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Libera Operator on Mixed Norm Spaces H,”" when 0 <p < 1

Miroljub Jevtié?, Boban Karapetrovié®

*University of Belgrade, Faculty of Mathematics, Studentski trg 16, Belgrade, Serbia

Abstract. Results from [7] on Libera operator acting on mixed norm spaces HY
extended to the case 0 < p < 1.

,for1 < p < oo, are
1. Introduction

Let H(ID) denote the space of all functions holomorphic in the unit disk ID of the complex plane endowed
with the topology of uniform convergence on compact subsets of ID. The dual of H(ID) is equal H(D),
where g € H(DD) means that g is holomorphic in a neighborhood of D (depending on g). The duality pairing
is given by

fo) =) fimgim),
n=0

where f(z) = Z f n)z" € H(D) and g(z) = Z gn)z" € H(D).

It is easy to see that the Libera operator deflned by

Lg(z):;{knk+l] fgt+(1—t)z)dt

g(z) = 771)2 € H(D) maps H(D) into H(D).
We denote by .L the operator

£9(2)=f g(t+ (1 = t)z)dt,

g(z) = Tn)z € H(D), whenever the integral converges uniformly on compact subsets of ID. Uniform
convergence means that the limit

lim | g(t+ (1=t
=1 Jo
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is uniform with respect to z in any compact subset of ID. This hypothesis guarantees that £g is holomorphic

function in ID. We also call £ the Libera operator, since £ = £ on H (D).
A function f € H(D) is said to belong to the mixed norm space H#*,0 <p < 0,0 < g < 00,0 < a0 < 00,
if

1 i
W llwaa =11 fllpga = (f MZ(V,f)(l - r)”“_ldr) <00,0<g <00,
0

I fllee = Nl fllp,o00 = sup (1 = 1) My(r, f) < co.

0<r<1
Here, as usual,

1

27 v
My (r, f) = (%fo | ey dt) ,0<p<oo;

Ma(r, f) = sup |f(re")|.

0<t<2m

The space HP** is specific in that the set P, of all analytic polynomials, is not dense in it. The closure
of P in H?** coincides with the ”little oh” space

WP = {f € HP : My(r, f) = o (1 =1)%),r — 1}.
Hardy space H” is defined as follows
HP ={f € HID) : [Ifllr = lIfll, = sup My (r, f) < oo}.

0<r<1
For t € R we write D' for the sequence {(1 + 1)}, for all n > 0. If A = {A,}  is a sequence and X is a
sequence space (by identifying holomorphic function f(z) = }| ﬁn)z” with the sequence {ﬂ”)};o:o we may
n=0
consider the spaces of holomorphic functions as sequence spaces) we write

AX = {{Aux,) : {xa) € X,

If x = {x,} and A = {A,,} we also write A = x = {A,x,}. For example, {a,} € D'I' if and only if )’ % < co. The
n=0

space D'HP44, for t # 0, will be denoted by H"/. Similarly D'hP=® = pP" ™",

Among the spaces Hf’q’a, s > 0, the spaces H’f’f;l are of independent interest, and are known as Besov
spaces, for 0 < g < oo, and as Lipschitz spaces when g = co.

We note that in [6] the spaces of functions f € H(DD) such that D"f € HP4"*, a € R (equivalently
f e HPA"=%), for some (any) nonnegative integer n such that n — @ > 0 are called Besov spaces and they
are denoted by B[/?. Comparing with the definitions given above, 8, = H?4~*, for a < 0,and B} = H’f’f{’j,
fora > 0.

We are now ready to state our main results.

Theorem 1.1. The following assertions are equivalent:
(a) The operator L acts as a bounded operator from H,"" into H";
(®) Kpan :=v—a—%+1 > 0.

Theorem 1.2. Let k4, < 0. Then the following conditions are equivalent:

(a) The operator L can be extended to a bounded operator from HY" to H(ID);
(b) L acts as a bounded operator from H," to H(D);

() HY"* c D'IY;

(d)0<p=<2,0<qg=<landixp., =0.
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Theorem 1.1 and Theorem 1.2 have been proven in [7] when 1 < p < 00,0 < g < o and a > 0. So it
remains to prove themfor0 <p <1,0<g<ocoand a > 0.
Theorem 1.1 imply the following extension of Corollary 6.2 in [5].

Corollary 1.3. Let 0 < p,q < coand a € R. Then the Libera operator L maps B, into B} if and only if a > L — 1.

2. H”"* as a Subspace of D'/

It is easily seen that if g(z) = Z g(n)z" € D! then Lg € H(D). In this section we determine the indices

p,q,,v for which H"* c D'I'. The problem was solved in [7], when 1 < p < co. Our approach is different
from that given in [7] and it is applicable when 0 < p < 1 as well as in the case 1 < p < co.
If X and Y are sequence spaces, we say that a sequence A = {A,}> is a multiplier from X into Y,
A € (X,Y), if for any sequence x = {x,,} € X, a sequence A *x = {A,x,} € Y.
Now we determine the indices p, g, &, v for which H)"* € D'I!. 1t is easy to see that H"* C D'I' if and

1

e }Do_ is a multiplier from the space H, " into I'. Having in mind this and known

only if the sequence {
results about multipliers from HY" into I' ([3], [4], [8]) we have the following

Theorem 2.1.

(1) LetO<p<1

(1a) If0 < g < 1, then HY"™ D" ifand only if v > a + % -1;
(1b) If 1 < g < oo, then H,'" € D' if and only if v > a + % -1;
@) Let2<p < .

(2a) If 0 < g < 1, then H"" < D'I' if and only if v — e > —5;
(2b) If 1 < g < oo, then H," € D'I' ifand only if v —a > —1;
@) Letl<p<2

(Ba)If0<q<1,then H" c D' ifv>a+ % —1;

(3b) If 1 < q < oo, then HY™ < D' ifv>a+ 1 -1,

3. Proof of Theorem 1.1

In the paper we use a sequence {V,,};7 , constructed in the following way (see, e.g., [2], [6]).
Let w be a C* function on R such that

wt)=1fort <1,

w(t)=0fort >2,

w is decreasing and positive on the interval (1, 2).

Let () = @ (%) - w(t), and let Vo(z) = 1 +z,and, forn > 1,

on+l
ZOEDY (Zn 1) Zcp(zn 1)
k=211
These polynomials have the following properties
g(z) = Z(vn +9)(2), for g € H(D), @3.1)
n=0
IV *g”p < Cp”g”pr forg e H”,p >0, (3.2)
1V, = 2"075), 0 < p < o0, (33)

In [6] the following characterization of H'" was proved.
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Lemma 3.1 ([6]). Let 0 <p < 00,0 < g < oo, a>0andletveR. Afunctionge H(D)isin H" if and only if

Y 2V, gl < 00, 0 < g < o,
n=0

and if g = oo, g € HY™*(resp. W™) if and only if ||V, * gll, = O (2”(““’))(1’635;9. Vgl =0 (2"(“‘V)), n— 00).

Lemma 3.2. If n is a positive integer,
4n
P(z) = 2 Az,
k=n

where {Ay} is a complex sequence, and

4n

Qz) = Z log®(k + DAzk, 5 € R,

k=n
then there is an absolute constant C depending only on 6 such that
CHIQl, < log’(n + DIIPIl, < ClIQll,, 0 < p < co.

Proof. In the proof we use next well known results (see [4], [6]).

(1) Let f(z) = )5 m;Z5, 0 < m < n. Then

k=m
lIfll, < Mp(r, f) < ™"Ifll,, 0 <7< 1.

(2)If f e HP and g € HT, where 0 <p < land p < q, then

My(r, f+ ) < (=07 lIfllllglly, 0 < 7 < 1.

(3) Let i be a C* function with support in [a, b] such that b—a > 1 and p > 0. Then for every integer N, Np > 1,
there is a constant C = C, n such that

Will, < Clly™ (b — N7,

where Wy(z) = E Y(k)z~.
k=—oo
Suppose first that 0 < p < 1. Let ¢ be a C* function with support in (%, 5) such that ¢(x) = 1 for x € [1,4]
and Ay :=0fork ¢ {n,n+1,...,4n}. Consider the function y(x) = ¢ (%) log‘s(x + 1). Then we have Q as

(e8]

Q2 =) ¢ (5) log(k + DA = ) wAi
k=0

k=0

Note that supp ¢ C (g, 5n). Hence,

1_
Cr IWylllIPll,
Crar ™ lloon™ 17| 1Pl
CrN g Mlll1PY

IQlly = lIWy = Pll,

I IAIA
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In order to estimate ||™)||, we use Leibniz’s rule and easily proved inequality

; 5
5 (0 log°(n+1) n -
(log(x + 1)) SC———, 5 <x<5m,j=01,...,
to obtain )
|‘P(N)(x)| < CY ‘(p(N—f) (ﬁ) N 10g6(7+1)
=0 "
< CnNlog'(n +1),

where C is independent of n. Therefore
IQll, < Clog’ (1 + 1)IIP]l,-

To prove the reverse inequality we write P as
4n
P@E) = ) log™(k + 1)&2",
k=n

where & = A log’(k + 1). Applying the above case, we get
IPll, < Clog™(n + DI,

which completes the proof in the case 0 < p < 1.
If p > 1, then we use inequality

IQll, = Wy # Pll, < [[WylhlIPll,
and

Wylh < Clog®(n + 1) (above case p = 1),
to complete the proof of the lemma. [

We note that the more general result that the one stated in Lemma 3.2 could be found in [6]. For the
sake of completness the proof of Lemma 3.2 is included.

We also need two lemmas, first is due to Hardy and Littlewood (see [1]) and the second one to Pavlovié
(see [7]).

Lemma 3.3.
(@) H7 c W™ C HY™", for 0 < q < oo;
(b)LetO<p<u<ooandf=1-1L+a Then H)™ ¢ H“P,

Lemma 3.4 ([7]). If a and b are positive real numbers such thata+b < landif g € H?,0 < p < oo, then

27 %17 % 27T ) %
(fo |g(a+be”)|”dt) S(za;b) (fo |g((a+b)e”)1”dt) .

The following two real variables results are well known (see [7]).

Sublemma 3.5. Let0 <g<1,8>0andletu: (0,1) — [0, o) be a nondecreasing function. Then

(f u(s)(1 —S)’“dS) < Cf wi(s)(1 —s)”-ds,

where C is independent of u.
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Sublemma 3.6. Let1 < g <oo,1+6>¢>0andu > 0ameasurable function defined on (r,1). Then

1 o\ 1 ‘
(f u(s)(1 - s)bds) <C(1- r)eqf ul(s)(1 - S)(Hb_g)q_lds.

4646

Proof. [Proof of implication (b) = (a) in Theorem 1.1] The implication (b) = (a) has been proven in [7] for
1 < p < oo and nonnegative integer v. We prove it for 0 < p < 1 and v € R. Our proof shows that it holds

whenl<p<ocoandveR

Letv>a+ % -1,0<p<1landg e H". Letnbe a positive integer such that n — 1 < v < n. It is known

that [|[D¥gllyq < o if and only if [|g®||,4s < oo, where p = &+ 1 —v > 0. The same equivalence holds for Lg.

So it remains to prove that [|(Lg)™|l,qs < .
Letr,=1- %,k > 0. Since

1
(£Lg)"(z) = f 1 -1"g"(t + (1 - t)z)dt,
0

we have that

s . T . P
FlLaoeenfdo < [ d@( fol(l—t)n|g<">(t+(1—t)re19)|dt)

271 b Tk+1 n n i d
= de(gofrk (1 —1)")g¢ >(t+(1—t)re9)|dt)
< C Y 2kl [T 4 (1 - b)re®)pdo,

k=0

where t; € [y, 7x+1]. By using Lemma 3.4 we find that

2t + (1 = tp)r

271
(1) _ i0y|p
fo 17" (te + (1 = t)re'”)PdO < a=tr

By using (3.4) and (3.5) we find
1
rMy(r, (Lg)™) < C f (1= ty"PP2MO(E + (1 = B, g™)dt.
0
Substituting t + (1 — t)r = s, we obtain
1
erww%saLJWW“fa—wwﬂ%@wwa
Let now 0 < g < p < 1. By using Sublemma 3.5 and (3.7) we obtain

LD,

X

7 (1= DM, (Lg)™)dr

C foia - r)qﬁ‘l‘”q‘ﬁf( fl - YPIEMGs 7)ds)? dr
C f01(1 - _1_':‘7“”;7 fr 1- s)’1'7+‘77‘1MZ(s, g(”))dqsdr
C fol(1 = )" IMI(s, g™)ds [ (1 — )T gy
C [; (1= )P 1Mi(s, g™)ds

Q.

IN A

ANVAN

Here we used Fubini’s theorem and the fact thatv > a + rl—] -1

27
[ 1@+ - nmepae.
0

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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Case p < g < 0. Now we use (3.7) and Sublemma 3.6. We choose ¢ > 0 so thatv > a + ;1—7 -1+ f} and we
find that

7 (1= )y IMAGr, (Lg)™)dr

< Cj(;l r)'iﬁ—l—nq—‘ﬂg(jr‘l(l _ S)np+p—2MP(S g(n))ds)%dr
< Cfo (1 -r)" b~ l—nq*q+ﬂ+ﬁdrfl(l )(1+np+p 2-¢) Mq(s g(”))ds 9)
= Cfo S)nqw—;—;— M‘i(s g”))dsf 1 _r)qﬁ 1-ng— q+1’+ﬂd1’
< Cf — s)BIM(s, g™)ds
<
Let g = oo. If sup (1 — )" Mh(r, g™) < oo, then by using (3.7) we find that
q o p1 p\71 g y g
<r<
sup (1 — r)PM(r, (Lg)™)
0<r<1 )
< Csup (1 ===+l [1(1 — sy =2M0(s, g)ds
0<r<1 r1 (3.10)
< Csup (1 —n)frm=rel [1(1 = s)Prempr=24s
0<r<1 r
< C

The implication (b) = (a), for 0 < p < 1, follows from (3.8), (3.9) and (3.10).
To prove that (a) = (b) we need the following two propositions. See [7].

Proposition 3.7. Let 0<p<oo

@) Ifxpan=v-a-1 ,T1<0 then L cannot be extended from h™ to H(ID), and consequently cannot be extended
from HY™ to 7'{(ID)

(®) If kp.ap <0and 0 < q < oo, then L cannot be extended from HY"™ to H(D).

Proof. (a) Let f,(z) = 17 - and let n be a positive integer such that n > a + ;; -1
If 0 < p < o0, then we have

27T %
My(r, f™y < C 40 < ¢ .
prre o |1 —rpeid|n+lp - rp)n+1—%

Hence,
(1 — r)atn=v
sup (1 — ™" "M,(r, f”) < Csup ————— <,
0<r<1 0<r<1 (1 )n+1—5

sincea—v+,1—7—120<:>1<,,,a,1,=v—0z+%+1§0.
If p = oo, then

_ p\atn—v
=y

a+n—v (n)
(1 -7 Moo(r,fp ) < C(l —Tp)”” <

The argument given above shows that the set {f, : 0 < p < 1} is bounded in /. Thus if £ has an

extension to a bounded operator from HP> to H (D), then the set (£ fp(0)} is bounded because the functional
g — 9(0) is bounded on H (D). However,

pr(O)=Z p 1 —>oo,asp—)1,
n=0

n+
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which is a contradiction.
(b) Let &pay < 0,0 < g < co. Choose 0 < B < & such that kg, = 0. Then we have H™* ¢ H)"".

According to (a), that is proved, L cannot be extended to a bounded operator from Hf’m’ﬁ to H(ID) and
consequently neither from H,7* to H(D). O

Proposition 3.8. If0 <p < 0,0 < g < 0o and k., = 0, then the function

(o) Z” 1 1
f(z) = nZ;g k)gg(TZ)' where max{a,l} <e<l+ E'

belongs to H)"", the function Lf is well defined, but Lf is not in H".

Proof. First, we show that f € H)"“. By using Lemma 3.1, Lemma 3.2 and (3.3) we find that

(o]

ZO 21|/, % f”Z
n=|

= Z on(v-a)g (log—é‘(zm—l))q ”V””Z
n=0

q
D" I,

X

E‘ 2n(v—a)q(n + 1)—55]2”(1*%)‘1
n=0

Y (n+ 1)
n=0

< 0

X

X

7

because eq > 1. Thus, f € H,7".
Now we show that Lf ¢ H)"". Since by Lemma 3.3 we have

o0 1
H" C H, ’q”g, wheref = a + ;,

it is enough to show that £f ¢ H;"*.

Let 1 be a positive integer such that n > v and y = f + n —v. Then H,’ = H,""". Now we show that
Lf ¢ H,”", and consequently Lf ¢ H"*. Note that the function £Lf is well defined because ¢ > 1, which
implies

Z 1£k < 00
L (k + 1) log* (k +2)

Note also that ««,, = 0. Since the coefficients ¢, of (Lf )™, are nonnegative, we see that Lf is in =7 if
and only if

fl [i ckrk]q (1 —=n7dr < oo,
0

k=0
which is equivalent to
o0 ki1 1
3 2 [ y ] ‘o
k=0 j=2k

Since ¢; < (j + 1)"b; (j — o0), the latter is equivalent to

0 2k+1_1 q
Zz—kw—nm[ y b].] .
k=0

j=2*
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where b; are coefficients of Lf. Since b; | 0 (j — o), we get the equivalent condition

—k(y-n-1)q7,
ZZ (y=n )qbzk < 0o,
k=0

This condition is not satisfied because n —y + 1 = 0 and

1-¢
Z(;H)log e - ED

and whence

Y e+ 1) = o0
k=0

because (¢ —1)g<1. O

Proof. [Proof of implication (a) = (b) in Theorem 1.1]
It suffices to show that (a) doesn’t hold in the following three cases:

q:oo,v—&—%+1$0,‘ (3.11)
1

0<q<oo,v—a—;;+l<0; (3.12)
1

0<q<cx>,v—oz—;;+1=0. (3.13)

Proposition 3.7(a) shows that (a) in Theorem 1.1 doesn’t hold if (3.11) is satisfied, while from Proposition
3.7(b) it follows that (a) doesn’t hold if (3.12) is satisfied.
Proposition 3.8 shows that if (3.13) holds, then (a) doesn’t hold. O

4. Proof of Theorem 1.2

Proof. [Proof of Theorem 1.2] It is clear that (c) = (b) = (a) and the implication (d) = (c) follows from
Theorem 2.1. It remains to be proven that (a) = (d), that is, that (a) doesn’t hold in the following cases:

0<p§00, 0<q§°0, Kp,a,v<0; (41)
O0<p=<oo, 1<qg<o0, Kpay=0; (4.2)
2<p<oo, 0<g=<1, Kpay=0. (4.3)

Proposition 3.7 shows that (a) doesn’t hold if (4.1) holds.
Case0<p<oo,1<g<00,Kpay=0.

In view of the Proposition 3.7 we can assume that 1 < g < co.
Let

pz
0@ =) —PE gce<io<p<l
ferl®) ~log"(k+2) 2"

As in the proof of Proposition 3.8 we find that

1D fe ol e < qZ<k+1> (9 <C 2<k+1 T < oo,
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where C; is independent of ¢ and p. The function f; , belongs to H(D) and the set

1
{fg,p:0<p<1,0<e<§}

is bounded in H"*. On the other hand

* k

_ P
L) = ;; (k+1)log"* (k +2)

— o0, asp — land e — 0.

The result follows. N
If2<p<00,0<q=1,Kpay =0, then £ cannot be extended to be a bounded operator from H to
H (D). See Proposition 32 in [7]. O

Corollary 4.1. Let1 <p <2.
(@) If0 < q <1, then H,"* € D'I* if and only if k0, > 0.
(b) If 1 < q < oo, then H)'" € DY if and only if kya, > 0.

5. Summary

Theorem 5.1. Let 0 <p < 00,0 < g < coand a > 0. Then

(5.1) L acts as a bounded operator from H," to H,"" if and only if x> 0 (Theorem 1.1).
(5.2) Lacts from H)" to H(D), but not to H"* if 0 <p <2,0 < g < 1 and 14, = 0 (Theorem 1.2).
(5.3) Lacts from HY" to H'", but H)" is not a subset of D'I' if 1,4, > 0 and
2<p<ocoandv-a<-1 whenl<g<oo

or

2<p<coandv-a<-3 when0<g<1

(Theorem 2.1, (2a) and (2b), and Theorem 1.1).

(5.4) The operator L cannot be extended to a bounded operator from H" to H(D) if

(5.4a) xp,a,y < 0 (Proposition 3.7)

or

(5.4b) Ky, = 0,2 < p < oo (Theorem 1.2)

or

(5.4¢) Kpay = 0,1 < g < oo (Theorem 1.2).
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