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Fundamental Properties of Statistical Convergence and Lacunary
Statistical Convergence on Time Scales

Ceylan Turan?, Oktay Duman?
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Abstract. In this paper, we first obtain a Tauberian condition for statistical convergence on time scales.
We also find necessary and sufficient conditions for the equivalence of statistical convergence and lacunary
statistical convergence on time scales. Some significant applications are also presented.

1. Introduction

Discrete and continuous cases, sometimes in nature or in some engineering problems, can occur at the
same time. Then, time scale calculus is often used in order to solve these problems. Actually, the main
idea of time scale calculus, which was introduced by Hilger [11], is to unify such discrete and continuous
cases. Although time scales have important applications in many areas of mathematics, their usage in the
summability theory just begins with our recent papers [14, 15].

We introduced and systematically investigated the notions of statistical convergence and lacunary
statistical convergence on time scales in [14] and [15], respectively. In this paper, we continue our works
on these concepts. More precisely, in the second section, we obtain a Tauberian condition for statistical
convergence of functions defined on time scales. In the third section, we find necessary and sufficient
conditions for the equivalence of statistical convergence and lacunary statistical convergence on time
scales. Furthermore, throughout the paper, we discuss some important special cases of our results and state
some open problems on this area.

Now we recall the concepts used in the present paper.

A time scale is any closed nonempty subset of real numbers. The function

0:T>T,o@):=inf{seT:s >t}
is called the forward jump operator. The graininess function p : T — [0, o) is defined by
u® =0 -t

By [a, b]ly , we denote the intervals in T, i.e., [4,b] N T, where [a, b] is the usual real interval. In this paper,
we also use the Lebesgue A-measure p5 introduced by Guseinov [10]. It is known thatifa,b € Tanda < b,
then

tia([a,b)y) = b —aand ua ((a,b)y) = b—o(a),
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and thatifa,b € T\ maxT and a < b, then
ua (@@, bly) = 0 (8) — 0 (@) and pa ([a,bly) = o () —a.
Throughout the paper we study on a time scale T such that
infT =ty (tp > 0) and sup T = oo.

A-derivative of a function f : T — R ata point t € T is denoted by f2(t) and is defined to be the number
(provided it exists) with the property that given any ¢ > 0, there is a neighborhood U of ¢ such that

ILF @ @) = F&] = 2B o) =5l <elo(®) —s]

foralls € U. If T = I, then it reduces to the forward difference operator; if T = IR, then we get the usual
derivative; if T = g, then it turns out to be the concept of g-derivative.

Now let f : T — R be a A-measurable function. Using the above terminology, in [14] we introduced the
notion of statistical convergence of f on T (see also [13]). Recall that f is said to be statistically convergent
to a number L if, for every € > 0,

us{s € lto, thy : |f (5) — L| 2 ¢

A (D =0 @

By St we denote the set of all statistically convergent functions. If T = IN, then (1) reduces to the concept of
statistical convergence of number sequence, which was first introduced by Fast [6] (see also [8]); the case of
T = [a, ), a > 0, was studied by Méricz [12]. Finally, if T = g%, g > 1, then we get the notion of g-statistical
convergence introduced by Aktuglu and Bekar [1].

The convergence method in (1) can also be defined with respect to the density on time scales as in the
following way. For a A-measurable subset Q) of T, the density of () over the time scale T is defined to be
the number

) . pafs€lto tlr:s e}
or(©):=fim pa ([to, tlr)

provided that the above limit exists. Then, (1) is equivalent to
6T({te"ﬂ": |f(s)—L| > e}) =0 forevery ¢ > 0.

In [14], we also defined the notion of strongly p-Cesaro summability on time scales (p > 0). f is called
strongly p-Cesaro summable to a number L if

. 1 p

hm—f s)—L| As=0, 2

o o J O @
[totlr

where we use the Lebesgue A-integral on time scales introduced by Cabada and Vivero [4] (see also [2]).

Let NI denote the set of all strongly p-Cesaro summable functions on T. We proved in [14] that

NE N Cy(T) = St N Cy(T),

where Cy(T) is the set of all bounded functions on T.

In [15], we study the notion of lacunary statistical convergence on time scales as follows. Let T be a
time scale including the lacunary sequence 6 = (k;), where by a lacunary sequence we mean the increasing
sequence for which o (k,) — o (k;—1) — coasr — oo (with ky = 0). Then, a A-measurable function f is lacunary
statistically convergent to a number L if

pafselooklr:[f6) Ll ze)
th& pa (K1, ki) =0 ®)
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The set of all lacunary convergent functions is denoted by Se_r-.
Finally, we defined in [15] that a A-measurable function f is strongly lacunary Cesaro summable to L if

. 1 )
tlg?o LA ((k}'*llk}']']r)(k L )f (S) - L| As = 0. (4)

In this case, by Ng_1 we denote the set of all strongly lacunary Cesaro summable functions on T. Then, it
is known from [15] that

Ng-1 N Cp(T) = Sg—1 N Cp(T).

Observe that the discrete cases of (1)—(4) are well-known in theory of sequence spaces.

2. Tauberian Conditions for Statistical Convergence on Time Scales

In this section, we obtain the following Tauberian condition for statistical convergence on time scales.
As stated before, we assume that T is a time scale such that inf T =ty > 0 and sup T = oo.

Theorem 2.1. Let T be a time scale for which the graininess function u is nondecreasing on T, and let f : T — R
be a A-measurable and A-differentiable function on T. Assume that

st — }lelof(t) =L. (5)
If

a (Tto, thr) |72 )] < B (6)
holds for some B > 0 and for every t € T, then we have

lim f (t) = L. 7)

Proof. Since stt — tlim f(t) = L, we get from Theorem 3.9 in [14] that there exists a A-measurable set Q c T
with o1(Q) = 1 such that tlim flo(t) = L. Let g : T — R be a A-measurable function such that f|g = glo, i.e.,
f(t) = g(t) for all t € Q. Then, we may write that {t € T : f(t) # g(t)} ¢ T\Q. Since 61(T\Q) = 0, we get
or{t € T: f(t) # g(t)} = 0, which implies that

. ua({s€lto, thr : f(s) # g(s)})

lim =0. 8

i i (to, 1) ®
Also, it is clear that

lim glo(t) = L. ©)

Now, for sufficiently large t € T, let
u(t) == max{s € [to, tlT : f(s) = g(s)}.

Observe that u(f) € QQ due to f = g on Q. Since 61(Q2) = 1, the set
{s € [to, tlr = f(s) = g(s)}

is nonempty for sufficiently large t € T. Then, we claim that

i (@), ) () — o) _ (10)

8 a (o, BT 1 (D) — fo
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o Ha ((u(®), tlr)
if ————

Indeed, it (o, 1(O1) > g for some ¢y > 0 and for sufficiently large ¢, then
pa ({s € [to, thr = f(s) # g(s)}) S pa ((u(t), thr)
ua ([to, tlT)  ua([to, u(®)]r) + pa ((u(t), tlr)
£o >0
1+ ¢ g

which contradicts with (8). On the other hand, by using (6), we get from the fundamental theorem of
calculus on time scales (see [3]) that

t
Iﬂﬂ—fwamz\ff%@m

®

|f(t) = g (uet)|

IA

t
[1polas= [ [Po]as
u(t) [u(t), )T

b ([u2), D)

b (lo,u Oy

Thus, we get

—u(t)

t
|f(t) - 9(“(f))| < Bm

(11)

for all sufficiently large ¢ € T. Since the graininess function y is nondecreasing on T, we find that

t—ut) _ o) —o(u(t)
o(u(t)) —to — o(u(t)) -t

Then, combining the last inequality with (10) we get

t—ut)
e o(u(D) —fo

4

Thus, the right hand side of (11) tends to 0 as t — 0. Also, by (9), flim g(u(t)) = L, and hence we conclude
that tlim f(t) = L, which completes the proof. [
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Now we focus on some special cases of Theorem 2.1.

Case I. Take T = N in Theorem 2.1. In this case, fy = 1, and replacing t with n, observe that u (n) = 1 for
every n € IN. Setting x,, = f(n), we see that fA (n) = A(x,), where A denotes the usual forward difference

operator. In this case, since ux ([1, n]n) = 1, condition (6) turns out to be |Ax,| = O (%) Hence, Theorem 2.1
reduces to Theorem 3 in [8].

Case II. Take T =[a, o), a > 0, in Theorem 2.1. Check that u (t) = 0 and f2 () = f'(t). So, we immediately
f (t)‘ < Bforeveryt > a. Thus, we

get that pa ([a, t][u,w)) =t —a. It follows that condition (6) becomes (t —a)
obtain the following Tauberian result.

Corollary 2.2. Let f : [a, 00) = R bea differentiable function. Assume thatst[a,m)—tlim f@) =LIf(t—a)|f’ (t)| <B
holds for some B > 0 and for every t > a, then we have (7).
We know from [14] that st[; c0) — tlim f (t) = L is equivalent to the following: for every ¢ > 0,
m(is €la, t]:|f(s)—L{=>¢
lim ({ | | }) =0, (12)

t—oo t—a

where m(B) denotes the classical Lebesgue measure of the set B. We should note that the definition in (12)
was also introduced by Méricz [12] without using any time scale.

Notice that, in Corollary 2.2, the Tauberian condition (t —a) | f’ (t)| < B can be replaced with the stronger
F 0] =06).

condition

Case IIL. Take T =g, g > 1. Then, replacing t with 4" (n € N), if n < m, then p(q") = ¢"*' - ¢q" =
7' (g—1) £ g™ -1) = u(g™), which gives that the graininess function p is nondecreasing. Also, in this case,

fA(g") = Df(q") = %, which is known as g-derivative of f. Also since t, = g, condition (6) becomes

(Dq f (q”)| = O|=~L=|. Then, we get the next result at once, which is also new in the literature.
q(q”—l)

Corollary 2.3. Let f : ¢qN— R (q > 1) be a g-differentiable function. Assume that stix — tlim f@ =L If
q n)| — 1
(D f(q )| @) (q(qn_ ) ) holds, then we have (7).

We show in [14] that st~ — tlim f(t) = Lis equivalent to

y Yo 7 xke @)
m
n—oo [n]q

=0 for every € > 0, (13)

where K(¢) := {qk €lq,q" Iy |f(qk) - L| > e} and [n], denotes the g-integers givenby [n], = 1+g+...+¢""! =
q;%ll. Recall that the definition in (13) was also presented by Aktuglu and Bekar [1] without using any time
scale.

As we can see from the above special cases, graininess functions of many well-known time scales are
already nondecreasing. However, there are time scales that do not satisfy this condition. For example, if

T= U[Zn, 2n +1], (14)
n=1
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then

0, ifte U[2n,2n+1)
n=1

(k) = =
1, ifte U{2n+1}.

n=1

Hence, at this stage, it is an open problem whether Theorem 2.1 is valid or not without the nondecreasing
condition of u. However, following a similar method used in the proof of Theorem 2.1, one can prove the
next result, where a different monotonicity condition and a different Tauberian condition are used.

f)—t
Theorem 2.4. Let T be a time scale for which the function h : T — T, h(t) = G()—O, is nondecreasing on T, and
let f : T — R be a A-measurable and A-differentiable function on T. Assume that (5) holds. If

1
|fA (t)| = O(?),
then we have (7).

Observe again that, for many time scales, such as, N, [2,00) (a2 > 0) and q]N (g > 1), the functions h
in Theorem 2.4 are nondecreasing. However, of course, there are time scales which do not satisfy this
condition. For example, consider again the time scale T defined in (14). In this case, check that

E, ifte J[2n,2n+1)

hy={ ¢ n=1

2n .
m, 1ft—27’l+].,1’lEN.

3. Conditions for the Equivalence of Statistical Convergence and Lacunary Statistical Convergence

In this section, studying inclusions between St and Sg_T, we obtain a characterization for the equivalence
of S"]r and 59_11".

We first need the following two lemmas. In this section, we assume again that T is any time scale such
thatinfT =ty > 0and sup T = co.

Lemma 3.1. Let T be a time scale including a lacunary sequence 0 = (k,). Then, we have

ky
Sr € Sor & liminf 205 1,
r—00 O(kr—l)

Proof. Sufficiency. Suppose that lim inf a?likr)) > 1. Then, for sufficiently large r, we get
r—00 r—1
a(kr)
>21+06
o(ky-1)

for some 6 > 0, and hence

olky) —olk—1) 6
k)  “1+o

(15)
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Now let f € St with the limit L.Then, from (15), we may write, for every ¢ > 0, that

ua({s € Ito, kIr : [f5) — L] > ¢})
Ha ([tO,kr]T)
ua ({s € Gr, Kilr 2 |f6) - L] > ¢)
G(kr) - tO
o(k) = olkyr) Ha ({3 € (mr kel [f5) ~ 1] > &)
o(k) o(ky) = o(k;1)
5 ual(fs € klr:|fs) - L| > )
1+6 o(ky) = o (k1) '

Since stt — tlim f(t) = L, the left hand side of the last inequality tends to 0 as r — oo, which yields that

Ua ({S S (ky—lrkV]T : |f(S) - L) > é})
S pa ((kr=1, kelT)

Thus, the proof of sufficiency of the lemma is completed.

k
Necessity. Conversely, suppose that lim inf OCEIE r))
r—oo r—1

of the lacunary sequence 0 = (k,) such that

= 1. Then, as in [7], we can select a subsequence (kr( j))

a(ky(j)) — to 1
—_— <1+ 16
o(kx(j-1) — to j (16)

and

o(kr(j-1) — to

> 7 where r(7)>r(j—1)+1. 17
o () > 1= 1) (17)
Now define a A-measurable function f : T — R by

_ 1, se (kr(j)flrkr(j)]"[l” for ] =2,3,..
fe) = { 0, otherwise. (18)

Then, we claim that f ¢ Ng_T. Indeed, if r = r(j), then, for any real L, we have

1 1
— LA 1-LIA
pa ((ke-1, ki) f [ - 1] s LA ((kr(j)—l, kr(j)]T) f | o

(kr—1, keI (Kr(y-1Krgy I
n-1r.

Also, if r # r(j), then we get

1 1
i (G o) f fe-Las = e f IHl &s

(kr—lrkr]l' (kr—l/kr]T
= |L].

Since |1 — L| # |L| for any real L, we see that f ¢ Ng_t. Since f is bounded, it follows from Corollary 1
in [15] that f ¢ Sg_1. Now, we show that the function f defined by (18) is strongly Cesaro summable to
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0, i.e., f € Nt with the limit 0. Indeed, for any sufficiently large t € T, we can find a unique j for which
ki(j-1 <t < ky(j+1)-1. Then, we may write from (16) and (17) that

T mey Ly
to ” Ua ([to,kr(j)—l]jr)[tO,kr(H)hr JTIN ([to,kr(j)—1]1r) oyl
o(kjn) =t o (ky) = 0 (knpa)
= +
o(kxj-1) — to o(ky(j-1) — to
1 (k) —to
< S4—
j o olke-1) —to
< %+l:%—>0 (as j — o).

This means that f € Nt with the limit 0. Since f is bounded, Theorem 3.16 of [14] (for p = 1 and L = 0)
implies that f € St, which gives St € Sg-1. O

Lemma 3.2. Let T be a time scale including a lacunary sequence O = (k;) such that u(t) < Mt for some M > 0 and
for every t € T. Then, we have

So-Tr C ST & hm sup o(kr) < o0
o(kr-1)
- . . o(k;) .
Proof. Sufficiency. Assume first that limsup oo < oo holds. Hence, we obtain that
r—00 r—1
o(k
11m sup L < oo, which gives, for some K > 0, that
o(k,-1) —to
k) —t
k)=t foraiireN. (19)
G(kr—l) -

Now let f: T — R be a A-measurable function belonging to Sg_t. Then, there exists a number L such that

lim U

————— =0 forany ¢ > 0,
r—00 UA ((kr—1, kelT) y

where
Uy = U(e) = pia ({5 € Gor, Kelr < | f6) L] 2 ¢)
This means that there exists a natural number ry = ry(¢) such that

U,

— < eforallr > 1. 20
o(k;) — (k1) ‘ (20)

For a given t € T, we may find an interval (k1 k/]r including ¢, ie., t € (k—1,k]r. Letting B =
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max {U, Uy, ..., Uy, }, for sufficiently large r’s, we get

ua(fs € lto, tlr 1 |f(s) - L] > €}) ua ({5 € to, kedw < [f9) = L] > &)
ua ([to, tlr) ta ([to, kr—1]m)
Uhh+W+..+U, + Uy +...+ U,
o(ke—1) — to
roB 4 1 {(G(kroﬂ) - U(kro)) U1
O'(k,_l) - to O'(krfl) - t() O(kr0+1) - O(krg)
(o(k;) = o(k,-1)) ur}

IA

IA

o(ky) — oky-1)
roB +€U(kr) — o(ky)
o(ke—1) — to o(kr—1) — to
roB . olk;) —to
o(kr-1) =t olky-1) — o

ToB
— + ¢k
o(k,-1) —to

IA

IA

Taking limit as r — oo on the both sides of the last inequality, we see that

[N ({S € [to, thr : [f(s) - L| > g}) _
=00 ta ([to, thr) -

which proves the sufficiency of the lemma.

K,
Necessity. Conversely, suppose that lim sup olk)

(o) = co. By hypothesis, we see that t < o(f) < (M + 1)t
r—0o0 r—1

for all t > to with t € T. Then, one can get

ky _ olk;) k > 1 a(k;)
o(k-1)  o(ke1) o(k) = (M +1) o(ky1)’

which gives that

r

lim sup o) =

Then, we can select a subsequence (kr(]-)) of the lacunary sequence 6 = (k) such that

ky(j)

— > ] 21
o(ky(j)-1) J @
Now define a A-measurable function f : T — R by

_ 1, se (kr(j)—lrza(kr(j)—l))"ﬂ" for some ] =1,2,..
f) = { 0, otherwise. (22)

Then, we claim that f € Ng_T with the limit 0. Indeed, letting

1
il MICLS

(kr—l rkr ]T
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if ¥ # 1(j), then we immediately see that 7, = 0. If ¥ = #(j), then we get from (21) and (22) that

1
Tr(j) = f As

ki(jy-1, kr(j
Ha <( (-1 (])]T)(kr(j)—1/20(kr<r')fl))1r
Ua ((kr(j)—lz 20 (kr(j)—l))T)

a(kr(j) = o(kr(j-1)

Here, there are two possible cases: 20(k(j-1) € T and 20(ky(j-1) ¢ T. Now, if 20(k(j-1) € T, then

0N ((kr(j)71,20(kr(j)71))1r) = a(ky(j-1)-
On the other hand, if 20(k;(j-1) ¢ T, then we may write that
(kr(j)-1, 20 (k-1 = (ki j)-1, @],
where
@j 1= max {s eT:s< 20(kr(j)_1)}. (23)

Hence, we get from the hypothesis that

ua (k-1 )

o(ay) = o (K1)

(M + 1)aj = 0 (k)1 )

2(M + 1)o(ks(jy-1) — 0 (kr<f)—1)
M+ 1)o (krmfl) :

pa ((kr(j)—ll 20 (kr(j)—l))T)

IA

IA

As aresult, if 20(k,(j-1) € T, then

T = Wty
(k) — o(ke(j)-1)
o(ki(j-1) 1
ki) — olkey-1)  j—1

—0(asj— ),
or if 20(ky(j-1) € T, then

@M+ 1o (k1) 2m 1
Ty < :
D= o) —okep1)  j-1

— 0 (as j = ).

Thus, f € Ng_t. Since f is bounded, f € Sg_1. Now, we will show that the function f defined by (22) is not
strongly Cesaro summable to neither 1 nor 0, i.e., f ¢ Nt. Indeed, we may write from (21) that

S S f f6)-1as > —— f As

to ko a(k(j) = to
Ha ([ 0, r(])]T)[to,ky(j)]'[r [20(kr(j)-1) Krj) I

N LA ([Zd(kr(j)—l)/ kr(j)]T)
= a(krj) '
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Here, if 20(k;(j-1) € T, then

1 f() 1] A e
e [ o+
Ha\[to,kr(j) T/ [to kvt |

_ o 2ok
O'(kr(j))
ZG(kr(j)—l)
2 1-—""
kr(j)

\

1—%—>1 (as j — o).
Also, if 20(ky(j)-1) ¢ T, then we may write that

[20(kr(jy-1), kr(jlT = (@), kil

where a; is given by (23). In this case, we get

ki) — o(a;
— L [ Jro-ifas > TS
HA ([to'kr(j)]T)[to,k,(j)]T ”
9k ~ M+ Da
B a(kx(j)
. 9lhg) = 2M + Dol
) a(kx(j)
a(kr(j-1)
= 1-2M+1)——
( : ok (j)
> 1—M—>1 (asj_)oo)'
From (22), we also get
1
|£(s)] As
Ha ([t0'20(kr(j)_1):|T)[to,ZG(ky(/)fl)]T
1 As

pa ([to,ZG(kr( j)—l)]T) o125 )
Ha ((kr( j)-1,20 (kr(j)—l))T)
pa ([t0200e1)] )
If 20(kyj1) € T, then

1 o(kyj-1)
|f(s)| As :
Ha ([to'za(k’(f)’l)h)[to,2a<k,-<j>-1>h 7 (20(kp-0) = o
o(ki(j-1)
2(M + 1)a(k(j-1)
1

2M+1)

4465
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Also, if 20(ky(j)-1) ¢ T, one can write that
(kr(j-1, 20(kr(-1))1 = (kr(jy-1, B)T

and
[to,Zo(k,(]-)_l)]T = [tO,“j]T/
where q; is the same as in (23), and
B;j := min {s eT:s> 20(k,(j)_1)}.

These facts yield that

1 ua ((rp1, )
f(s)| As —
Ha ([to'za(kr(j)_l)]T)[tolﬁ(kr(ﬁﬂ)hr el s ([to],)
Bi =0 (krip-1)
o (a]-) — 1ty
20(ki(j-1) = 0 (K1)
(M + 1)0(]'
o (ke(j1)
2(M + 1) (Krj-1)
1
2M+1)

Thus, we see that f ¢ Nt. Since f is bounded, we also get f ¢ St. Therefore, we find Sp_1 € St, which is a
contradiction. [

v

\%

Now, combining Lemmas 3.1 and 3.2, we get the following result.

Theorem 3.3. Let T be a time scale including a lacunary sequence 0 = (k,) such that u(t) < Mt for some M > 0 and
for every t € T. Then, we have

ky
Sor = St & 1 < liminf 207 < limsup 2%

< < 00, 24
minf Sy S ImSUP Sy < @4)

Notice that we need the restriction p(t) < Mt in Theorem 3.3 due to only of the necessity part of Lemma
3.2. Actually, many time scales, such as N, [2,) (2 > 0) and g (g > 1), satisfy this condition. However,

for example, T = 2NV' = {2”2 ‘ne ]N} does not satisfy this condition. Thus, an open problems arises: is

Theorem 3.3 valid without this restriction?
Finally, we give some special cases of Theorem 3.3.
If we take T = IN in Theorem 3.3, then, the right-hand side of (24) turns out to be

1 < liminf kt1 ko +

r—o0

< limsup

< 0o,
kr—l +1 r—00 kr—l +1

which is equivalent to

1 < lim inf — L

r—00 r—1

< limsup < oo,

r—o0 kr—l

In this case, we immediately get Theorem 4 in [9].
Also, if we take T =[a, ), a > 0, in Theorem 3.3, then we obtain the following characterization.
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Corollary 3.4. Let 6 = (k) C [a, o), a > 0, be a lacunary sequence. Then, we have

< limsup ky
B k

r—1 r—oo r—1

k

S6-[a,00) = S[a,e0) © 1 < liminf < 0.

r—00

Finally, if we take T =¢", g > 1, in Theorem 3.3, then, we get the next result at once.
Corollary 3.5. Let 0 = (g) c g™, g > 1, be a lacunary sequence. then we have

So-gn =S © 1 <liminf g1 < limsup g% < co.

=0 r—co
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