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The Solution of a Class Functional Equations on Semi-Groups
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Abstract. Let S be a semi-group, and let 0,7 € Antihom(S, S) satisfy 7 o T = 0 0 ¢ = id. We show that any
solutions f : S — C of the functional equation

fo)) + f(x(y)x) =2f()f(y), xy€S,

has the form f = (m +m o 0 o 1)/2, where m is a multiplicative function on S.

1. Set Up and Notation

Throughout the paper we work in the following framework: S is a semi-group (a set equipped with
an associative composition rule (x,y) = xy) and 0,7 : S — S are two antihomomorphisms (briefly o, 7 €
Antihom(S, S)) satisfying tot =000 =id.

For any function f : S — C we say that f is o-even (resp. t-even) if f oo = f (resp. f ot = f), also we
use the notation f(x) = f(x™!) in the case S is a group.

We say that a function m : S — C is multiplicative, if m(xy) = m(x)m(y) for allx, y € S.

If S is a topological space, then we let C(S) denote the algebra of continuous functions from S into C.

2. Introduction

The classical d’Alembert’s functional equation is of the form

fa+y)+flx-y =2f®)f(y), xyegG, (1)

where (G, +) is a group and f : G — C is the unknown function. It is also called the cosine functional
equation since f = cos satisfies (1) in the real-to-real case. Eq. (1) has a long history going back to
d’Alembert [4]. As the name suggests this functional equation was introduced by dAlembert in connection
with the composition of forces and plays a central role in determining the sum of two vectors in Euclidean
and non-Euclidean geometries [6].
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In the same year Stetkeer in [9] obtained the complex valued solution of the following variant of
d’Alembert’s functional equation

fly) + flo(y)x) =2f(0)f(y), xy€ES, )

where S is a semi-group, ¢ is an involutive homomorphism of S. The difference between d’Alembert’s
standard functional equation

feey) + f(e(y)x) = 2f () f(y), xy €S,

and the variant (2) is that 7 is an antihomomorphism (on a group typically the group inversion). Some
information, applications and numerous references concerning (1), (2) and their further generalizations can
be found e.g. in [1, 5, 8, 9].

Recently, Chahbi et al. [2] obtained the solution of following functional equation

fla(y) + f(t(y)x) = 2f()f(y), xy€S, )

where S is a semi-group and o, T are two homomorphisms of S such thatc oo =to 1 =id.

The natural question that arises is: “What the solution when we replace homomorphism by anti-
homomorphism in equation (3)”?

The main purpose of this paper is to study this question by reformulating this equation as:

fleo) + f(x(y)x) = 2f()f(y), xy €S, (4)

where S is a semi-group and o, 7 € Antihom(S, S) such that 0 o 0 = 7 o T = id. This equation is a natural
generalization of the following new functional equations

flo() + flo(y)x) =2f(0f(y), xy€S, ()
where (S, .) is a semi-group and ¢ € Antihom(S, ) such that o o o = id and

fay™) + flom)o) =2fW)f(y), xyeG, (6)

foy) + f'x) =2f(0)f(y), % y€eG, (7)

Foey) + f(yx) = 2f (D) f(w), %,y €G, 8)

where (G, .) is a group and o € Antihom(G, G) such that ¢ o ¢ = id. In the case f = f the functional equation
(8) known the symmetrized multiplicative Cauchy equation (see for instance [7] or [8, Theorem 3.21]). By
elementary methods we find all solutions of (4) on semi-groups in terms of multiplicative functions. Finally,
we note that the sine addition law on semi-groups given in [3, 8] is a key ingredient of the proof of our main
result (Theorem 3.2).

3. Solution of the Functional Equation (4)

In this section we obtain the solution of the functional equation (4) on semi-groups. The following
lemma will be used in the proof of Theorem 3.2.

Lemma 3.1. Let S be a semi-group and o € Antihom(S, S) such that o o 0 = id.
If f + S — Cis a solution of the functional equation

flxo(y) = f)f(y), xye€S, )

then f is a o-even multiplicative function.
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Proof. Forall x,y,z € S, we have
fQfWfo@2) = f)f(yz) = flxo(yz))
= f(xa(2)o(y)) = f(xa(@))f(y) = f) (@) f(y),
then f is o-even. And we have
fley) = flxa(o(y) = fO)f(a(y) = FOf (),
forallx,yeS. O

Theorem 3.2. Let S be a semi-group and o, t € Antihom(S, S) such that ¢ o 0 = 7 o T = id (where id denotes the
identity map). The solutions f : S — C of (4) are the functions of the form f = (im+mo ¢ o1)/2, wherem:S — C
is a multiplicative function such that:

(i) mooot=mortog,and
(ii) m is o-even andjor t-even.

If S is a topological semi-group and f € C(S), then m,m o g o T € C(S).

Proof. We use in the proof similar Stetkaer’s computations [9]. Let x, y,z € S be arbitrary. If we replace x by
x0(y) and y by z in (4), we get

flxo(zy)) + f(1(2)x0(y)) = 2f (xo(y)) f(2)- (10)

On the other hand if we replace x by 7(z)x in (4), we infer that

fx@xa(y) + f(z(zy)x) = 2f(2(2)0) f(y)

=2fW2f () f(2) = flxo(@))]. (11)

Replacing y by zy in (4), we obtain

f(rzy)x) = 2f(x) f(zy) — f(xo(zy)). (12)
It follows from (12) that (11) become

f@xa(y) + 2f(x)f(zy) = f(xo(zy)) = 4f (y) f(0)f(2) = 2f(y) f (x0(2)). (13)
Subtracting this from (10) we get after some simplifications that

flxo(zy) = f(x)f(zy) = fy)lf(x0(2) = fF()f@)] + f@Lf (xa(y) = fx)f(W)] (14)
With the notation f(y) := f(xa(y)) — f(x)f(y) we can reformulate (14) to

falxy) = fu@)f(y) + fa(y) f (). (15)

This shows that the pair (f;, f) satisfies the sine addition law for any a € S.

Case 1: If f; = 0 for all a € §, then f satisfies the functional equation (9) by the every definition of f..
From Lemma 3.1, we see that f is a 0-even multiplicative function. Substituting f into (4), we infer that f
is 7-even. This implies that f = (¢ + ¢ 0 0 0 7)/2, where f = ¢ is multiplicative.

Case 2: If f, # 0 for some a € S we get from the known solution of the sine addition formula (see for
instance [3] or [8, Theorem 4.1]) that there exist two multiplicative functions x1, x» : S — C such that

_X1itXxe



Iz. EL-Fassi et al. / Filomat 31:14 (2017), 46134618 4616

If x1 = x2, then letting 17 := x1, we have f = 7. Substituting f = 1) into (4) we get that
noo+mnot=2n.

Son =noo =nor(see for instance [8, Corollary 3.19]). Then f has the desired form.
If x1 # xo, substituting f = (x1 + x2)/2 into (4) we find after a reduction that

x1()[x1 0 a(y) + x1 0 t(y) — x1(y) — x2(W)] + x2(0)[x2 © (y) + x2 ° T(y) — x1(¥) — x2(¥)] =0

forallx, y € S. Since x1 # x2» we get from the theory of multiplicative functions (see for instance [8, Theorem
3.18]) that both terms are 0, so

{Xl(x)[)(l oa(y)+x10ot(y) — x1(y) — xa(y)] =0

16
K@)z 0 6y) + 120 1) = 11 (1) = xa(y)] = 0 (16)

forall x,y € S. Since x1 # X2 at least one of x; and x; is not zero.
Subcase 2.1: If xy, = 0, then y; # 0. From (16), we infer that

X1=X1°90+X10T.

Therefore x1 o0 = 0 or x; o7 = 0. In either case x; = 0, because o and 7 are surjective. But that contradicts
x1 # 0. So this subcase is void. The same is true for y; = 0 and yx, # 0.
Subcase 2.2: x; # 0 and yx; # 0. From (16), we have

X1+ X2=X100+X10T=X200+)20T.

Using)(loa+)(10’c=)(zoa+)(zorandthefactthat)(l # X2, wesee that y100 = y,otand y107 = xpoo0.
Thus
X2 =X10T00=X1000T.

We now use x1 + x2 = x1 00 + X1 0T, we get that x; is o-even or x; = x1 0 7. So we are in the solution
stated in the theorem with m = x;.

Finally, in view of these cases we deduce that f has the form stated in Theorem 3.2.

The other direction of the proof is trivial to verify. The continuity statement follows from [8, Theorem
318 (d)]. O

As immediate consequences of Theorem 3.2, we have the following corollaries.

Corollary 3.3. Let S be a semi-group and o € Antihom(S, S) such that o o ¢ = id (where id denotes the identity
map). The solutions f : S — C of the functional equation

flo(y) + flo(y)x) =2f()f(y), xyeS
are the functions of the form f = m, where m : S — C is a multiplicative such that m is o-even.

Proof. It suffices to take t(x) = o(x) for all x € S in Theorem 3.2. [

Corollary 3.4. Let G be a group and o € Antihom(G, G) such that o o o = id. The solutions f : G — C of (7) are the
functions of the form f = (m +moc)/2, where m : G — C is a multiplicative function such that m is o-even andjor
m=Tm.

If S is a topological semi-group and f € C(G), then m,mo ¢ € C(G).

Proof. 1t suffices to take 7(x) = x~! for all x € G in Theorem 3.2. [J

Corollary 3.5. Let G be a group and o € Antihom(G, G) such that o o ¢ = id. The solutions f : G — C of (6) are the
functions of the form f = (m +m o 0)/2, where m : G — C is a multiplicative function such that m is g-even andfor
m=m.

If S is a topological semi-group and f € C(G), then m,mo o € C(G).
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Proof. Tt suffices to take o(x) = x! and 7(x) = o(x) for all x € G in Theorem 3.2. [

Corollary 3.6. Let G be a group. The solutions f : G — C of (8) are the functions of the form f = m, where
m : G — C is a multiplicative function such that m = m.

Proof. 1t suffices to take o(x) = 7(x) = x~! for all x € G in Theorem 3.2. [J

4. Some Examples of Possible Applications
In this section we give examples of possible applications of the results obtained in Theorem 3.2.

Definition 4.1. Let X and Y be non-empty sets. If f : X - Cand g: Y — Cwe define f®g: X XY — C by the
formula

(f ® 9)(x,y) := f()g(y), forall (x,y) € X X Y.

Definition 4.2. An involutive semi-group is a semi-group S together with an unary operation * : S — S, s — s”
satisfying (s*)* = s and (st)* = t's" for all s, t € S.

Corollary 4.3. Let S be an involutive semi-group. The solutions f : SX S X S — C of the functional equation

f(s1t2, s2t1, Sat3) + f(t151, t352, tas3) = 2f(s1,52,53) f(t1, t2, t3), (17)

fors1,s2,53,t1,t2, t3 € S, are the functions of the form

f(s1,52,83) = m(s15253), 51,52,53 €S,

where m is a multiplicative function on S such that m(s*) = Am(s) for all s € S.
If S is a topological semi-group and f € C(S X S X S), then m € C(S).

Proof. Let f : SX S xS — C be a solution of (17). Then f solves (4) with S is an involutive semi-group and
o, T are defined as follow

0(s1,82,83) 1= (85,5}, 53) and T(s1, $2, 83) = (5], 53, 5)-
So, from Theorem 3.2, we read that f has the form

m+mooort

f=
where m : S — C is a multiplicative function such that:

1. mooot=moTtog and
2. mis g-even and/or T-even.

Assume first m = 0. Hence f = 0.
Assume next m # 0. Using Lemma 3.2 in [9], we see that there exist three multiplicative functions my, my, m3
on S such that m = m; ® my ® ms. The condition (1) becomes

my(s3)ma(s1)ms(s2) = my(s2)ma(s3)ms(s1), forallsy,ss,s3 €S.

Since m # 0, we have mq,m,, m3 # 0. Then there exists a A € C\{0} such that m; = Am,, but m; and m, are
multiplicative, so A = 1 and hence m; = m,. Similarly, we can get m, = m3. Thus my = my = ms.

Similarly, by the condition (2), there exists a A € C\{0} such that m(s*) = Am(s), as m is a multiplicative
A = 1. This implies that m is o-even and t-even. Consequently, we get the correct form of f.

Conversely, simple computations prove that the formula above for f define a solution of (17).

The continuity statement follows from Theorem 3.2 and Lemma 3.2in [9]. O
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Example 4.4. For a non-abelian example of a monoid, consider the set of complex 2 X 2 matrices under matrix
multiplication S = M(2, C), and take as anti-homomorphisms

{2 25 1) %)

where | = ( (3 ),and

1
0

a b\ [a c
Ned) \bv a)
We indicate here the corresponding continuous solutions of (4). We write Re(A) for the real part of the complex
number A.
The continuous non-zero multiplicative functions on S are (see [3, Example 5.6]): x =1, or else
|det(X)|* " (det(X))"  when det(X) # 0

XX) = {0 when det(X) =0

where A € C with Re(A) > 0 and n € Z. Simple computations show that

orl @ b (a -ib
9°UN ¢ a)T\ic 4

ool @ b)Y ([ a ib
e a7\ -ic a4

Therefore, any continuous multiplicative function m on M(2,C) satisfiesmooc =mandmocootT=moToao.

In conclusion, using Theorem 3.2, the non-zero continuous solutions f : M(2,C) — C of (4) are:

(1) f=1and

) f( i Z ) = |ad — be|*""(ad — bc)", for all a,b,c,d € C, where A is a complex number such that Re(A) > 0 and

ne-z.

and
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