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Abstract. Recent study has shown great interest in the existence of center for planar differential systems.
Sufficient conditions have been given for a critical point of some polynomial systems to be a center. However,
it is challenging to generalize these results to higher-order or non-polynomial systems by traditional
methods. In this paper, we tackle the problem by studying the equivalence of differential systems using
the Mironenko’s method. Our method includes the construction of RF- integrals for the rational differential
equations, we give some new criterions for two differential equations to be equivalent. Applying these
results to the study of center of planar differential systems, we generalize the conclusions made in existing
literature for a specific polynomial system to a wide range of higher-order polynomial or non-polynomial
systems.

1. Introduction and Preliminaries

In this paper, we consider the rational differential equations of the form

Lobi(O)r
dr = M " (1.1)
ao Y., ai(0)r
The main reason why we are interested in these equations is that they are closely related to planar polynomial
system:

x' = P(X, y)
{ v = Qx,y), (12

where P(x, y) and Q(x, y) are polynomials of degree n + 1 with respect to x, y. To see this, let us note that
the phase curves of (1.2) near the origin (0, 0) in polar coordinates x = rcos 6, y = rsin § are determined by
(1.1), where 4;(0) and b;(0) (i = 0,1, 2, ..., n) are polynomials in cos 0 and sin 8. Since the limit cycles of (1.2)
correspond to 2m-periodic solutions of (1.1), the planar vector field (1.2) has a center at (0,0) if and only if
equation (1.1) has a center at r = 0, i.e., all the solutions nearby are 2n-periodic[1, 3-5, 11]. As usual, we
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often apply the method of Lyapunov to study center-focus problem. A new technique recently developed
by Christopher. Invariant algebraic curves are sought and appropriate Dulac functions constructed [3, 11].
But for high-order polynomial systems and non-polynomial systems, to give the center conditions is very
difficult. Necessary and sufficient conditions are known for very few classes of systems. There are well-
known conditions for quadratic systems [4] and the problem has been resolved for systems in which P and
Q are cubic polynomials without quadratic terms [1, 5].

In the following, we will apply a new method ( Mironenko’s reflecting function [7]) to study the
qualitative behavior of solutions of the differential systems, and derive some sufficient conditions for a
critical point of the certain non-polynomial differential systems and some high-order polynomial systems,
to be a center. According to our method, if we know the qualitative behavior of the periodic solutions of
(1.2), then we know the qualitative behavior of the periodic solutions of the equivalent system:

{ x' = D(x, y)P(x,y) + a(x, YR(x, y)x, (1.3)
¥ = D(x, y)Q(x,y) + alx, y)R(x, y)y. ’

In this paper, in sections 2, we improve the conclusion of Mironenko [8] by using the even and odd
algebraic integrals and give some new sufficient conditions under which two differential systems are
equivalent in the sense of coincident reflecting function. In section 3, we study the structure of the
RF-integrals of the rational differential equations and get their RF-integrals which are rational fractional
functions not polynomial functions. In section 4, we present the sufficient conditions for two differential
equations to be equivalent and derive some sufficient conditions for a critical point of the certain polynomial
differential systems and their infinite equivalent planar systems, to be a center.

Now, we simply introduce the concept of the reflecting function, which will be used throughout the rest
of this article.

Consider differential system

X =X(tx), telcR,xeDcCR",0€l) (1.4)
which has a continuously differentiable right-hand side and general solution ¢(¢; to, xo).
Definition 1.1. [7] For system (1.4), F(t,x) := ¢(—t,t, x) is called its Reflecting function(RF).

If system (1.4) is 2w-periodic with respect to ¢, and F(t, x) is its reflecting function, then T(x) := F(-w, x) =
¢(w; —w, x) is the Poincaré mapping of (1.4) over the period [-w, w]. Thus, the solution x = ¢(t; —w, x¢) of
(1.4) defined on [~w, ] is 2w-periodic if and only if xo is a fixed point of T(x).

Lemma 1.2. [7] A differentiable function F(t, x) is a reflecting function of system (1.4) if and only if it is a solution
of the Cauchy problem

F, + FLX(t, %) + X(~t,F) = 0, F(0, x) = x. (1.5)

This implies that sometimes for non-integrable periodic systems we can find out its Poincaré mapping.
If, for example, X(t, x) + X(—t,x) = 0, then T(x) = x.

Definition 1.3. [7] If the reflecting functions of two differential systems are coincident in their common domain,
then these systems are said to be Equivalent.

All the equivalent 2w-periodic systems have a common Poincaré mapping over the period [-w, ], and
the qualitative behavior of the periodic solutions of these systems are the same. By this one can study
the qualitative behavior of the solutions of a complicated system by using a simple differential system.
Unfortunately, in general, it is very difficult to find out the reflecting function of (1.4). How to judge
two systems are equivalent when we do not know their reflecting function? This is a very important
and interesting problem! Mironenko in [7-9] has studied it and obtained some valuable and interesting
conclusions. In this paper, we will improve their results and get some new sufficient conditions under
which the differential equations are equivalent.
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Definition 1.4. If A(t, x) is a non-zero solution of the partial differential system
Ni(t,x) + Ay, x)X(t, x) — X, (t, x)A(t, x) = 0, (1.6)
then A(t, x) is called RF-integral of (1.4).
By [8], we know
Theorem 1.5. [8] If A(t, x) is the RF-integral of (1.4), then the system (1.4) is equivalent to the system
x' = X(t, x) + B(HA(, x),
where B(t) is an arbitrary odd continuous scalar function.

There are many papers which are also devoted to investigations of qualitative behavior of solutions of
the differential systems by help of reflecting functions[2, 6-10, 12-16].

In this paper, we will discuss the qualitative behavior of solutions of the fractional differential equation
(1.2) which has a continuously differentiable right-hand side, and has a unique solution for their initial
value problem in a neighborhood of the origin.

2. Odd and Even Algebraic Integrals and Equivalence

Definition 2.1. If 5(t, x) is a continuously differentiable scalar function and for any solution x(t) of (1.4), 6(¢, x(t)) =
O(—t, x(—t)), then this function is called Even algebraic integral of (1.4). If (¢, x(t)) + 6(—t, x(—t)) = 0, then 6(t, x)
is called Odd algebraic integral of (1.4).

Remark 2.2. If u(t,x) = c ( c is a constant) is the first-integral of (1.4), then for any differentiable function ¢(t, x)
such that ¢(t,x) = ¢(—t,x), P(t, u) is the even algebraic integral of (1.4) and a(t)p(t, u(t, x)) is the odd algebraic
integral of (1.4), where a(t) is an arbitrary odd function.

Lemma 2.3. Suppose that
6t(t/ x) + 6XX(t/ x) = f(t/ 6(t1 x)) (21)

and f(t, 0) is a continuously differentiable odd function with respect to t. Then 0(t, x) is the even algebraic integral of
(1.4).

Proof. Denoting 6 := 6(t, x(t)), 6 := 6(—t, x(—1)). It is easy to check that 6 and 6 are the solutions of (2.1) and
at t = 0 they are equal, by the uniqueness of the solutions of the initial value problem of (2.1), we get 6 = 6.
Thus the proof is finished. ]

Theorem 2.4. If A(t, x) is the RF-integral of (1.4), 5(t, x) is an odd algebraic integral of (1.4), then (1.4) is equivalent
to the system

x' = X(t, x) + 0(t, x)A(t, x). (2.2)
Proof. Let F(t, x) be the reflecting function of (1.4). By (1.5) we have
Fi + F.X(t,x) + X(-t,F) =0, F(0,x) = x.
As A(t, x) is the RF-integral of (1.4), by lemma 1 of [8], we get FXA(t, x) = A(—t, F(t, x)), thus
Fi + Fo(X + 0(t, x)A(t, x)) + X(—t,F) + 6(—t, F)A(—t,F) =

= F0(t, x)A(t, x) + 6(—t, F)A(—t,F) =

= O0(t, x)(FxA(t, x) — A(—t,F(t,x)) = 0,
hence, F(t, x) is the reflecting function of (2.2), too. Therefore, the systems (1.4) and (2.2) are equivalent. [
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Similarly, we get the following conclusions.

Theorem 2.5. If A(t, x) is the RF-integral of (1.4), 6(t, x) is an even algebraic integral of (1.4), a(t, x) is an arbitrary
continuously differentiable scalar odd function with respect to t, then the system (1.4) is equivalent to the system

x' = X(t, x) + a(t, 5(t, x))A, x).

Remark 2.6. By lemma 2.3 follows that if A(t, x) is the RF-integral of (1.4) and 0(t, x) is the solution of (2.1), then
the conclusion of theorem 2.5 holds.

Theorem 2.7. If A(t, x) is the RF-integral of (1.4), u(t, x) = c (c is a constant) is the first integral of (1.4), a(t, u) is
an arbitrary continuously differentiable scalar odd function with respect to t, then (1.4) is equivalent to the system

x' = X(t,x) + a(t, u(t, x))At, x). (2.3)

Remark 2.8. If in theorem 2.4 taking 6(t, x) = B(t), or in theorem 2.5 or theorem 2.7 taking a(t, u) = B(t), B(t) is an
arbitrary scalar odd continuous function, then from one of these three theorems can follow the result of theorem 1.5.
That is said, our conclusions improve the result of Mironenko’s[8].

Example 2.9. If x¢x + yy, = 2y, then the differential system

X =y +xP(x,y),
{ Y =-x+ypx,y) @4)

has a first integral u = t — arctan® and RF-integral A = (x(x* + y*), y(x* + y*)T. By theorem 2.7, this system is
equivalent to the system

X =y +xP(x, ) + alt, ¢t t — arctan))x(x? + y?),
Y = —x+ yi(x,y) + alt, (t, t — arctanL))y(x* + y?),

where a(t,u) is an arbitrary continuously differentiable odd function with respect to t, ¢(t,u) is a continuously

differential even function with respect to t.
(xsin t+y cos t)?

If taking ¢(t, u) = u, a(t,u) = B(t) cos® u = ‘B(t)W, then the system (2.4) is equivalent to the system

X =y+x(x,y) + p(t)x(xsint + y cos t)?, 95
Yy =—-x+yyP(x,y) + p(t)y(xsint + y cos 1?2, (2.5)

where B(t) is an arbitrary differentiable odd scalar function. Furthermore, if f(t) is 2m-periodic, then the qualitative
behavior of the periodic solutions of the systems (2.4) and (2.5) are the same.

3. The Structure of the RF-Integrals of the Rational Equations

In this section, we will discuss the structure of the RF-integral of the following rational differential
equation

, Thobx B
= SO =7 (3.1)

It has a continuously differentiable right-hand side and the solutions of the initial value problems exist and
unique. A and B are relatively prime polynomials with respect to x , A # 0 and a, # 0 (n > 1) near the point
x=0forallteR.

In this section, the notation (A, B) = 1 means that A and B are relatively prime polynomials with respect
tox, A | B means that B is divisible by A, A 1 B denotes that B is not divisible by A.
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By the definition 1.4, we know that if function A(t, x) is a solution of the following partial differential
equation

B B
At(tl x) + Ax(tl x)Z - (Z)XA(t, x) - 0/ (32)
then A(t, x) is the RF-integral of (3,1).
Theorem 3.1. If A(t, x) is the RF-integral of (3.1), then A(t, x) can not be a polynomial function with respect to x.

Proof. On the contrary, if the present conclusion is not correct. Suppose A(t, x) is a polynomial of degree k
with respect to x, by (3.2) we get

A(AA; + AcB — ByA) = —A,BA, (3.3)

As (A, B) =1, (3.3) implies that A | A,A.
Case 1 (4, Ay) = 1. From (3.3) follows that A | A.So A = AWk > 1,At W, Wis a polynomial function
with respect to x. Substituting A = A*W into (3.3) we get

AKAW + AW, + W,B — BJW) = —(k + 1)A.BW,

it implies that A | W. This is contradictory with the above hypothesis. Thus, A is not a polynomial function
with respect to x.

Case 2. (A, Ay) #1. Let A = A’l(lAg2 ---Af’, Zé:l ki = n,ki(i = 1,2,...,1) are positive integers, (A;,Aj) =
1,(Ai,Ai) =13G # j,i,j =1,2,..,]), the polynomials A;(i = 1,2, ...]) can not be factored. As (A, A;) # 1, so,
there is at least one k; > 1(1 < i < I). We might assume that k; > 1, thus

Ay = ANTIG, G = ki ALD + ADy, @ = ARAR AT
Obviously, it implies that (A1, G) = 1.
Substituting them into (3.3) and dividing by A’lﬁ_l, we get
A1D(AA; + A B — B;d) = =GBA, (3.3")
As(A1,B)=1,(A1,G)=1,50A1 | A. Let A = A’l‘D, A1 1D, (k > 1). Substituting it into (3.3") and dividing by
A’{, we obtain
Ay (@AM DKALD + ADy) + D:B — B,D) + BD®,) = —BD(k1 + k)A1, @,

it implies that A; | D, this is contradictory with the above hypothesis. Thus, the present theorem is correct.
The proof is finished.
O

Theorem 3.2. If R and S are relatively prime polynomials with respect to x, A = Iégg is a rational fractional

RF-integral of (3.1), then S(t, x) = A(t, x)D(t, x) and (A, D) = 1, where D is a polynomial with respect to x.

Proof. Suppose A = £ is the RF-integral of (3.1), using (3.2) we get
A[A(R:S — SiR) + B(R,S — SyR) — ByRS] = —A,BRS. (3.4

As (A,B)=1,s0 A | ARS.

Case 1. (A, A,) = 1. From (3.4) follows A | RS.

19.1f(A,S) =1, then A | Rand R = A*G, A t G, where Gis a polynomial with respect to x, k is a positive
integer. Substituting it into (3.4) and dividing by A, we get

A[KAG + AG:S — S;AG + B(GyS — S:G) — BySG] = —(k + 1)BGSA,,
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it implies that A | BGSA,, as (A, Ax) =1,(A,B) =1,(A,S) = 1,50 A | G . This is contradictory to the previous
hypothesis. Thus (4, S) # 1.

20, If (A,R) = 1, then A | S. Because (A,Ay) = 1, so A can be expressed as A = A1Az - A}, (Ai,Aj) =
1, (A, An) = 1G # ji,j =1,2,..,1). Let S = AT"AS"-- -A;”’D, (Ai,D) = 1,m;(i = 1,2,...,]) are positive
integers. Substituting them into (3.4) and dividing by factor A]"AJ? --- A™ we get

A[RtAD - RADt - AD(mlAltA2 o -Al + m2A1A2tA3 = -A] + ...+ mlAlAz i -Alt)-i-
+B(RyD — RD,) — ByRD] =
RDB((m1 - 1)A1XA2 .. 'Al + (7712 - 1)A1A2xA3 .. 'Al + ..+ (ml - 1)A1A2 .. 'A[x).

As (A,Ay) =1,(A,B) = 1,(A,R) = 1,(A,D) = 1, from the above relation implies m; = 1(i = 1,2,...,, 1), i.e,
S = AD, (A, D) = 1. Therefore, the conclusion of the present theorem is correct.

301 (A,S) # 1and (A R) # 1. Let A = A1Ay, (A1, A2) =1,A1 1S, A2 | R, (A1, A1x) = 1,(A2, A2y) = 1. Then
R = AXG, A, t G, kis a positive integer. Substituting it into (3.4) and dividing by the factor A% we get

Ao[A(kAxGB + A3SG; — A2SiG) + A1B(GyS — S¢G) + SG(A1xB — ByA1)] =

= —(k + 1)A2.SBA1G,
it implies that A2 | AQXSBGAl. As (Az,AQx) = 1, (Az,Al) = 1, (AQ,B) = 1, (Az, S) = 1, SO A2 | G, this is
contradictory to the previous hypothesis. Thus A | S,i.e.,, S =AD,(A,D) = 1.

Case2. (A, Ay) # L. Let A=ANAR  AY Vi ki=nki>1, (A A) =1,(Ay Aw) = 1( # j,i,j = 1,2..,1),
the polynomials A;(i = 1,2, ...I) can not be factored. As (A4, Ay) # 1, so, there is at least one k; > 1(1 < i < ).
Thus

Ay = ATIARTT ARG,
G= klAlez...Al + k2A1A2x A+ klAlmAI—lAlx-
Obviously, it implies that (A;, G) =1, (i = 1,2, ..., I). Substituting them into (3.4) and dividing by the factor
Alil_lAgz_l .- -A;”_l, we obtain

A[A(R:S - SiR) + B(R,S — S;R) — B,RS] = —BRSG,

where
A= A1A)As--- AL
As (A;,B) =1, (A4;,G) =1,s0 A | RS.

1° 1f (4,5) = LA | R. Let R = A"A}--- A"W,(A;, W) = 1,m; (i = 1,2,...,]) are positive integers. In
the similar way as case 2 of theorem 3.1, we can prove that A; | W, this is contradictory to the previous
hypothesis .

20 If (A,R) =1,A| S. Let S = AJ" A} --- A"D, (A;, D) = 1,m; (i = 1,2, ..., ]) are positive integers. Similar
as case 1 of the above and theorem 3.1, we can prove that m; = k;, (i = 1,2, ...,1), thus, S = AD, (A, D) = 1 and
the result of the present theorem is correct.

30 If (4, R) #1, (A, S) # 1, similar as the case 1 of the above, we can prove S = AD, (4,D) = 1.

In summary, the proof is completed. [

bo(t)+b1(D)x
ao(t)+aq(x

4. On the RF-Integrals of % =

Consider the rational differential equation

dx bo + blx B
= == 4.1
At ag+ alxx av @1)

where a; = a;(t), b; = bi(t) (i = 0, 1) are continuously differentiable functions and apb; —a1by # 0,a0a1 # 0, A =
ap+mx, B = bo + b1x.

By section 3, we know the equation (4.1) has the RF-integral in the form of A = -{x. Thus, in this section
we will discuss under which conditions this rational fractional function is the RF-integral of (4.1).
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Theorem 4.1. Suppose that functions vi(k = 0,1, 2, ..., n) are the solutions of the following linear differential systems

v, =0,
{ 0, = (8o, + (B) — (k= D% + (k= Dy e 8%, (k=1,2,..,m) *.2)
(©u el (s r-DDity g, 43)
1
Then
bo
" agoge S w0tk
A= Diz0f00C 70X (44)
ap + a1 x
is the RF-integral of (4.1).
Proof. By (1.5), A = Zﬂ’;‘farlk;kx = Ax is the RF-integral of (4.1), if and only if
RiA — AR = (RBy — R,B)x. (4.5)
Equating the coefficients of the same power of x on the both sides of (4.5) we obtain
rodo — agro =0, (4.6)
Aoty + ary_y — agry — ayre-y = —kbory — (k = 2)birq, (k=1,2,..,n) 4.7)
rar — ajr, = —(n = 1)byr,. (4.8)

rk kfaodt

Denoting v, = and using (4.6) and (4.7) and simplify computing we get (4.2). From (4.8) follows

;—';e(" nfa o dt) = 0, which implies the identity (4.3) holds. Therefore, the function (4.4) is the RF-integral of
41). O

Theorem 4.2. If there are two different constants Ay, A1 such that
Ao(ﬂobl + ﬂoﬂi - a1116) = /\1(&11?0 + aiao - ﬂlﬂé), (49)

then A = 228Xy s the RE-integral of (4.1) and

ap+a;x

19 If AgAy 20, A = % # 1, then the general integral of (4.1) is

20.If A\g = 0, Ay # O, then the general integral of (4.1) is

u—lnlxl—— f—dt

30 If A1 =0, A # O, then the general integral of (4.1) is

u—ln|x|+—x—f—dt

And also, the equation (4.1) is equivalent to the equation

d bo+b Aoag + A
ax _ bo 1xx +alt, ) 040 1ﬂ1xx, (4.10)
dt  ag+mx ag + a1 x

where a(t, u) is an arbitrary continuously differentiable odd function with respect to variable t, u is the general integral

of (4.1).
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Proof. By definition 1.4, we know the fractional function A = 27 x = L is the RF-integral of (4.1), if and

only if (4.5) holds. Equating the coefficients of the same power of x on the both sides of (4.5), we have

roa0 — agro = 0, (4.6)
roan + 1iag — agry — ayrg = birg — riby, (4.11)
riay —ajry = 0. (4.12)

From (4.6) implies that ro = Agag, Ao is a constant . From (4.12) yields that r; = Aya;, A1 is a constant.
Substituting these relations into (4.11) we get (4.9) . As apb; —aiby # 0, so Ag — A1 # 0. Thus, under the

hypothesis of the present theorem, the function A = A"Zg:—l/}llx’“xx is the RF-integral of (4.1).
10.If AgAy £0, A = f\—:} # 1. From (4.9), we get

1
b= AZby + (A — 1)= (@0 — aja)-
ap ap
Substituting it into (4.1), we have

¥+ (1= ) 'y (By?) = (x+)\ f2)
ao ao

1 —/\Ll()

Both sides of the above equation are multiplied by ﬁx%\ , we obtain

Solving this linear differential equation we get

A ap Abg
U= (SxTT + —xT)e St - c,
A ap

(where c is a constant) is the general solution of (4.1).
20 IfAg=0,A; #0, by (4.9), we get by = alo(aéal — apa}), substituting it into (4.1) we have

Solving this linear equation we get its general integral is

u—lnlxl———f—dt—c

ﬂ]tl —apa 1

where c is constant.

30.1f Ag # 0, A1 = 0, using (4.9), we get by = , substituting it into (4.1), we have

a bo
—x) = —.
ao ao

Solving this equation we get its general integral is

u—1n|x|+—x f—dt—c

where ¢ is a constant.
According to theorem 2.7, the equation (4.1) is equivalent to the equation (4.10).
In summary, the proof is completed. [
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ro+r1X+7o x> _
(ap+ar1x)(do+d1x) ™

By Theorem 3.2, we see that the equation (4.1) maybe has the RF-integral in the form of A =
R -
5% (A, D) =1.

Theorem 4.3. Suppose there are two real numbers Ay, A1 such that
10 If
a1C1 +ag(A1 — Ag) # 0

and
aoCo + a1(Ao — A1) = z(a1Cy + ap(A1 = Ag)), (4.13)
where z := Z—; (dody # 0) is the solution of the linear differential equation

, a , iy mbo oy by w41,
z<<:o+ao(mAo>>+z<c0+<m)\o>(a0>+zmag 20070) = G = Gy (4.14)

Co and Cy are respectively the solutions of the following linear differential equations

b

apb1 — a1by

' 0
=——0 +AM———, 4.15
G 2 Co+Ag p (4.15)
b b1 —mb
¢ =20+ 2,200~ Mo (4.16)
a a3
Then
Ao Aoag + (aoCo + Ao(ay + apz))x + Ayarzx?
N (ao + a1x)(do + d1x)
is the RF-integral of (4.1).
2°. If Gy +ag(Ay — Ao) = 0 and (4.16) holds, then A = 2940y s the RF-integral of (4.1).
Proof. By (1.6), A = %x = & xis the RF-integral of (4.1), if and only if
RiAD — (AD);R = x(BxRD + DyRB — RDB).
Equating coefficients of the same power of x on the both sides of above relation we obtain
roe0 — €oro =0, (4.17)
1’661 + 1’360 - 667‘1 - 617’0 = (bldo + bodl)i’o - leodo, (418)
ety + e1ry + egry — 126 — r1ey — roey = 2(bidiro — bodora), (4.19)
7’;62 + r;el - 611’2 - 6;1’1 = bldﬂ’l - (b0d1 + b1d0)1’2, (4.20)
rye2 —eyr2 =0, (4.21)

where e = a()d(), e = ﬂ()dl + ﬂld(), ey = aldl.
Solving equation (4.17) and (4.21), we get

ro = Aoeo = /\Qﬂlodo, Ty = Alez = /\15!1(11.
Substituting these relations into (4.18)-(4.20), we obtain

ey — bod
= O sy 4 Ay @18)
€ €o €o
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, e, —bidy e1., bodi +bid
e (G (4207
(%) %] (%]
7‘/181 - 6’11’1 = (/\1 - Ao)(EzEé - 6085) + 2(b1d11’0 - bodo?’z). (419')
Solving the equation (4.18") and (4.20") we get
r = )\031 + EOCO/ (418”)
r = )\161 + €2C1, (420”)

where (y and (; are respectively the solutions of the equations (4.15) and (4.16).
Using (4.18”) and (4.20”) derive the relation (4.13). Substituting (4.18”) into (4.19") implies (4.14) is held.

Thus, under the conditions of the present theorem, the function A = %Mx is the RF-integral of
(4.1).

If a1Cy + ap(A1 — Ap) = 0, using (4,16) follows the identity relation (4.9). According to theorem 4.2, the
conclusion of the present theorem is correct.

The proof is completed. [

Similar, we can discuss under which conditions A = %x is the RF-integral of (4.1). Where D, R are
polynomials of degree n with respect to x. Here, we don'’t state it anymore.

Now, we apply the theorem 4.2 to discuss the center-focus problem and integrability problem of the
quadratic systems and their equivalent systems.
Let’s consider the quadratic system

X' = =y + axnx? + anxy + any?, (4.21)
]// = X+ bzoxz + bnxy + bozyz, ’
where a;j, bjj (i, j = 0,1,2) are real numbers. Taking x = rcos 0, y = rsin 0, this system reduces to
dr by7?
— = 4.22
e 1+mr’ (4.22)
where
a1 = by cos® 0 + (b11 — ax) cos? Osin O + (bop — a11) cos Osin® O — agy sin® 6,
b1 = ay cos® 6 + (a11 + bag) cos? O'sin 6 + (agy + by1) cos O sin® 6 + by, sin® 6.
The relation (4.9) is equivalent to
/\01’]1 = (Al - /\0)11’1. (49,)
By relation (4.9") and theorem 4.2 we derive the following conclusions.
Theorem 4.4. For nonzero constant A , A # 1. If
1 A A-1
= l’) = —— , b = , b = ,
a2 1= /\1120, 20 Aall n=az 1020 02 1 an
then system (4.21) has the first integral
u= >+ yz)ﬂfi‘w(l —anx+ Az Y)
A=1
and this system is equivalent to the system
X' = =y + axx? + anxy + rany? + a(0,u)x(1 — anx + F5a0y), 493
A D S Aol o 1- A (4.23)
Y =x— yanx” + 35a0xy + Soany” + a0, u)y(1 — anx + 35 a0y).

where (6, u) is an arbitrary continuously differentiable odd function with respect to 0, 0 = arctan®. And these
equivalent systems have a center at (0,0).
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Proof. Under the assumption of the present theorem, taking A = %, it is not difficult to verify that (4.9")
holds. By theorem 4.2 we know
_ Ao + Alalrr

A
1+ar

in which

1
1 =—L%c059+)L

1 a0 sin 9,

is the RF-integral of (4.22) and its general integral is

A
u= rﬁ(l + Amr) = rl%\(l —aprcos O + 1 1a20rsin 0).

Thus
Adog

u= @+ 2T (1 —
= Yy (1 —apx +

is the first integral of (4.21).
By theorem 2.7, it implies that (4.22) is equivalent to the equation

dr _ bll’z A0+/\1ﬂ11’r

— = 4.24
de 1+alr+a(6’u) 1+ar ( )

As u(0,r) = u(=0,F(0,r)), in which F(0, r) is the reflecting function of (4.22), thus F(0 + 27, r) = F(0,r) and
r = 0 is a center of (4.22) (see [6]) and the equivalent equation (4.24) has a center r = 0, too. On the other
way, the equation (4.24) is equivalent to the system (4.23), therefore, the conclusion of the present theorem
is true. [

Remark 4.5. Ifin (4.23) taking (0, u) = sin Ou'™", then the system (4.23) reduces to

_ 1 A -
X = Y+ 1120;52 +any + mﬁaﬁoyz + xy(i —a11x + mfzoy)z ;‘,A
Y =x— qaux” + Hya0xy + Sany” + y (1 —anx + 355a20y)"

and this system has a center (0,0), too. That is said, if we know a quadratic system has a center at (0,0), meanwhile,
we know its many equivalent complicated systems have a center at (0,0), too.

In (4.9) taking A1 = 21 and same discussing as theorem 4.4, we get the following theorem.

Theorem 4.6. If

1
b1 = —2az, b, = ~5m
then system (4.21) has a first integral
_3.2., 2 boox® — 2, 3 2_ . 3
u(x, y) = 2(x + y°) + baox” — 3axx“y FINXY” — dooy
and this system is equivalent to system

{ X' = =y + axx? + anxy + any® + a6, wu(x, y) cos o, (4.25)

Y = x + boox? — 2a50xy — Lay1 % + (6, u)u(x, y) sin 6,

where (6, u) is an arbitrary continuously differentiable odd function with respect to 0, 0 = arctan®. And these
equivalent systems have a center at (0,0).
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If in (4.9") taking Ag = 0, A1 # 0, then the relation (4.9) is equivalent to 4; = 0 and the equation (4.22) is a
polynomial equation, in the paper [14] we have discussed its RF-integral and its equivalence.

If in (4.9") taking Ay = 0, Ap # 0. Applying theorem 4.2 and same discussing as theorem 4.4, we obtain

Theorem 4.7. Ifay; = b1y = 0,420 = ao, bao = bop, then the system (4.21) has the first integral

u=1n \Jx% + y2 + byox — axy

and it is equivalent to the system

{ x' = -y + llzo(xz + ]/2) + a(el u)x, (4 26)

Y =x+byo(x* + ) + a0, u)y,

where a(0,u) is an arbitrary continuously differentiable odd function with respect to 0, 0 = arctan®. And these
equivalent systems have a center (0, 0).
Ifin (4.26) taking o = A sin 6 cos Oe* (A is a constant), then this system becomes

X' = =y + a0 (% + y?) + AxPye?bxaay),
Y = x + bao(x? + y?) + AxyPe?baox-any),

From the above theorems, by the equivalence, we can know the qualitative behavior of a non-polynomial
system and high-order polynomial systems by discuss a low-order polynomial system.
Applying theorem 4.3 to system (4.21) we derive the following theorem.

Theorem 4.8. If there are two real numbers Ay, A such that
mCi+A—Ag 0,
@0 = 20) = G + @G-+ A1 = AN = 2o [ aabnd0) =0,

Co +a1(Ao — A1) = z(a1Cy + A1 — Ap),

where . .
= Aoby, G = =G + A,
ay a3
then
A= Ao+ (Ao(z + a1) + Co)r + /\1&121’2
B 1+ a1 +2zr)

is the RF-integral of (4.22), and (4.21) is equivalent to the system

X = (-y+ aQOx; +apxy + a02y22)(1 +z/x2 + y2) + a(0, u)Rx, (4.27)
Y = (X + byox* + bixy + boay?)(1 + z+/x% + y2) + a(6, u)Ry,

where 6 = arctan}—y(, R = Ao+ (Aoz +a1) + Co) VX2 + 2 + Aayz(x® + yz), a(6,u) is an arbitrary continuously
differentiable odd function with respect to 6, u is an even algebraic integral of (4.21).

In summary, to discuss the equivalence of the first-order differential equations is very important for
researching the qualitative behavior of the planar differential systems. Applying our results to the study of
center of planar differential systems, we generalize the conclusions made in existing literature for a specific
polynomial system to a wide range of higher-order polynomial or non-polynomial systems.
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