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Asymptotic for LS Estimators in the EV Regression
Model for Dependent Errors
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*Department of Applied Mathematics, Warsaw University of Life Sciences (SGGW), Nowoursynowska 159, 02-776 Warsaw, Poland

Abstract. We study consistency and asymptotic normality of LS estimators in the EV (errors in variables)
regression model under weak dependent errors that involve a wide range of linear and nonlinear time
series. In our investigations we use a functional dependence measure of Wu [16]. Our results without
mixing conditions complete the known asymptotic results for independent and dependent data obtained
by Miao et al. [7]-[10].

1. Introduction
We consider the following simple linear errors in variables (EV) model:
T]i=9+ﬁx,‘+€,’, Ei=x+0;, 1Si§7’1, (1)

where 0, f are unknown parameters, x; are nonrandom design points, (¢1,61), (€2, 02), . .. are random errors
and n;, &,i=1,2,..., are observable random variables. From (1), we have

T],'=9+‘B§,‘+V,‘, V,'=€i—ﬁ(3,‘, 1<i<n.
Then, we get the least squares (LS) estimators of 0, § as

~ ?: &i— gn i~ 1
ﬁn:Z 1(” )(7 217)/ )
Zi:l (51 - gn)
én = T_]n - ﬁné_nl (3)
where &, =n 1Y & Ny =0t Y0 0.

Model (1) was proposed by Deaton [1] to correct for the effects of sampling error and is more practical
than the ordinary regression model. In the case that the errors are sequences of independent random
variables, Liu and Chen [4] gave the consistency of the LS estimators for the linear EV regression model.
Miao et al. [7] and Miao and Young [8] gave the central limit theorem and the law of iterated logarithm
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for LS estimators in model (1). Miao et al. [9] obtained the consistency and asymptotic normality in model
(1) under some mild assumptions. Recently, several authors have been dealing with asymptotic properties
of LS estimators in simple linear EV regression when the errors are dependent. For example, Fan et al.
[2] established the strong consistency and asymptotic normality of LS estimators when the errors form a
stationary a-mixing sequence of random variables. Miao et al. [9] established similar results when the
errors are m-dependent, martingale differences, ¢-mixing, p-mixing or a-mixing. Miao et al. [10] proved
the strong and weak consistency of LS estimators when the errors are martingale differences.

Basic Assumptions
Now, we present our assumptions of the dependence model of errors and the conditions for design (x;).
For ar.v. X, denote [|X|lo = EY/9 IX|2; moreover, S, ~ b, means that S, /b, — 1 and S, >> b, means that
Su/by — o0 as n — co. We formulate the following assumptions.

(A1) S, is a real sequence such that S, ~ Y.i_; (xi — 32,1)2 and

max xi = Xl
I<isn /G,
forsomey >1/2-1/p,

=0(n™) 4)

Sy >> n*2P (5)
for some p > 2.

(A2) & = g(&,&1,...) for some measurable function g, where (&);. is a sequence of zero mean i.i.d.
random variables such that for some Q > 1, E Ielle < o0 and

Y llei=é€ll, <, (6)
i=1

where ¢, = g (éi, Eityerar 8y €, .), and & is an independent copy of &.

(A3) 6; = h(&;,¢&i-1,...) for some measurable function /1, where (&;),cz is a sequence of zero mean i.i.d.
random variables such that for some Q > 1, [E 161/ < co0 and

Y lloi =57l < oo, @)
i-1

where 6, = h (5,-, Eityeear &€, .), and & is an independent copy of &.

(A4) S, is a real sequence satisfying

Sy~ Z (xi — xn)zl
i=1

S, >>n?,
X;i — X
max Fi = %l =0(1).

1<i<n \/S_n

(A5) Let &; = g (&, &-q,...) for some measurable function g, where (&;),cz is a sequence of zero mean i.i.d.
random variables and 6; = h (&, €1, ...) for some measurable function /i, where (¢;),cz is a sequence
of zero mean i.i.d. random variables such that

[oe]
2 illei=eill, < ®)
i=1
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Y iflr-o, < ©
i=1

;= (5,-, €ty Ep €, .), and &} is an independent copy of & and 6, = h (éi, ity Ep 8, .),

and &, is an independent copy of &. Additionally we assume that (&),cz and (¢;),cz are independent.

™

Our new contributions to EV regression theory are the strong consistency and asymptotic normality
for LS estimators in (1), when the errors satisfy weak dependence assumptions (A2)-(A3) that involve
linear and nonlinear time series. This is a new concept of dependence measure which is an alternative to
mixing models and can be found in Wu [10]. The proposed dependence model involves the computation
of moments and it is easy verifiable. Generally, this model might to be less restrictive than strong mixing
conditions and martingale differences assumptions that are hard to be verified. The main concept of this
model is based on projective criterion which is presented in [11]. The processes with geometric moment
contraction (bilinear process and nonlinear moving average-see Examples 2.1, 2.3 in Shao [12]) are closed
connected in our dependence model. Some related ideas of this dependence model we can found in [6],
[13], [15]. For further information and examples one can see in [14], [16].

In particular, using this approach, we consider linear EV regression models when the errors are a
GARCH process (Example 1), iterated random functions (Example 2) and a linear process (Example 3). Our
results on the strong consistency of §, and 0, (Theorems 2.1-2.2) under weak dependence assumptions are
very similar to the results of Miao et al. [10] when the errors (¢;) and (0;) are martingale differences:

ﬂ (‘8"” _ ﬁ) 5. () (10)

1
nr

for some p > 2 and

lim —2— =0
n—oo nz—z/l’ ’

and
n' = (0, - 0) 5™ 0 (11)

for some a € (1/2,1]. For a general weak dependence model (A2)-(A3) for the errors (¢;) and (6;), we obtain
(10)-(11) under the following additional assumption:

|2

z’_xnl -
Wi =Xl _ o
max—g o)

for some y > 0. We obtain the asymptotic normality of f, (Theorem 2.3) under the same assumptions on
the normalizing sequence S, (see (A4)) as in Miao et al. [9] (in Theorem 2.5) for independent errors. We
generalise Miao’s result to dependent errors (A2)-(A3). More concrete, we assume that the errors (¢;) and
(1) separately satisfy weak dependence assumptions but they are independent of each other as a random
sequences (see (A5)). In particular, our result covers a wide range of dependent errors given in Examples
1-3. In our proof of asymptotic normality of 0, (Theorem 2.4) our conditions of design (x,): (A4) and

Vi |%,|
VS,

are the same as the conditions in Miao et al. [9] (in Theorem 2.6) in the case of independent errors. Below
we present the discussion with more details of the assumptions (A1)-(A5).

-0




K. Furmariczyk / Filomat 31:15 (2017), 4845-4856 4848

Discussion of the conditions (A1)-(A5)

Now, we present a few examples when the errors (¢;) and (;) satisfy the weak dependence conditions
(A2)-(A3) or (A5) (especially (6)-(7) or (8)-(9)). Next, we give some remarks of the design (x;). Let (&)iz be
a zero mean i.i.d. sequence.

Example 1. Let (¢;),cz be a GARCH(p,q) sequence given by the relations
ek = &Ly,
and
LI=p+aly  +...+ a,,L,%_p +BiEL ..t /quﬁ_q,
where u, a1, ..., ap, f1, ..., By € Rare parameters. If

max(p,q)
Z ||a,' + ﬁi‘szz”z <1
i=1
then (see Jirak [3], p. 6)
lei - &ill, = 0 (¢') (12)

for some 0 < p < 1. Hence (6) holds. Similarly we can obtain (8).
Example 2. Let (&;)icz be defined by the recursion

ek = f (-1, &)

for some measurable function f. If

Eoup |f(x, &0 - f(y, &) -

x#Yy |x - y|

and
I o 20 < o

for some x (see Jirak [3], p. 6), then we have (12) and (6), (8).
Example 3. Let (&;)cz be a linear process

[
Ek = Z b?’gk—r/
r=0

where the coefficients (b,),-, are such that

o0
Y lb] < .
r=0

Then it is easy to see that

||€,~ - s;”Q = |bil ”50 - 56”Q-
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Hence, if E IéolQ < 0o, then (8) holds. If we additionally assume that

o)

Y ilbil < oo,
i=1
then (9) holds.
Remark 1. For nonrandom design x; = = for 0 < & < 1/2 by simple calculation we have %, = ’2%,

n .2 _ nn+l)(2n+l) n N2 _ n(n*-1) n(n?-1)
Yo X; = =& Therefore )., (x; — X,)" = =57 and S, ~ 5.5

Observe that

Sy nn?—1)
n2-2lp  1pp20+2-2/p

and

S, nm*-1)

7’12 12n2&+2

for 0 < & < 1/2. Similarly

i = Tl [ H—n—H] 12
max =0|max — |=0(n7V
I<isn  4/[S, 1sisn |\ fp(n2 = 1) ( )

and condition (4) in (A1) holds for y = 1/2. Hence conditions (A1), (A4) are satisfied.

Remark 2. The strong consistency of f, and 0, (Theorems 2.1, 2.2) we obtain when S, >> n?72/7 for
some p > 2. If S, >> 12, then we obtain asymptotic normality of f, and 0, (Theorems 2.3, 2.4).

Remark 3. Condition (16) in Theorem 2.2 is satisfied for nonrandom design x; = n% for a > 0.

Remark 4. Independence of random sequences (&;);cz and (&);zin condition (A5) means that the
regression errors (¢g;) and (9;) are independent.

The rest of the paper is organized as follows. In Section 2 we state and prove our results on strong
consistency of ﬁn and 6, (Theorems 2.1, 2.2), and asymptotic normality (Theorems 2.3, 2.4). Some auxiliary
lemmas and their proofs are given in the Appendix.

2. Main Results

In this Section we show our main results: strong consistency and asymptotic normality of estimators /3,
and 6,.
2.1. Strong consistency

Theorem 2.1. Let (A1) and (A2)-(A3) for Q > p for some p > 2 be satisfied. Then

a5, g) 0. (13)

nr
Proof. By simple calculation from (2), we have

Bo—pB=1+I+1II, (14)
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where
[ - Lmi-dne
Ti (& =&
0 = Yioy (xi = %) (&i — i)
T (&= &)
it (6 — On
Il = _ﬁ%zfl( . 2)
Zi:l (51 - En)
Let us observe that
\/?I = S Z (6 - 671) &i.
nr i= 1(51 ‘Sn) \/_7’”’ =
Since from Lemma 3.1, ﬁ —%5 1, in order to prove @I —%5 0 it is enough to show
i=1\Si—¢cn np
(15)

\/_np ;(6 —&p) & o

Observe that
1
1

VS

and
1
;1 Z \/S_nn% ;612'

=1
n

n

Z (61' - Sn)z + (&i = g_n)z)
i=1

n

Z (61 - 571) Ei

i=1

- 1
nr

Y, 67 > 0and

n

1
(Ei_én < T
Snn" i=1

@n% i=1
Therefore from (5) and the Ergodic Theorem for ( ) (62) we have

W 1& —“% 0. Hence, we obtain (15), which yields

1
Nt
—@I -0,

1
ne
Similarly, it follows that ‘/—?IH —%5 0. Let us write

np
n

VS, S, 1 i
II=-B - - E (xi = Xu) (€1 — POi) -
Yy (&= &) NSunt & f

1
—2— —% 1 and setting w;, = \@ in Lemma 3.2, we deduce that

nr

n

From Lemma 3.1, we have o)
x AT

max |a)l n| omn™)

1<i<n
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fory>1/2-1/p,

i a)%n =0(1)
i=1

and consequently

1 i
), (i = %) (i — o)) - 0.
VSnr o

Therefore we get VSur —5e5. 0 and taking account into (14) the proof of (13) is finished. [J

1
np

Theorem 2.2. Suppose (A1), (A2)-(A3) hold for Q > 1/(a — %) and suppose that

nl—a+1/p
VS
forsome a € (1/2+ 1/p, 1] and p > 2. Then

%l =0 (1) (16)

w1 (6, - 6) > 0.

Proof. Let S; = ):i;l &;. First, observe that from Theorem 1 (iii) ([16]) for Q > 2, we have

< CQH1/2®0,Q,
Q

max Sy
k<n

where Cg is a constant dependent on Q, ®go = Yo 1Pocillo and Poe; = E (e,-l?-'(f) -E (eiITfl) with the
o-field F = 0 (&, &1,...). Since |[Pocillg < ||ei — €]

o then from (A2) we obtain

n

Z&'

i=1

< Cn'? (17)
Q

for some constant C'Q. From Markov’s inequality and (17) for Q > 1/(a — %), we have, for any r > 0,

IP [
Since Y4 n~Q@-3) < 0o, we obtain n!~%g, —% 0. Similarly n!17%6, —% 0. Hence, the proof is the same as
in Miao et al. ([10] proof of Theorem 3.2). [

n

Zé‘i

i=1

Q
E(Y". &
o] P,
n

2.2. Asymptotic normality

Note that w;, = % and v; := & — 6if, & = g(&,&i—1,...), 0i = h(&;,¢&_1,...) for some measurable
functions g, h and a mean zero i.i.d. random sequences (&);cz, (§i);cz. Additionally we assume that the
sequences (&;);cz, (&i)icz are independent. Let D, = Yooy WinPrei, where Pre; = E (e,-l?‘kf) -E (eilﬁi 1) with
the o-field 7 = 0 (&, &i1,...), DY = L winPidi, where P = E(5{F) — E(5iF ) with the o-field

7’:6 =0(&,&1,...).
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Theorem 2.3. Under (A4)-(A5), we have

VS (B —B) =" N(0,02),
where 02, = lim,, e Var (L1, (D¢ + BD?)) < oo,
Proof. Observe that

VS (Bu—B) = VS, T+ 11 +11D),

where
I Z‘4;'1:1 (61' - 5,,) &
T en e g2’
Yoot (& = &n)
p o= ZaGizmy
L (&= &)
o - Priz(i=5)

Y (&= &)
with v; = ¢; — B6;. From (A4), it follows that S,/ Y./ (&i — En)z —%5 1 (see Lemma 3.1), which yields

i1 (6: = bn) &
\/S_nl ~a_5, Zl—l ( )E .
VSu

Since

|Z?=1 (5i—5n)€i| 1 (V. .o
e < N Zé. + &

and similarly

|Z?:1(6i_5n)) 1 . 5
N ;6,. .

By the Ergodic Theorem for (&?), (¢?), we have 1 ¥, (612 + 512) - B2 + €2) and 1 YL, 62 - E(6%).
Hence,

|Z?=1((3S_—nén)e,-| =0(\/ns—n)

and

e ol

Therefore by (A4), we have VS, (I+III) »% 0. Now, we will show +/S,II -9 N(0,0%). Under our
assumptions, it is sufficient to prove

Y wivi > N, 02). (18)
i=1
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Since (¢;) and (6;) are independent, then if we show that

n
Y winei 5 N(O,0?) (19)
i=1
and
Y wiud; > N(O,03), (20)
i=1

where 02 := lim, ., Var (Z?:l Df) < 00,05 = limy, e Var (Z?zl Df)) < oo, then we will get (18).
Now, we will prove (19). Adopting the reasoning in Wu [16] we have the decomposition

n
Y winei = M; + RS, 1)

i=1
where M, = ¥i.; D¢ and R}, = Yi_; wine; — M. Observe that (D,é ) are martingale differences with respect

to (7—‘;‘), and from (A4) the weights w;, satisfy conditions )./, wl,zn = 0(1) and max]<i<y |wi,n‘ = o(1). Let
D; = Y.;2; Pi¢j. Moreover,

IA

E max |Df| max )wi,n| IE max |Dj|
1<i<n 1<i<n 1<i<n

n
max )wi,n| Z E|D;|
1<i<n P

IA

n 00
< max )wi,n| Z Z Pivi
1<i<n i1 || 7= )
n (o)
< bl LYol
Observe that for j > i,
”Pié'j”z < “é‘]‘ - é‘}-“z . (22)

Indeed from stationarity
el = [Poe -,

and
E(ejil7%) = E(¢)175).

Applying Jensen inequality, we have
Pl = e(e7) 57 e

From stationarity, we have ”s i — e;._i”Z = He i ej”z Hence we obtain (22) and

-

A

n (o]
lEmax|fo| < max )wi,n| E E ”ej—e.H
1<i<n 1<i<n = = N2
i=1 j=i

(o)
max)wi,n| E iHe,-—sl.” .
1<i<n — 2
i=

IA
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Therefore (8) and maxi<j<y |wi,n( — 0 imply [Emaxj<i<py |Df| — 0, and by the Central Limit Theorem for
martingale differences, we have M —% N(0, a%). Reasoning as in Wu ([16] proof of Theorem 1 (i)) we obtain

IR:M < € 235 (23)

where O, = Zfij [|[Poeillp- Since ||Poeilln < Hei - él

,» from (23) we have

n

2
il < cptond (5[ Z -l

=1

A

IN

Cmax|wi,n) Zi”si - 81”2 (24)
i=1

1<i<n

Finally, (8) and max; << )wi,n| = o(1) imply HR;H , = 0, which completes the proof of (19). Similarly, we have
the decomposition

n
Z w,-,néi = Mz + Rz, (25)
i=1
where M5 = ¥ D and R}, = Y.L w; ,6; — M, and we can obtain (20). [
Theorem 2.4. Under (A4)-(A5) and

Vi |%,|
VS,

-0, (26)

we have

Vi (6, - 0) > N (0,0),
where 0® = ||D% + ‘BD?HE
Proof. We have the decomposition

\/ﬁ(én - 9) = \/ﬁxn (ﬁ - ,gn) + \/ﬁ(‘;n (ﬁ - ,gn) + \/ﬁ(gn - 514,8)
‘/E(ﬁ - .én) (% + 6n) + V(84— 5uP).

Observe that

\n
VS
and from the assumption (26) and the asymptotic normality of 3, (see Theorem 2.3), we have
\/S_n(ﬁn - 5) = Op(1) and % (%, +6,) =T 0. Hence \/ﬁ(ﬁn - ﬁ) (%, +6,) =T 0.

Since lim,, e Var (1 L, (D¢ + pD?)) = || D5 + D3

\/E(ﬁn - ﬁ) (jn + 571) = ‘/S—n(ﬁn - ﬁ) (jn + 511)

2 . . .
,» Teasoning as in the proof of Theorem 2.3 setting

Wi, = \/LE we obtain Vnv, —¢ N(O, 02) for g% = “Di +pD?

i , which completes the proof. O
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3. Appendix
In this section, we establish some auxiliary lemmas for the proofs of our main results.

Lemma 3.1. Under (5), we have
Sul Y (&= &) -1 27)
i=1

asn — oo,

Proof. Observe that (for details see Miao et al. [10], (23))

1 v - 1 v _
2(51—5,1) —1 <245 Y 6=+ 5= ) (6 =6’ (28)
i=1 m =1 m i1
and
! Zn“(a—g)% ! iaz (29)
N DTS

From (5) and the Ergodic Theorem for ( ) we have xﬁnl m Y 62 —*% 0, then from (5), (29) we have

Al pl-Up L\
< and = — 0. Therefore, we have
STI r \/7 ’

(5i_5n)2 \/— \/7”1/;7 Z( i—6 ) - 0.

Hence from (28), we obtain (27). O

1 n
Sn i=1

Lemma 3.2. Let assumptions (A2)-(A3) be satisfied for Q > p for some p > 2, (wipn)i-q be a sequence of real weights
such that maxi<i<;, |a)i,n| O n™) for somey >1/2—1/pand Y.\, a) = O(1). Moreover we assume that (6)-(9)
hold. Then

1 n
— Z wine; =0 (30)
nr =1

and
1 n
— ) @ind; 0. (31)
nr =1

LG‘w el—izn‘Df+LRf (32)
P L
and
1 v 1 v 1
- a),-,,,éi =— D? + _lRfl (33)
nr = nr o nr
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Since Y7L, D¢ and Y Df are the sums of the weighted maringale differences, then from Lemma 2.4 in [10],
we get

—ZDS —*% 0 and —ZD‘S — 1
i nr =1
Using Markov’s inequality for any r > 0 we get

(R)

P(|Ry| 2 rnv) < S

By (8) and (24) we have [E (Rf,)2 = O((maxlgig, Ia)il)z) = O(n‘z?’). Therefore

P (] ) =0

nr

Since y > 1/2 -1/p, then +2y>Tland ), 1 7 < oo, which implies - R‘ —%5 0 as n — oo. By similar

arguments we have R" —>” 0asn — oo. Hence from (32)-(33) we obtam (30)-(31). O
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