 59)

The curve obtained under this infinitesimal bending is

e = (72 COss —€sins — 6272 coss, 72 sins + €coss — 62§ sins, gs). (60)
Graphical presentation of the family of curves C, is given in Figure 2. For the sake of illustration, we
have chosen large parameters for €. More realistically, one has to choose a much smaller € since we assume
0(€?) in the definition of the infinitesimal bending.
It is easy to check the equations (24), so we conclude that the vector fields (57) and (58) are infinitesimal
bending fields of the first and the second order respectively of a given helix. Moreover, it is valid ds? — ds* =

%duz = 0(€?), which means that this infinitesimal bending is the bending of the third order (for (%) =0).
For the helix (56) we have k = 7 = g According to the equation (59), the relations
n»_o_ o O @ o V2

z1=2 =2,=0, z:zl=—zz=7

are valid. Using Theorem 4.4 we obtain it holds 6k = 5%k = 0.
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Figure 2: Infinitesimal bending of the second order of a helix for € € {0,0.05,0.07,0.1,0.5,0.7,1, 1.5}
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