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Abstract. In this paper, we introduce a new concept of weak G-contraction for multi-valued mappings
on a metric space endowed with a directed graph. Endpoint theorem of this mapping is established under
some sufficient conditions in a complete metric space endowed with a directed graph. Our main results
extend and generalize those fixed point in partially ordered metric spaces. Some examples supporting our
main results are also given. Moreover, we apply our main results to obtain some coupled fixed point results
in the context of complete metric spaces endowed with a directed graph which are more general than those
in partially ordered metric spaces.

1. Introduction

Banach contraction principle [1] is one of the most fundamental result in metric fixed point theory.
It plays very important role in studying the existence of solutions of various equation such as different
equations, integral equations and system of linear equations. In 2001, Rhoades [2] extended this by
introducing the concept of weakly contractive map and proved some results in metric spaces. Banach
contraction principle has been widely generalized in different directions (see [3]-[10]). It was extended to
multi-valued mappings by Nadler [11] in 1969.

Let T : X — 2% be a multi-valued map. An element x € X is called a fixed point of T, if x € Tx. An
element x € Xis said to be an endpoint (or stationary point) of T, if Tx = {x}. Several authors paid attention
to the existence of endpoints of multi-valued mapppings (see [12]-[16]).

Ran and Reurings [4] were the first who studied Banach contraction principle in partially ordered
metric spaces and applied the obtain results to linear and nonlinear matrix equation. After that many
authors extended those results and studied fixed point theorems in partially ordered metric spaces (see
[4],[5],[6],[7]). In another way, Jachymski [17] extended this principle in the setting of metric space endowed
with a graph. In this work, we aim to introduce and study a new concept of weak G-contraction for multi-
valued mappings on a metric space endowed with a directed graph.

We first recall definitions of the following auxiliary functions. Let W be all functions ¢ : [0, c0) — [0, o)
which satisfy
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(1) 1 is continuous and nondecreasing,
(2) Y(t) =0ifand only ift =0,
In 2010, Harjani and Sadarangani [18] proved the following theorem

Theorem 1.1 ([18]). Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such that (X, d)
is a complete metric space. Assume that X satisfies if x, is a nondecreasing sequence in X such that x, — x then
Xy 2 x foralln € N. Let f : X — X be a nondecreasing mapping such that

Y(A(f(x), f(y) < ¥(x, y) = pd(x, y)), forx <y,
where 1, ¢ € V. If there exists xo € X with xo < f(xo) then f has a fixed point.

In 2008, Jachymski [17] was the first who studied fixed point theorems for some contraction mappings in a
metric space endowed with a graph. He proved some fixed point results of G-contractions in this setting.

Definition 1.2 ([17]). Let (X, d) be a metric space and let G = (V(G), E(G)) be a directed graph such that V(G) = X.

We say that a mapping f : X — X is a G-contraction if f preserves edges of G, i.e.,

x,y € X, (x,y) € E(G) = (f(x), f(v) € E(G) (L1)

and there exists a € (0, 1) such that

x,y€X, (x,y) € E(G) = d(f(x), f(y)) < ad(x, y).

He showed in [17], under some certain properties on (X,d, G), a G-contraction f : X — X has a fixed
point if and only if X; := {x € X : (x, f(x)) € E(G)} is nonempty. The mapping f : X — X satisfying the
condition (1.1) is called a graph-perserving mapping.

Later, in 2013, Dinvari and Frigon [19] introduced a new concept of G-contraction which is weaker than
that of Jachymski.

Definition 1.3 ([19]). Let T : X — 2% be a map with nonempty values. We say that T is a G-contraction(in the
sense of Dinvari and Frigon) if there exists a € (0, 1) such that for all (x, y) € E(G) and all u € Tx, there existsv € Ty
such that

(u,v) € E(G) and d(u,v) < ad(x, y).

They showed that a multi-valued G-contraction with closed values has a fixed point under some properties
on a metric space which is weaker than Property(A) (see [19], Theorem 2.10 and Corollary 2.11).

Recently, Sultana and Vetrivel [20] introduced a notion of Mizoguchi-Takahashi multi-valued contraction
in a metricc space endowed with a graph and they established its fixed point results.

Definition 1.4. A multi-valued mapping T : X — CB(X) is said to be Mizoguchi-Takahashi G contraction if for any
x,y€X, x #ywith (x,y) € E(G) :

(i) HT), T(y) < a(d(x, y)d(x, y) where
a: [0,00) — [0,1) such that limsup,_,,. a(s) <1 for any t € [0, c0), and

(ii) Ifu € T(x) and v € T(y) are such that d(u, v) < d(x, y), then (u,v) € E(G).

In this work, by combination the concept of weak contraction for single-valued mappings and Mizoguchi-
Takahashi G-contraction given by Harjani and Sadarangani [18] and Sultana and Vetrivel [20], we introduce
a new type of G-contraction for multi-valued mappings, called G-weakly contraction, and prove the exis-
tence of endpoints for this type of mappings.
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2. Preliminaries

In this section, we give some basic, useful definitions and some known results that will be used in the
other sections.
A partial order is a binary relation < over the set X which satisfies the followings conditions:

1. x < x (reflexivity)
2. If x 2 yand y < x, then x = y (antisymmetry)
3. If x <y and y < z, then x < z (transitivity)

for all x,y € X. A set with a partial order < is called a partially ordered set. We write x < y if x < y and
X# Y.

Definition 2.1. Let (X, <) be a partial order set and T : X — X. Then T is said to be nondecreasing if
x2y=>Tx=<Ty.

Let G = (V(G), E(G)) be a directed graph where V(G) is a set of vertices of graph and E(G) is a set of
its edges. Assume that G has no parallel edges. We denote by G™! the directed graph obtained from G by
reversing the definition of edges. That is

EG™) ={(xv): (y,x) € EG)}.

Definition 2.2. Let X be a nonempty set and G = (V(G), E(G)) be a directed graph such that V(G) = X. Then G is
said to be transitive if

(x,y), (y,2) € E(G) = (x,2) € E(G).

Definition 2.3. Let X be a nonempty set and G = (V(G), E(G)) be a directed graph such that V(G) = X and let
T:X — X. Then T is said to be graph-preserving if

(x,y) € E(G) = (Tx, Ty) € E(G).

Let (X, d) be a metric space and CB(X) be the set of all nonempty closed and bounded subsets of X. For
x € Xand A, B € CB(X), define

d(x,A) = inf{d(x, y) : y € A},
0(A,B) = sup{d(x,y) : x € A,y € B}.

Denote H the Pompeiu-Hausdorff metric induced by d, see [24], that is
H(A, B) = max{sup d(u, B), sup d(v, A)}.

ueA veB

3. Main Results

We introduce a new type of G-contraction in this section and prove its endpoint theorem in a complete
metric space endowed with a directed graph. We begin with the following definitions.

Definition 3.1. Let (X,d) be a metric space, G = (V(G), E(G)) be a directed graph such that V(G) = X and
T: X — CB(X). T is said to be G-continuous with respect to 6 if for any sequence {x,} in X and x € X such that
(2, xn+1) € E(G) and d(x,;, x) — 0O, then 6(Tx,, Tx) — 0.

Example 3.2. Let X = [1,00) with usual metric d and let G be a directed graph with V(G) = X and E(G) =
{1+ %, 1+ ﬁ)ln € N}. DefineT: X - 2X by Tx = [1 + };,2]. Then T is G-continuous with respect to 0.
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Remark 3.3. Let (X, d) beametricspace, G = (V(G), E(G)) adirected graph such that V(G) = Xand T : X — CB(X).
Suppose T is G-continuous on X with respect to 5. Then we have

1. if (x,x) € E(G) then Tx is a singleton set, and

2. if 6(Tx,, Tx) — 0 then Tx is a singleton set.

Proof. (1) If (x,x) € E(G), then the sequence x, = x for all n € IN satisfies the conditions (x,,xn+1) € E(G) and
d(x,,x) = 0. This implies that 5(Tx, Tx) = 0, so Tx is a singleton set.
(2) Suppose that 6(Tx,, Tx) — 0. Let y, € Tx, foralln € N. If y,z € Tx, we have

Ay, v) < 6(Txy,, Tx) — 0 and
d(yn,z) < 6(Tx,, Tx) = 0.

It follows that y = z. Hence Tx is singleton. [

Definition 3.4. Let (X, d) be a metric space, G = (V(G), E(G)) a directed graph such that V(G) = Xand T : X —
B(X). T is said to be a G-weakly contraction if there exist 1, ¢ € Y with

P(6(Tx, Ty)) < P(d(x, y)) - pd(x, y))

forall x,y € X such that (x,y) € E(G)
and if u € Tx and v € Ty satisfying

d(u,v) <d(x, y)
then (u,v) € E(G).

The following property is useful for our study.
Property A([17]) For any sequence x, in X, if x, — x and (x,, x,+1) € E(G) for n € N where x € X, then there
is a subsequence x,, of {x,} with (x,,, x) € E(G) for all k € IN.

Theorem 3.5. Let (X, d) be a complete metric space and G = (V(G), E(G)) a directed graph such that V(G) = X and
G is transitive. If T : X — B(X) is a multi-valued mapping satisfying the following properties:

(1) there exists xy € X such that (xo,y) € E(G), for some y € Txo;
(2) T is a G-weakly contraction;

(3) Suppose either T is G-continuous or X has the property A;
then T has an endpoint.
Proof. Let xy € X and x; € Txg such that (xo, x1) € E(G). By (2), we obtain

P(6(Txo, Tx1)) < P(d(xo, x1)) — P(d(x0, X1)) (1.2)

We choose x; € Tx;. Observe that d(x1, x2) < 0(Tx, Tx1). If d(xp, x1) = 0, then xy = x1 € Txp, so xp is a fixed
point of T. Suppose d(xp, x1) > 0. Since ¢ is a nondecreasing, we have

Y(d(x1,x2)) < P(6(Txo, Tx1))
< P(d(xo, x1)) — P(d(x0, x1))
< P(d(xo,x1))-
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This implies d(xo, x1) < d(x1,x2). Because T is a G-weakly contraction, we have (x;,x2) € E(G). Again,
choosing x3 € Tx,, we observe that d(xp, x3) < 6(Tx1, Tx2). If d(x1,x2) = 0, then x; € Txy, so T has a fixed
point. Suppose d(x1, x2) > 0. Since 1) is a nondecreasing, we obtain

l/)(d(Xz, x3)) < Y(0(Tx1, Txy))
< P(d(x1, x2)) — p(d(x1, x2))
< P(d(x1, x2)),

hence d(xz,x3) < d(x1,x2). Since T is a G-weakly contraction, we have (xz,x3) € E(G). By induction, we
obtain a sequence {x,} € X such that x,,.1 € Tx, and d(x,+1, Xn+2) < d(xy, Xn11) for all n € IN. Since {d(x,, x44+1)}
is a nonnegative and nonincreasing sequence, there exists r > 0 such that

d(x,, xp41) — rasn — oo,
Since T is a G-weakly contraction and (xy, x,+1) € E(G), we obtain

l;lj(d(er-lr Xn42)) < l;[}((S(Txn/ Txy4+1))
< P(d(xn, Xn11)) = PA(Xn, Xn41)),

when n — oo, we get (r) < (1) — ¢(r). It implies ¢(r) = 0. Since ¢ € W, we get r = 0. Hence
lim d(x,, x,+1) = 0. (1.3)

Next, we show that {x,} is a Cauchy sequence. Suppose that {x,} is not a Cauchy sequence. Then, there
exists € > 0, subsequence {x,,} and {x,u} of {x,} with n(k) > m(k) > k such that

A(X), Xnr) = €. (1.4)
Let n(k) be the smallest integer with m(k) < n(k) and d(x,.x), Xux) = € but

Ay, Xng)-1) < €. (1.5)
By (1.3), (1.4) and (1.5), we have

€ < d(Xpuwy, Xn@))
< dXm@ey, Xngy-1) + A(Xny-1, Xn(k))
<€+ d(Xnm)-1, Xn(k))-

Taking k — oo, we obtain
Lim d(6nq), Xngo) = €-
From

A, Xn@) < AXmE, Xmk-1) + AXm-1, Xn@-1) + A(Xn)-1, Xnr), and
AmE)-1, Xn)-1) < AXmky-1, Xmk) + A XmE), Xnw) + AXniky, Xngy-1),

by letting k — oo in the above inequalities, we obtain
1152 AXmE)-1, Xn(ky—1) = €.

Since m(k) < n(k) and (x;, xi+1) € E(G), by transitivity of E(G), we obtain (x,,@), Xux)) € E(G). It follows, by (2),
that

YA Xy, Xn(ky)) < PO@AXnE)-1, Xnw)-1)))
< PE@XmE)-1, Xnw-1)) — PAXmE)-1, Xnk)-1))-
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Taking k — oo, we obtain

P(e) < P(e) - p(e).

Then ¢(€) = 0, i.e., € = 0, which is a contradiction. So {x,} is a Cauchy sequence in X. Since X is complete,
there exists z € X such that lim,_, x,, = z. We shall show that 6(z, Tz) = 0.
Case (i): If X has Property A.

Then there is a subsequence {x,,} of {x,} such that (x,,, z) € E(G). It follows that

6(21 TZ) S d(Z, xnk+1) + d(xnk+1/ Tx?’lk) + 5(Txl’lk/ TZ)
=d(z, xp+1) + 0(Txy,, T2).

Suppose that 6(z, Tz) > 0, we can choose N € IN such that for any k > N,
0 <6(z, Tz) — d(z, xp+1) < 6(Txy,, TZ)
Since i € W and (xy,, z) € E(G), we have

Y(0(z, Tz) — d(z, xp,41)) < P(O(Txy,, T2))
< Y(d(xy,, 2)) — Pd(xn, 2))-

Letting k — oo, we obtain

0 < 9(6(z, Tz)) < P(0) — (0) =0,

which is a contradiction. Hence 6(z, Tz) = O i.e., Tz = {z}, so z is an endpoint of T.
Case (ii): T is G-continuous.
Since x,, — z and (x,, x,+1) € E(G), we obtain

0(z, Tz) < d(z, Xp+1) + d(xp41, Txn) + 0(Txn, T2)
=d(z,xy41) + 0(Tx,, Tz) — 0.

Hence 6(z, Tz) = 0 thatis Tz = {z}, so zis an endpoint of T. [J

The following example is an illustration of Theorem 3.5.

Example 3.6. Let X = [0,1] and let G be a directed graph with V(G) = X and E(G) = {(%, %) :m,ne€Nand2 <
m<n}U({ %,O) :n € IN}. Then G is transitive. Define T : X — B(X) by

{0} ifx=0;
Tx=1{{1,1) fx=1;
{325, =} otherwise.

Let Y(t) = t and P(t) = L, then , ¢ € W. We see that (1, 3) € E(G) where § € T(3) = {3, 3). Let x,y € X be such
that (x, y) € E(G).
If (x,y) = (£,0), then T(X) = {547, 2=} and T(0) = {0}, we have

YO Ty) = 5- < (1 ~0) = =o(+ ~0)

= ¢PA(x, y)) — Pld(x, y))
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and we see that (0, 715), (0, =) € E(G).

7 2n
If(x,y) = (%, %) where m,n € N and 2 <m < n, then Tx = {527, &}, Ty = {55, 5}, we have
1 1
P(6(Tx, Ty)) = ol

1 1 1,1 1
<=2 16—
— P, 1) - P, )
1

and we see that (55, 527), (57, ) (5=, 57), (5=, 3) € E(G). Therefore T is a G-weakly contraction. It is easy
to see that X has Property A. Hence all conditions of Theorem 3.5 are satisfied and it is seen that T(0) = {0}.

Remark 3.7. The mapping T in Example 3.6 is not a contraction because for any k € (0,1),
H(T(0), T(1)) =1 £ kd(0, 1).
Therefore, Nadler’s Theorem [11] cannot be applied.

Theorem 3.8. Let (X, d) be a complete metric space with a partially order <. If T : X — B(X) is a multi-valued
mapping satisfying the following properties:

(1) there exist ¢, ¢ € W with
P(6(Tx, Ty)) < Pld(x, y)) — P(d(x, y))

forall x,y € X suchthat x # yand x < y
and if u € Tx and v € Ty are such that

d(u,v) < d(x,y)
then u < v;
(2) there exists xy € X such that xo <y, for some y € Txy;

(3) For any sequence (Xy)nen in X with x,, — x and x, < X,41 for n € IN, then there is a subsequence {x,,} of {x,}
with x,, < x for k € N.

Then T has an endpoint.

Proof. Denote E(G) = {(x,y) € X X X|x < y and x # y}. It easy to see that E(G) is transitive. Let x,y € X and
(x,y) € E(G). So x < y and x # y. By (1), we obtain

P(&(Tx, Ty)) < P(d(x, y)) — pd(x, ).

Now let u € Tx, v € Ty are such that d(u, v) < d(x, y), so u < v, thatis (1,v) € E(G). Therefore T is a G-weakly
contraction. By (2), there exists xp € X such that xo < y for some y € Txy, then (xo,y) € E(G). The condition
(3) implies that X has Property A. It follows directly from Theorem 3.5 that T has an endpoint. [J

The following result is directly obtained by Theorem 3.5 because a graph preserving mapping T is G-weakly
contraction.

Corollary 3.9. Let (X, d) be a complete metric space having Property A and G = (V(G), E(G)) a directed graph such
that V(G) = X and E(G) is transitive. If T : X — X is a single-valued mapping satisfying

(1) there exists xy € X such that (xy, Txy) € E(G);

(2) T is graph-preserving;
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(3) there exist Y, ¢ € W with

Pd(Tx, Ty)) < P(d(x, y)) — Pld(x, y))
for all x,y € X such that (x,y) € E(G),

then there exists u € X such that u = Tu.
The following theorem is an application of Corollary 3.9.

Theorem 3.10 ([18]). Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X, d)
is a complete metric space. Let T : X — X be a nondecreasing mapping. Suppose that there exists xy € X with
xo < Txg. Suppose also that there exists 1, ¢ € WV satisfying

P(Tx, Ty)) < Pld(x, y)) = (d(x, y))

forall x,y € X with x # y and x < y. Suppose that either T is continuous or X has the following property: if a
nondecreasing sequence {x,} — x, then x,, < x for all n € IN. Then there exists x € X such that x = Tx.

Proof. Let G = (V(G), E(G)) be a directed graph defined by V(G) = X and E(G) = {(x,y) € XX X|x < y and x #
y}. Therefore, the result is obtained directly by Corollary 3.9.

4. Application to Coupled Fixed Point

In this section, we apply our main results to obtain a coupled fixed point theorem for a single-valued
mapping F : X X X — X when X is a complete metric space endowed with a directed graph. We first recall
some basic definitions of coupled fixd point and mixed monotone mappings.

Definition 4.1 ([8]). Let (X, <) be a partially ordered set and F : X X X — X be a given mapping. The mapping F is
said to have mixed monotone property on X if it is monotone nondecreasing in x and monotone nonincreasing in y,
that is,

x1,% € X, X1 2 x2 = F(x1,y) < F(x2, ),
y1, Y2 € X, 11 < y2 = F(x, y1) = F(x, y2).

Definition 4.2 ([8]). Let F : X X X — X be a given mappings. A point (x,y) € X X X is called a coupled fixed point
of Fifx = F(x,y) and y = F(y, x).

In 2014, Chifu and Petrusel [21] introduced the concept of edge preserving of F : X X X — X as the
following.

Definition 4.3. We say that F : X X X — X is edge preserving if
(x,u) € E(G), (y,v) € E(G™) = (F(x, y), F(u,v)) € E(G) and (F(y,x), F(v,u)) € E(G™).

For a metric space (X, d) with a directed graph G = (V(G), E(G)) where V(G) = X, we let G’ = (V(G’), E(G"))
be a directed graph defined on product X x X as follows: V(G’) = X X X and

E(G) = {((x, ), (u,0)) : (x,u) € E(G), (y,v) € E(G™)}.
It is noted that the mapping 1 : (X X X) X (X x X) — (X x X) given by
n((x, y), (u,0)) = d(x, u) + d(y, v),

for all (x,y), (u,v) € X X X, is a metric on the product X x X.
Now, define the mapping Tr by

TF(xr ]/) = (F(X, y)/P(%x)) for all (.X, y) € XXX

It is known that (X, d) is complete if and only if (X X X, n) is complete, and (x, y) € X X X is a coupled
fixed point of F if and only if (x, y) is a fixed point of Tr. O
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Before obtaining a coupled fixed point theorem by applications of the main results in Section 3, we first
give the following useful fact.

Lemma 4.4. If F is edge preserving, then Tr is graph-preserving.

Proof. Let (x1,y1), (2, y2) € Xx X such that ((x1, 1), (X2, 12)) € E(Gxxx), 50 (1, %2) € E(G') and (y1, ) € E(G).
Therefore,

(F(x1, 1), F(x2, 12)) € E(G) and (F(y1, 1), F(y2,%2)) € E(G™).
So,
((F(x1, y1), E(y1, x1)), (F(x2, y2), F(y2, x2)) € E(G').
Thus,
(Tr(x1, y1), Te(x2, y2)) € E(G).
Therefore, Tr is graph-preserving. [
Now, we prove a main results of this section.

Theorem 4.5. Let (X, d) be a complete metric space and G = (V(G), E(G) a directed graph such that V(G) = Cand G
is transitive. Let F : XXX — X be edge preserving. Suppose that there exist xo, yo € X such that (xo, F(xo, y0)) € E(G)
and (yo, F(yo, x0)) € E(G™') and there exist 1, ¢ € W for which F satisfies

" d(F(x,y), F(u,v)) + d(F(y, x), F(v, u))) (d(x, u)+d(y, v)) ! (d(x, u) +d(y, v))

<y

> > > (4.1)

for all x,y,u,v € X with (x,u) € E(G) and (y,v) € E(G™'). Suppose that either
(1) F is continuous or ;
(2) X has the following properties:
(a) if a sequence {x,} — x and (x,, xy4+1) € E(G) for all n € IN, then (x,, x) € E(G) for all n € N and
(b) if a sequence {y,} — y and (Yu41, yn) € E(G) for all n € N, then (y,,y) € E(G™) foralln € N.
Then there exist x,y € X such that x = F(x,y) and y = F(y, x), that is, F has a coupled fixed point in X x X.

Proof. Let (xo, yo) € XXX besuch that (xo, F(xo, y0)) € E(G™!) and (yo, F(vyo, X0)) € E(G). Then ((xo, o), T(x0, yo)) €
E(G’). Notice that (2) is equivalent to

¢(W(Tp(xr v), Te(u, U)))

. (ﬂ((x, y), (u, v))) B ¢(n((x/ y), (u, v)))‘

<
v 2 2

By letting

do((x, ), (u,0)) = 2

((x, ), (u,0))  d(x,u)+d(y,v)
2 - 2 ’
we have

P(dx(Te(x, y), Te(u, 0))) < P(da((x, y), (1, ) = P(d2((x, y), (4, )

and d, is a complete metric on X x X.
Next, let {(x,;, Yn)}nen be a sequence in X X X such that (x,,, y,) — (x, y) in (XXX, d2) and ((xp,, Yn), (Xn+1, Yu+1)) €
E(G). It implies that

Xy = X, (X, Xn41) € E(G) and y,, = Y, (Yn, Yus1) € E(G™Y).
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By assumption (2), we have (x,,, x) € E(G) and (y,, y) € E(G). Therefore, ((x, yn), (x, y)) € E(G’). Thus, X x X
has Property A. By Lemma 4.4, we have that Tr is graph preserving. Therefore, all conditions of Corollary 3.9
are satisfied. Hence Tr has a fixed pointi.e., there exists (x, y) € X such that (x, y) = Tr(x,v) = (F(x, y), F(y, x)).
Therefore, F has a coupled fixed point. [

The following corollary is a consequence of Theorem 4.5.

Corollary 4.6. Let (X, <) be a partially ordered set and suppose there exists a metric d on X such that (X,d) is a
complete metric space. Let F : X X X — X be a mapping having the mixed monotone property on X and there exist
xo0 < F(xo, y0) and yo > F(yo, x0). Suppose that there exist y, ¢ € WV for which F and g satisfy

5 (d(F(x, y), F(u,v)) ;— d(F(y, x), F(v, u))) < (d(x, 1) ;— d(y, v)) _p (d(x, u) ;— d(y, U)) 42)
forall x,y,u,v € Xwith x <uand y > v. Suppose that either

(1) F is continuous or ;

(2) X has the following property:

(a) if a nondecreasing sequence {x,} — x, then x, < x for alln € N
(b) if a nonincreasing sequence {y,} — vy, then y, = y foralln € N
Then there exist x,y € X such that x = F(x,y) and y = F(y, x), that is, F has a coupled fixed point in X X X.

Proof. Let G = (V(G), E(G)), where V(G) = X and E(G) = {(x, y)lx < y}. We can directly check that all
conditions of Theorem 4.5 are satisfied. Therefore, F has a coupled fixed point. [

Remark 4.7. Corollary 4.6 extends Theorem 2.1 in [8] and improves Theorem 1 in [23].

Example 4.8. Let X = R, d(x,y) = |x — yl, G be a directed graph such that V(G) = Z and E(G) = {(x,y) : x, y

R such that x < y}. Define F : XXX — X by F(x,y) = X_;y. Then F is edge preserving. Let (t) = £ and ¢(t) = Le
Then we have

d(F(x/]/)/f(urv))+d(F(]//x),F(U/M)) _1 x_4]/_u—4v +‘y_4x U—4M
4 2 T4 8 8 8
1 x—u+4v 4y‘ ‘y v 4u 4x
T4\ 8
1 (lx—u|l+|y—19 1 |x—u|+|v— |
<—6( =+ 4 y)
1 Ix—u|+ly vl Ix—ul+lv—y|
-2 16

_ ¢(d(x, u) J2r d(y,v)) _ ll)(ul(x, 1) Z d(y, v)),

forall (x,u) € E(G)and (y,v) € E(G™). So F satisfies the condition (2) of Theorem 4.5. Now choose (xo, o) = (-8, 6),
(x0, F(x0, y0)) = (—8,—4) € E(G) and (yo, F(yo, x0)) = (6, —4) € E(G™). Hence, F satsifies all conditions of Theorem
4.5 and we see that (0,0) is a coupled fixed point of F.
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