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A Note on Meir-Keeler Contractions on Dislocated Quasi-b-Metric

Erdal Karapinar?

®Atilim University, Department of Mathematics,06836, Incek, Ankara, Turkey.

Abstract. In this manuscript, we show that Meir-Keeler type contractions posses a fixed point in the setting
of dislocated quasi-b-metric.

1. Introduction and Preliminaries

Throughout the paper, let R and IN denote the set of real numbers and positive integers, respectively.
In addition, let IRj := [0, o0) and Np := IN U {0}.

Definition 1.1. [1] For a nonempty set M, a dislocated quasi-b-metric is a function p : M X M — IRj such that for
all u,v,w € M and a fixed constant s > 1:

(p1) if p(u,v) = 0 then u = v.

(p2) p(u,v) <sl[p(u,w) + p(w,v)].
Moreover, the pair (M, p) is called dislocated quasi-b-metric space (DgbMS).

Example 1.2. The function py, : Ry X Rj — R defined as

pp(x, y) = max{x, y} + x
forall x,y € Ris a dislocated quasi-b-metric on R.
Example 1.3. The function p, : RX R — R] defined as

po(x, ) = e = yI* + 2yl
forall x, y € Ris a dislocated quasi-b-metric on R.
Example 1.4. The function py : RX R — R defined as

po(x, y) = |x =yl + 3|x? + 2|y

forall x,y € Ris a dislocated quasi-b-metric on R.
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The basic topological notions and analog of standard topological tools have been derived in straight
way, see e.g. [1]. Each dislocated quasi-b-metric p on a non-empty set M have a topology 7, that was
generated by the family of open balls

O¢(u) ={veM:|p(u,v) — p(u,u)| < ¢} forallu € Mand ¢ > 0.
In the setting of the DgbMS (M, p), we say that a sequence {u,,} converges to a point u € M if the following

limit exists (and finite):

lim p(u,,u) = p(u,u) = Lim p(u,u,). (@)
n—oo ‘\/—/ \/—/n—)oo
(R) L)

If p(u, u) = 0, then it is called O-convergence.
Moreover, a sequence {u,} is said to be Cauchy if the following limit

lim P(Um/ un) = L; = lim P(”n, um)/ (2)
R®) (L)

exists and is finite, where m > n. Furthermore, if L; = 0in (2), then we say that {u,} is a 0—Cauchy sequence.
As it is expected, a pair (M, p) is called complete DgbMS if for each Cauchy sequence {u,}, there is some
u € M such that

Ly = lim p(u,, u) = im p(uy, u,) = p(u,u) = lim p(u,, uy) = im p(u, uy,). 3)
n—o00 n—oo N—— N—— N n—o00
(R) (L)

Analogously, a pair (M, p) is called 0—complete DgbMS if for each 0—Cauchy sequence {u,}, converges
to a point u € M such that L, = 0 in (3).

If only the equality (R) holds in (1), (2), respectively, we say that {u,} has a "left limit”, is "right Cauchy,”
respectively. Moreover, if (R) holds in (3), we say that X is right-complete. Analogously, the notions of left
limit, left Cauchy and left complete can be defined. In these equations (1), (2),(3), if both (R) and (L) holds,
then we can the corresponding standard definition.

Let (M, p) and (K, 0) be DgbMS’s. A mapping T : M — K is called continuous if

lim p(u,, u) = p(u,u) = lim p(uy,, um),
then we have

lim o(Tuy,, Tu) = 6(Tu, Tu) = lim o(Tu,, Tuy,,).

The proof of the following lemma is straightforward and hence we omit it.
Lemma 1.5. (c¢f. [5]) For a DgbMS (M, p), we have the following observations:
(A) If p(u,v) = 0 = p(v, u) then p(u, u) = p(v,v) = 0.
(B) For a sequence {u,} with limy, e p(ttn, Un+1) = 0 = limye0 p(Upr1, Uy), we have

lim p(u,, u,) = im p(uy41, tpe1) = 0.

(C) Ifu # v then p(u,v) > 0 and p(v, u) > 0.
(D) Let V be a closed subset of M and {u,} be a sequence in V. If u, = uasn — co, thenu € V.

(E) For a sequence {u,} in M such that u, — u asn — oo with p(u, u) = 0, then lim,, .« p(tn, v) = p(u,v) for all
v e M.
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Very recently, Popescu [6] propose the notion of triangular a-orbital admissible:

Definition 1.6. [6] Suppose that a : M X M — R is a function. A self-mapping T : M — M is said to be an
a-orbital admissible if

(T3) a(u, Tu) > 1= a(Tu, T?u) > 1
Furthermore, T is called triangular a-orbital admissible if T is a-orbital admissible and

(T4) a(u,v) >1and a(v, Tv) > 1= a(u,To) > 1

1.1. (b)-comparison functions.
For a fixed real number s > 1, let W}, be all functions ¢ : [0, +00) — [0, +00) satisfying the conditions
(b1) @p is increasing,
(b2) thereexistky € N, a € (0,1) and a convergent series of nonnegative terms ).;_, vk such that sk”(pﬁ“(t) <
ask(p’;(t) + v, for k > kg and any ¢ € [0, o0).
Any @, € W, is called (b)-comparison function [12]. For s = 1, in the definition above, ¢, is known as

(c)-comparison functions.
We will need the following essential properties in our further discussion.

Lemma 1.7. ([11-13]) For a comparison function @y : [0, +00) — [0, +o0) the following hold:

(1) the series Yo s @*(t) converges for any t € [0, +o0);

(2) the function b : [0, +c0) — [0, +00) defined by bs(t) = Yo "k (1), t € [0, 00) is increasing and continuous at
0.

(3) each iterate (p’lj of p k > 1, is also a comparison function;

(4) @y is continuous at 0;

(5) pp(t) <t foranyt>0.

For more details on comparison functions and examples we refer the reader to [11],[12].

2. Main Results
2.1. (a, Y)-Meir-Keeler type contraction

We introduce the following notion which is an improved version of Meir-Keeler contraction.

Definition 2.1. Let (M, p) be a DqbMS. We say that T : M — M is an («a,1)-Meir-Keeler type contraction if
there exist two functions p € Wand a : M X M — IR} satisfying the following condition:
For each € > 0, there exists 6 > 0 such that

e <YP(p(u,v)) <e+06 implies a(u,v)p(Tu,Tv) < e.

Notice that for an (a, )-Meir-Keeler type contraction T : M — M, we have
a(u,v)p(Tu, Tv) < Y(p(u,v)), for any u,v € M.

In what follows we shall state and prove the first main result of this section.

Theorem 2.2. Suppose that (M, p) is a complete DqbMS and a self-mapping T : M — M is a (a, )-Meir-Keeler
type contraction. Assume also that

(1) T is a-orbital admissible;
(ii) there exists uy € M such that a(uy, Tug) > 1; and a(Tug, ug) > 1;
(ii1) T is continuous.
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Then, there exists u € M such that Tu = u.

Proof. Due to assumption (ii) of theorem, there exists uy € M such that a(uo, Tup) > 1 and a(Tug, ug) = 1. We
shall setup an iterative sequence {u,} in M as

Uns1 = Tu,, for all n € Ny. (4)

Notice that in case of existing a k € IN with 1 = 141, the proof is over since u = uy = w1 = Tug = Tu.
Consequently, we assume that u,, # u,.1, for all n. Due to Lemma 1.5 part (C), for u,, # 1,41, we have

p(Uy, Uns1) > 0 and p(upys1, uy,) > 0, for all n € INp. (5)
Since T is a-orbital admissible, again by (ii), we get

a(uo, ur) = alu, Tug) 2 1 = a(Tuo, Tur) = aug, uz) 2 1,
and

a(uy, ug) = a(Tug, ug) = 1 = a(Tuq, Tug) = a(uy, up) > 1.
Iteratively, we find that

a(uy, uye1) = 1 and a(uy41, u,) > 1 for all n € INp. (6)
Since T is an (a, 1P)-Meir-Keeler type contraction, we find

p(un/ un+1) = p(Tun—lf T”n)
< a(up-1, ) p(Tuy-1, Tuy) (7)

< l;b(p(un—l/ Uy)),

for each n € N by taking (4) and (6) into account.
Combining (5) and the property of i, we derive that

P(ttn, tns1) < P(p(Un-1,tn)) < p(Un-1, thn), ®)
for each n € IN. Furthermore, by the repeating the same argument, we find that
P(thns1, un) < P(p(itn, Un-1)) < p(Un, Un-1), )

for each n € IN.
Thus, we conclude that {p(u,-1, 1,)} is a non-increasing and bounded sequence. Hence, there exists
t € [0, ) such that

lim p(u,-1,u,) = t.
n—oo

As anext step, we shall prove that t = 0. Suppose, on the contrary, that ¢ > 0. Since T'is an (a, 1))-Meir-Keeler
type contraction, for € = ¢(f) > 0, there exists 0 > 0 and a natural number m such that

e < P(p(um-1,Um)) < € +0 implies a(uy—1, Um)p(Ttm-1, Tty) < .
On account of (6), we get that
P(Mm, Upms1) = P(Tum—lr Tum) < aup-1, um)p(T”m—ll Tuy) <e= Hb(t) <t

a contradiction, since t = inf{p(u,, ty41) : 1 € IN}.
Eventually, we have

lim p(u,-1,u,) = 0. (10)
n—oo
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In the same way, we conclude also that
lim p(ity,ty-1) = 0.
In what follows we shall prove that {u,} is a left-0-Cauchy sequence. That is,

lim p(uy,, uy4x) =0, for all k € IN. (11)

First, we observe from (8) that
(U, uns1) < Y(p(Up-1,uy)) for all n € IN. (12)
Since, 1 is nondecreasing, by iteration, we conclude that
Uy, Un1) < P"(p(uo, 11)) for all n € IN. (13)
Now, by using (p»),(4),(6) and (13), we have the following

P, ) < 5p(Un, Uns1) + oo + 8" p(U—1, Up)
< Xl PP (p(ug, 1)) (14)

=5 Y0 PP (p(uo, ur))

By Lemma 1.7, we know that the series )=, s*¢*(t) converges for any t € [0, +c0) Hence, letting 1 — oo in the
inequality above, we conclude that {u,} is left-Cauchy. Analogously, we derive that {u,} is right-0-Cauchy.
Herewith, the iterative sequence {u,} is 0-Cauchy.

Since (M, p) is a 0-complete DgbMS, then there exists # € M such that

0 = lim p(ity, u) = im p(t, 1) = plat, 1) = lim p(ity, ) = lim p(u, ) (15)
As T is continuous, then we deduce that

r}l_r};l0 p(ne1, Tu) = }1_1)210 p(Tuy, Tu) = p(Tu, Tu) = 1}1_{1;10 p(Tuy, Tuyk) = 0. (16)
Since 1,41 — u as n — oo and p(u, u) = 0, then by using Lemma 1.5, we get

lim p(ity.1, Tt) = p(ut, T, (17)

From (16) and (17), we derive that p(u, Tu) = 0. By (p1), we conclude that Tu = u. [
Theorem 2.3. Suppose that (M, p) is a complete DgbMS and a self-mapping T : M — M is a (a, y)-Meir-Keeler
type contraction. Assume also that

(1) T is a-orbital admissible;
(ii) there exists uy € M such that a(ug, Tug) > 1 and a(Tup, up) > 1;
(ii1) if {u,) is a sequence in M such that a(u,, 1) = 1 for all n and w, — u € M asn — oo, then a(u,, u) > 1 for
all n.

Then, there exists u € M such that Tu = u.

Proof. By repeating the lines in the proof of Theorem 2.2, we conclude that there exists a Cauchy sequence
{u,}. Since M is complete, it converges to some 1 € M. On the other hand, from (6) and (iii), we have

a(u,,u) > 1, for all n. (18)
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By using (p2) and (18) with the assumption of the Theorem that T is a («, 1)-Meir-Keeler type contraction,
we obtain

p(Tu,u) < sp(Tu, Tuy) + sp(n+1, 1)
< sa(uty, u)p(Tuy, Tu) + sp(tys1, 1)
< s(p(un, u)) + sp(Upsa, ).

Since 1) is continuous at t = 0, by letting n — oo in the inequality above, we find
p(Tu,u) = 0.

It yields that Tu = u due to (p1). O

Example 2.4. Let M = [0, o) endowed with p(u,v) = |x — y| + |x| for all u,v € [0, 00). It is clear that (M, p) is a
complete DgbMS. Define T : M — Mand a : M X M — IRj by:

Tu= 37 and a(u, ) = 0 otherwise.

u? { 1 ifu=0v=0;
We can prove easily T is an(a, 1)-Meir-Keeler type contraction and it is an a-orbital admissible.
Moreover, there exists 1y € M such that a(ug, Tug) > 1. In fact, for ug = 0, we have

(0, T0) = 1.

Now, we show that T is a continuous. Let lim u, = u in the context of DgbMS (M, p), that is,

lim p(u,, u) = p(u,u) = lim p(uy,, um).

We shall show that T is continuous. Indeed,

lim p(Tu,, Tu) = lim |Tu, — Tu| + [Tu,|
n—oo n—oo

= p(Tu, Tu) = |Tu — Tu| + |Tu| = Tu = “3—2
= lm o(Tuy, Tuy) = Hm |Tuy = Tity| + | Tty

2
iy

= lim |3

2
U
n,Mm—00 3

uZ
+ 13-

So all hypotheses of Theorem 2.2 are satisfied. Consequently, T has a fixed point. Notice that u =0 is a
fixed point of T.

In the following example, a self-mapping T is not continuous.

Example 2.5. Let M = [0, o) endowed with the dislocated metric p(u,v) = max{u, v} + |u| for all u,v € [0, c0).
DefineT: M — Mand a : M X M — Rj by:

-1 u>1 1 ifu,0el0,1]
— 2 7 _ 7 7 7
Tu = { 0 0<u<l, and a(u,v) = 0 otherwise.

Clearly T is not continuous at 1 which shows that Theorem 2.2 is not applicable in this case.
We shall prove that a self-mapping T is an (a — 1)-Meir-Keeler type contraction. Let ¢ > 0 be given.
Take 6 > 0 and suppose that ¢ < 1(p(u,v)) < € + 6 we want to show that

a(u,v)p(Tu, Tv) < €.
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Suppose that a(u,v) =1, then u,v € [0,1] and so Tu = 0, Tv = 0. Hence

p(Tu, Tv) = p(0,0)
=max{0,0}+ 0] =0
< e.

Also, T is an a-orbital-admissible. To see this, let a(u,v) > 1, then both u,v € [0, 1]. Due to definition of
T,wehave Tu =0¢€[0,1] and Tv = 0 € [0, 1]. Thus, we get a(Tu, Tv) > 1.

Moreover, there exists 1y € M such that a(ug, Tug) > 1. Indeed, for 1y = 0 we have
a(0,T0) = a(0,0) =1 = a(0,0) = a(T0, 0).

Finally, let {u,} be a sequence in M such that a(u,, u,4+1) > 1 for all n and u, — u € M as n — co. Since
a(uy, une1) > 1 for all n, by the definition of @, we have u,, € [0,1] for all # and u € [0, 1], then a(u,,, u) = 1.

So, we conclude that all hypotheses of Theorem 2.3 are fulfilled. Hence, we proved that T has a fixed
point.

2.2. Generalized (o, Y)-Meir-Keeler type contraction

Definition 2.6. Suppose that (M, p) is a DqgbMS. A self-mapping T : M — M is said to be a generalized («, ¢)-
Meir-Keeler type contraction if there exist € W and a : M X M — IR{ such that for each ¢ > 0, there exists 6 > 0
such that

e <P(P(u,v)) <e+06 implies a(u,v)p(Tu,Tv) < e,

where
P(u,v) = max{p(u,v), p(u, Tu), p(v, Tv)} .

If a self-mapping T : M — M is a generalized-(«, 1/)-Meir-Keeler type contraction, then we have
a(u,v)p(Tu, Tv) < P(P(u,v)), for any u,v € M.
The following is the first main result of this section.

Theorem 2.7. Suppose that (M, p) is a complete DqbMS, a self-mapping T : M — M is a generalized-(ct, )-Meir-
Keeler type contraction and the following conditions are fulfilled:

(i) T is triangular a-orbital admissible mapping;
(1) there exists ug € M such that a(ug, Tug) > 1 and a(Tug, ug) > 1;
(iii) T is continuous.

Then, T has a fixed point, that is, there exists u € M such that Tu = u.

Proof. Take 1y € M such that a(ug, Tug) > 1 and a(Tug, up) > 1. As in the proof of Theorem 2.2, we construct
an iterative sequence {u,} in M in the following way:

Upe1 = Tu,, for each n € Ny. (19)
By the same reason in Theorem 2.2, we assume that u,, # 1,1, for all n,
Py, tns1) > 0, and p(uy41,u,) > 0, foralln € IN. (20)
By assumption (i) of theorem in the mind, we find that
a(uy, uy) > 1, and a(u,,, u,) = 1, for all m,n € N with n < m. (21)
Step 1: We shall prove that

Hm pli, 1) = 0.
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Taking (20) and (21) into account together with the fact that T is a generalized-(«, ’)-Meir-Keeler type
contraction mapping, for each n € IN we derive

p(unz Z’ln+1) = p(Tun—lr Tun)
< a(uy-1, un)p(Tun—lz Tuy)
< w(P(un—ll Uy))
< P(up-1,un),

(22)

where
P(up—1,un) = max{p(un-1,un), p(tn-1, Tttn-1), p(ttn, Tiin)}
= max{p(un—1, Un), p(Un, Un+1)}-
Let us analyze these cases. Let P(u,-1, 1) = p(un, Un+1). Since 1 is nondecreasing, from (22), we derive
P, Uns1) < P(p(in, Uns1)) < p(in, Uns1), (23)
a contradiction. Thus, P(u,-1,u,) = p(un-1, 4,) and again by (22), we conclude
P(ttn, tni1) < P(p(ttn-1,tn)) < p(ttp-1,1tn), foralln € N. (24)

Consequently, we find that the sequence {p(u,, ,+1)} is a non-increasing and bounded below by zero.
Hence, there exists t € [0, o0) such that

&g?o P(”nr Uny1) = L. (25)
Recursively, we derive from (24) that

p(Uy, Uns1) < P"(p(uo, 11)), for all n, (26)

by keeping in the mind that ¢ is nondecreasing.
On account of (26) and (W), we obtain

lim p(uy,, ty41) = 0.
Analogously, one can derive that
fim (i1, 1) = 0.

Step 2: We shall prove that {u,} is a Cauchy sequence by using the same arguments in the proof of Theorem
2.2

Now, by using (p2),(4),(6) and (13), we have the following
P, tm) < 5p(Un, Uns1) + oo + 8" p(Uin-1, )
< Ty PP (p(uo, 1)) 27)
= s Yo PP (pluo, 1))
By Lemma (1.7), we know that the series Y=, s*¢*(t) converges for any ¢ € [0, +o0) Hence, letting n — oo

in the inequality above, we conclude that {u,} is left-Cauchy. Analogously, we derive that {u,} is right-0-
Cauchy. Herewith, the iterative sequence {u,} is 0-Cauchy.
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Since (M, p) is a complete DgbMS, then there exists u € M such that
’}g?o p(uy, u) = p(u,u) = n,lrillloo p(ty, ty) = 0. (28)
On account of the continuity of the self-mapping T, we deduce that

lim p(uy41, Tu) = lim p(Tu,, Tu) = p(Tu, Tu) = lim p(Tu,, Tu,) = 0. (29)

Since 1,41 — u as n — oo and p(u, u) = 0, then by using Lemma 1.5, we get
lim p(uy41, Tu) = p(u, Tu). (30)
n—oo

Regarding (29) and (30), we get p(u, Tu) = 0. Thus, by (p1), we conclude that Tu = u. O

Theorem 2.8. Suppose that (M, p) is a complete DqbMS, a self-mapping T : M — M is a generalized-(a, y)-Meir-
Keeler type contraction, where a € ¢ € with (t) < ¢ for a constant s > 1.
and the following conditions are fulfilled:

(i) T is triangular a-orbital admissible mapping;
(ii) there exists uy € M such that a(ug, Tug) = 1;
(iii) if {u,} is a sequence in M such that a(u,, uy41) 2 1 for all n and u, — u € M as n — oo, then a(u,, u) > 1 for
all n.

Then, T has a fixed point, that is, there exists u € M such that Tu = u.

Proof. Define an iterative sequence {u,} in M as in Theorem 2.7. Suppose that there is kg € IN such that
Uy, = Ux,+1, then the proof is completed since u = uy, = ug,+1 = Tuy, = Tu. So, it is interesting to assume that
Uy # Ups, for all n € Ny. Consequently, we have

p(uy, uns1) > 0, for all n € Ny,
From (21), we find that
a(uy,, uy41) > 1, for all n € Ny. (31)

Following the lines for the proofs of Stepl and Step2 in Theorem 2.7, we derive that {u,} is a Cauchy
sequence and

lim p(uy, uy) = 0.

n,m— o0

Since (M, p) is a complete DgbMS, then there exists u € M such that
lim p(u,,u) = p(u,u) = lim p(u,, u,) = 0. (32)

We shall prove that u = Tu. Suppose, on the contrary, that p(u, Tu) > 0.
Notice from (31), (32) and (iii) that

a(uy,u) > 1, for all n. (33)

By using (p2) and (33) together with the assumption of the Theorem that T is a generalized-(«a — ¢)-Meir-
Keeler type contraction, we obtain

p(Tu,u) < sp(Tu, Tu,) + sp(Un1, 1)
< sa(uy, M)P(Tun, Tu) + 5P(“n+1, 1) (34)
S SIP(P(MYL/ u)) + Sp(un+1/ u)/
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where
P(u, u) = max{p(un, ), p(itn, ttns1), p(u, Tu)}.
Notice that as p(u, Tu) > 0, then we must have P(u,, u) > 0.
Suppose that P(u,, u) = p(uy,, u), then from (34) we get

p(Tu,u) < sp(p(un, u)) + sp(Une, 1), (35)
< sp(un, u) + sp(Upe1, ).

Taking n — oo in (35), we have
p(Tu, u) < sp(u,u) +sp(u,u) =0,
which is a contradiction.

Now, we suppose that P(u,, 1) = p(utn, t1n+1), then by (34) we find that
p(Tu,u) < sP(p(in, Uns1)) + 5p(nir, 1),
< p(itn, 1) + 5p(thns, 11).
Letting n — oo, this implies that
p(Tut, ) < i [p(ity, 1) + 5p(itns, )] = 0,
which is again a contradiction.
Finally, we suppose that P(u,, u) = p(u, Tu), then again from (34), we have
p(Tu,u) < sy(p(u, Tu)) + 5p(ins1, u),
Letting n — o0, in the above inequality, we get

p(Tu,u) < syp(p(u, Tu)) +sp(u, u), 36
< p(u, Tu) + sp(u,u) = sp(Tu, u), (36)

also we have a contradiction. Thus we have p(Tu, u) = 0 and by (p;1), wehave Tu = u. O

2.3. The uniqueness of the fixed point

We propose the following conditions for the uniqueness of the fixed points of the mappings discussed
in sections 2.1 and 2.2. Let Fix(T) denotes the set of fixed points of the mapping T.

We, first, recollect the following interesting condition for uniqueness of a fixed point of an (@ — ¢)-Meir-
Keeler type contraction.

(H) For all u,v € Fix(T), then there exists w € M such that a(u, w) > 1 and a(w,v) > 1, where

Theorem 2.9. Putting condition (H) to the statements of Theorem 2.2 (respectively, Theorem 2.3), we obtain that u
is the unique fixed point of T.

Proof. Let u and v be two distinct fixed points of T. From(H), there exists w € M such that

a(u,w) >1and a(w,v) > 1.
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Due to the fact that T is a-orbital admissible, we have
a(u, Tw) > 1 and a(Tw,v) > 1.
Inductively, we obtain
a(u, T"w) > 1 and a(v, T"w) > 1,¥n € N.
From the above relation and since T is an («, )-MKC mapping, we have

p(u, T"w) < a(u, T" 'w)p(Tu, T"w)
< Y(p(u, T 'w)).

Iteratively, we get
p(u, T"w) < " (p(u, w)).
Letting n — oo, we obtain
31_%10 p(u, T"w) = 0.
Similarly, we can prove that
31_@0 p(v, T"w) = 0.
Using (p2), we have
p(u,v) <s[p(, T"w) + p(T"w,v)].

Taking n — oo, we find that
p(u,v) =0,
and so, by (p1), u =v. O
The following is an alternative uniqueness condition: (U) For all u,v € Fix(T), then a(u,v) > 1.

Theorem 2.10. Putting condition (U) to the statements of Theorem 2.2 (resp. Theorem 2.3 ), we find that u is the
unique fixed point of T.

Proof. Let u,v be two distinct fixed point of T. Then by Lemma 1.5 part C, we have
p(u,v) > 0.
Due the property of ¢ (), we get
Y(p(u,v)) > 0.
Let ¢ = Y(p(u,v)), then for any 6 > 0, we find that
e=YP(p(u,v)) <e+o.

Regrading (U) and the assumption of the Theorem that T is an (a, 1)-Meir-Keeler type contraction, we
obtain

p(u,v) < a(u,v)p(Tu,Tv)
<P(p(u,v))

< p(u,v),

which is a contradiction. Thus, u =v. O
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In what follows, we propose the conditions for the uniqueness of a fixed point of a generalized (a — ¢)-
Meir-Keeler type contraction:
(H1) For all u, v € Fix(T), then there exists w € M such that a(u, w) > 1, a(v,w) > 1 and a(w, Tw) > 1.
(H2) Let u,v € Fix(T). If there exists a sequence {w,} in M such that a(u,w,) > 1, a(v,w,) > 1 and
a(wy,, wy41) = 1, then

P(wm wn+1) < inf{P(”/ wn)r P(U, wn)}
(H3) For any u € Fix(T), then a(u, u) > 1.

Theorem 2.11. Putting conditions (H1), (H2)and (H3) to the statements of Theorem 2.7 (respectively, Theorem 2.8),
we have that u is the unique fixed point of T.

Proof. Let u,v € Fix(T) with u # v. By(H1), there exists w € M such that
a(u,w) 21, a(v,w) > 1 and a(w, Tw) > 1.
On account of triangular a-orbital admissible property of T, we have
a(Tw, T>w) > 1 and hence a(T" 'w, T"w) > 1,¥n € N..
By (T4) a(u, w) > 1 and a(w, Tw) > 1 yields that
a(u,Tz) > 1.
since a(u, Tw) > 1 and a(Tw, T?w) > 1, again, by (T4), we derive
a(u, T?w) > 1.
Recursively, we get
a(u, T"w) = 1,¥n € N. (37)
Analogously, one can get that
alv, T"w) >1,¥n € N. (38)

Set-up a new iterative sequence {w,} by w,+1 = Tw,, for all n > 0 and wy = w.
Stepl: We show that

lim p(u, w,) = 0.

By (37) and the statement of the theorem that T is generalized-(a, 1)-Meir-Keeler type contraction
mapping, we have

p(u, wp1) < au, wy)p(Tu, Tw,)

< Y(P(u, wn)).
If Y(P(u, wy,)) = 0, then

lim p(u, wys1) = 0.
n—oo

Consequently, suppose that (P(u,w,)) > 0. Then, we have P(u, w,) > 0. Since T is a generalized-(«, {)-
Meir-Keeler type contraction mapping, we find

P(“r wn+1) < 0((14, wn)p(T”/ Twn)
< P(P(u, wy)),
< P(u, wy).
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where
P(wn, u) = max{p(wy, u), p(wy, Wn+1), p(u, Tu)}.
Regarding (H2) and (p;), we have
P(wy,, u) = p(wy, u).
Thus, we have
P, Wni1) < p(u, Wy).
Letting n — oo in the inequality above , we obtain
lim p(, wne1) < lim p(u, wy),
which is a contradiction. Then
P(wy,, u) = p(wy, u) = 0.
Hence, we get
r}l_r};) p(u, wy,) = 0.
Step2: We shall prove that

lim p(v,w,) = 0.
n—00

4317

By (H3) and the assumption of the theorem that T is a generalized-(«, {)-Meir-Keeler type contraction

mapping, we find that

p(v,v) <a@,v)p(Tv, Tv)
< YP(P(v,v))
= YP(p(v,v)).

Suppose, on the contrary, p(v,v) > 0. Then, from the above inequality, we obtain

p(v,v) < P(p(v,v)) < p(v,v),

which is a contradiction. Thus, p(v,v) = p(v, Tv) = 0.
In analogous way of Step1, we can complete the proof of

lim p(v,w,) = 0.
n—oo
By (p2), we have

p(u,v) < p(u, T 'w) + p(T" 'w,v)
= P(u/ wn) + p(w}’l/v)-

Letting 7 — oo in the above inequality, we find that
p(u,v) =0,

by (p1), wehaveu =v. O
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3. Consequences

If set a(u, v) = 1 for all u, v in Theorem 2.2, we get the following result:

Theorem 3.1. Suppose that (M, p) is a complete DqbMS and a self-mapping T : M — M is a (a, )-Meir-Keeler
type contraction. Then, there exists u € M such that Tu = u.

Notice that («, 1)-Meir-Keeler type contraction T : M — M is non-expansive, p(Tu, Tv) < ¢ (p(u, v)) < p(u, v)
and hence, it is continuous.
If set a(u, v) = 1 for all u, v in Theorem 2.7 we find the following consequence:

Theorem 3.2. Suppose that (M, p) is a complete DqbMS, a self-mapping T : M — M is a generalized-(a, y)-Meir-
Keeler type contraction. If T is continuous T has a fixed point, that is, there exists u € M such that Tu = u.

Conclusion

We first note that by adding a symmetry condition, “p(x, y) = p(y,x)” to the assumptions of dislocated
quasi-b-metric, we obtain dislocated b-metric. Further, dislocated b-metric is both dislocated metric and
b-metric ( and hence standard metric). Thus, all result can be formulated in the setting of the mentioned
abstract spaces.

It is also possible to list several existing results as a consequence of our main results by choosing both
the auxiliary functions @ and ¢ in a proper like [2—4, 7, 8] and so on.
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