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Abstract. In this paper, we introduce the notion of semi-invariant submanifolds of a normal almost
paracontact manifold. We study their fundamental properties and the particular cases. The necessary and
sufficient conditions are given for a submanifold to be invariant or anti-invariant. Also, we give some
results for semi-invariant submanifolds of a normal almost paracontact manifold with constant ¢ and we
construct an example.

1. Introduction

On the analogy of almost contact Riemannian manifolds, in [20], Sato introduced the notion of almost
paracontact Riemannian manifolds. An almost contact manifolds is always odd-dimensional whereas
an almost paracontact manifolds could be even or odd-dimensional. Some important classes of such
manifolds are almost complex, almost product, almost contact and normal almost paracontact manifolds.
The geometry of submanifolds of these manifolds is very rich and interesting subject.

CR-submanifolds in complex manifolds are corresponding semi-invariant submanifolds in paracontact
(or Riemannian product) manifolds. But their properties are all different from each other. For example, the
invariant submanifold of a Kaehler is always minimal, but it is not true in paracontact metric manifolds.

Nowadays, the study of submanifold theory is growing rapidly. Invariant submanifolds play a crucial
role in many applied branches of mathematics. For instance, the method of invariant submanifold is used
in the study of non-linear autonomoust systems.

In 1978, A. Bejancu [2, 6] introduced the notion of CR-submanifolds. Later, B.-Y. Chen studied these
submanifolds in a Kaehler manifold [9, 10]. He obtained several fundamental results for CR-submanifolds.
Since then the geometry of CR-submanifolds is an active field of research. Many articles and books have been
published on CR-submanifolds (see [3], [12], [22], [24]). In this sense, A. Bejancu and N. Papaghiuc studied
semi-invariant submanifolds of a Sasakian manifold or a Sasakian space form [4, 5] and A. Cabras, P. Matzeu
and C. L. Bejan studied them for cosymplectic manifolds [1, 7]. In [19], semi-invariant submanifolds in a
locally product manifold were studied by B. Sahin and M. At¢eken. Also, the semi-invariant submanifolds
of an almost paracontact Riemannian manifolds were investigated in [13].

Inspired by the studies mentioned above, in the this paper, we study semi invariant submanifolds
of an almost paracontact manifold which have not been attempted so far. We characterize the induced
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structures on a submanifold. Also, we obtain some necessary and sufficient conditions that a semi-invariant
submanifold to be invariant, anti-invariant and semi-invariant product and we investigate flat, curvature-
invariant cases in an almost paracontact manifold with constant c. We give an example to illustrate our
results.

2. Preliminaries

A Riemannian manifold (M, g) is called almost paracontact metric manifold if it is endowed with the
structure (¢, &,1,9), where ¢ is a (1,1) tensor, & and 1 are vector field and 1-form on M, respectively,
satisfying

P*X =X-n(X)E pE=0, nop =0, (&) =1 (1)
and

9(pX, pY) = g(X, Y) —n(X)n(Y), n(X) = g9(X, <), )
for any X, Y € I(TM), where I'(TM) denotes the set of all smooth vector fields on M [20, 21].

An almost paracontact metric manifold M is said to be normal if the covariant derivative of ¢ satisfies

(Vx)Y = =g(X, V)& = n()X + 2(X)(Y)E. 3)
This implies that
Vxé =X, (4)

where V is the Levi-Civita connection on M.
A normal paracontact metric manifold M is said to have a constant c if and only if its Riemannian
curvature tensor R is given by
RXNZ = (57 g0 DX - g%, 2)7)

+ (%) INXON2Z)Y — n(NN2)X + g(X, Z)n(Y)E - g(Y, Z)n(X)&

+9(@Y, 2)pX — g(oX, 2)pY = 29(pX, Y)pZ} (5)

for any X, Y, Z € I(TM) [18].

Now, let M be an isometrically immersed submanifold of a normal almost paracontact metric manifold
M and we also denote the Riemannian metric tensor by g for the induced metric on M. On the other hand,
if V denotes the induced Levi-Civita connection on M by V, then the Gauss and Weingarten formulas for M
in M respectively, given by

VxY = VxY + (X, Y) (6)
and
VXV =-AyX+ V}JEV (7)

for any X, Y € I'(TM), V € I(T+M), where h is the second fundamental form of M, Ay is the Weingarten
operator with respect to V and V* is the normal connection in the normal bundle T*M of M. It is well
known that the Weingarten operator Ay and second fundamental form / are related by

gh(X,Y), V) = g(AvX, Y). (8)
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A submanifold M of M is said to be a totally geodesic submanifold if & vanishes identically.
For any submanifold M of a Riemannian manifold M, the Gauss equation is given by

R(X, Y)Z = R(X, Y)Z + Ah(X,Z)Y - Ah(y,z)X
+(Vx)(Y, Z) — (Vyh)(X, Z) ©)

forany X, Y, Z € F(TM), where R and R are the Riemannian curvature tensors of M and M, respectively. The
covariant derivative Vh of h is defined by

(VxI)(Y, Z) = Vxh(Y, Z) = h(VxY, Z) - i(VXZ,Y) (10)
and the covariant derivative VA of A is defined by
(VxAWY = VxAvY — AveyY — Av(VxY) (11)

forany X, Y,Z € [(TM) and V € I(T*M).
The normal component of (9) is said to be Codazzi equation and is given by

RX,VZ)* = (Vxh)(Y, Z) = (Vyh)(X, 2). (12)

If (R(X, Y)Z)* vanishes identically, then the submanifold M is called curvature-invariant submanifold.
The Ricci equation is given by

JREX VU V) = gR*(X, VU, V) + g([Av, AulX, Y) (13)

for X,Y € I(TM) and U,V € T(T+M), where R* denotes the Riemannian curvature tensor of the normal
vector bundle T+M. If R* vanishes identically, then the normal connection of M is called flat [23].

From now on, let us consider a submanifold M of a normal almost paracontact metric manifold
M, @, &,1,9) and M is tangent to the structure vector field £&. We put

X = TX + wX, (14)

where TX (resp. wX) denotes the tangential (resp. normal) component of pX. In the same way, for any
V € I(T+M), we can write

@V =BV +CV, (15)

where BV (resp. CV) denotes the tangential (resp. normal) component of V.
In (14), if w (resp. T) vanishes identically, then submanifold M is said to be invariant (resp. anti-invariant)
as special cases. Here, we can define the covariant derivatives of T, w, B and C, respectively, by

(VyT)X = VyTX - TVyX (16)

(Vyw)X = ViwX - oVyX (17)

(VxB)V = VxBV — BVyV (18)
and

(VxC)V = VxCV - CVxV (19)

for any X, Y € I'(TM) and V € I'(T*M). On the other hand, we can easily to see that

g(IX,Y)=9(X, TY)
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and
g(CU, V) = g(U,CV)

forany X, Y € I'(TM) and U, V € T(T*M), that is, T and C are also symmetric tensors. Moreover, by using
(14) and (15)

g(wX, V) = g(pX, V) = g(X, pV) = g(X,BV) (20)

which gives the relation between w and B.
By using (5), (9) and (14), the Riemannian curvature tensor R of a submanifold M in a normal paracontact
metric manifold M(c) with constant c is given by

3 -1
e 2)X - g(X, 21 + (= ) tnCon@)Y

- n(nZ2)X + g(X, Z)n(Y)& — g(Y, Z)n(X)& + g(TY, Z)TX
- g(TX, Z)TY - Zg(TX, Y)TZ} - Ah(X,Z)Y + Ah(y,Z)X (21)

R(X,V)Z = (

and the Codazzi equation becomes

(Ix,2) ~ ()%, 2) = (S ) 00V, D)oX - g(pX, Y
— 29(pX, V)wZ). (22)

On the other hand, for a submanifold M of the normal paracontact metric manifold M(c) with constant c,
the Ricci equation reduces to

IR XU V) = (S 190 tg(X, V) = gl Xa(eV, V)

forany X, Y € I'(TM) and U, V € T(T*M).

3. Semi-invariant Submanifolds of Almost Paracontact Metric Manifolds

In this section, we study semi-invariant submanifolds of a normal paracontact metric manifold. First,
we define these submanifolds as follows:

Definition 3.1. Let M be a Riemannian manifold isometrically immersed in a normal paracontact metric manifold
M such that & is tangent to M. Then M is called a semi-invariant submanifold of M if there exists a differentiable
distribution D: x — D, C Tx(M) on M satisfying the following conditions;

(i) D is invariant with respect to @, i.e., D, C Dy, for each x € M.
(ii) The orthogonal complementary distribution D+: x — Dy C Tyx(M) is anti-invariant with respect to @, i.e.,
@Dy C Ty (M) for each x € M.

If we put dim M = m, dimM = n, dim D = p, dim D+ = g, then codimM = m —n. If g = 0 (resp. p = 0), then
the semi-invariant submanifold is invariant (resp. anti-invariant).

On the other hand, if m — n = g, then the submanifold M is called a generic submanifold of M. For
£eD,ifp>1andg > 0, then M is called a proper (non-trivial) semi-invariant submanifold. So, invariant
and anti-invariant submanifolds are special classes of semi-invariant submanifolds.

If M is an invariant submanifold of M, then M is also a paracontact metric manifold with respect to the
induced structure. So, if M is an invariant submanifold of paracontact metric manifold M, then from (14)
and (15) we have w = 0 and B = 0 and pX = TX and ¢V = CV for any X € I'(TM) and V € T(T*M). We
have the following Lemmas.
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Lemma 3.2. Let M be a semi-invariant submanifold of a normal almost paracontact metric manifold M. Then, we
have

hX, &) = wX and AyE =BV (24)
forany X € I(TM) and V € I(T+M)
Proof. By using (4) and (6), we have
pX = Vx&+h(X, &),
from which h(X, £) = wX and Vx& = TX. On the other hand, making use of (8) and (14), we obtain
9(AvE, X) = g(h(X, &), V) = g(wX, V) = g(BV, X)
that is,
Ay& =BV,
for any X € I'(TM) and V € I'(T*M), which proves the lemma. [
Lemma 3.3. Let M be a submanifold of an almost paracontact metric manifold M. Then we have
T*+Bw=1-18®¢& wT+Cw=0 (25)
and
wB+C?>=1, TB+BC=0. (26)

Proof. Applying ¢ to (14) and (15) and comparing the tangent and normal components, we obtain (25)
and(26), respectively. O

Lemma 3.4. Let M be a submanifold of a normal almost paracontact metric manifold M. Then we have

(VxD)Y = —g(X, V)& = n(V)X + 2n(X)n(Y)Eé + AuyX + Bh(X, Y) (27)
and

(Vxw)Y =Ch(X,Y) - h(X, TY) (28)
forany X,Y e I'(TM).
Proof. For any X, Y € I'(TM), by using (3), (6), (7), (16) and (17), we have

(Vx(p)Y = Vx(pY - goVXY
-9(X, Y)E =M X + 2nX)n(Y)& = VxTY + i(X, TY) = Ay X + VxwY
—TVxY — wVxY — Bi(X,Y) — Ch(X, Y).

From the tangent and normal components of the last equality, respectively, we infer
(VxT)Y = —g(X, V)& — n(Y)X + 2n(X)n(Y)& + Apy X + Bu(X, Y)

and
(Vxw)Y = Ch(X,Y) — h(X, TY).

This proves our assertion. [
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Lemma 3.5. Let M be a submanifold of a normal almost paracontact metric manifold M. Then, we have
(VxB)V = AcvX — TAyX (29)
and
(VxC)V = =h(X,BV) — wAyX (30)
forany X € T(TM) and V € T(T*M).
Proof. For any X € T(TM) and V € I'(T*M), making use of (3), (6), (7) and (15), we have

(Vx(p)V = VX(pV - (vaV
—g(X, V)& = n(V)X + 2n(X)n(V)E = VxBV + h(X, BV) = Acy X + VECV
— BV:V — CVLV + TAyX + wAyX.

By corresponding the tangent and normal components of the last equality, (29) and (30) are respectively,
obtained. [

Now, let M be a semi-invariant submanifold of an almost paracontact metric manifold M. Taking
into account the Definition 3.1 we derive that the tangent bundle and normal bundle of a semi-invariant
submanifold M has the orthogonal decompositions;

TM=D@D* @), T*M = (DY) ev, ¢@) =", (31)

where v denotes the orthogonal complementary subbundle of ¢(D*) in T*M and (&) is a 1-dimensional
distribution which is spanned by &. If we denote by P and Q the projection morphisms of TM on D and
D+, respectively. Then we have

X = PX+QX, ¢X =TPX + wQX, wPX =0, TQX =0,
TX = pPX, wX = pQX, ie, T=@oP andw=¢poQ (32)

for any X € I'(TM). Then, we obtain

TPQ =0, TP=T=PT
and by using (25), from TP + CwP = 0, we arrive at

wTP =wT =0 (33)
which is equivalent to

Cw=0. (34)

Conversely, let M be a submanifold of an almost paracontact metric manifold M and the condition (34)
is satisfied. For X € I'(TM) and V € T'(T+M), we have

9(X, 9*V) = g(@°X, V)
or,

9(X, p(BV + CV)) = g(@(TX + wX), V)
ie.,

9(X, TBV) = g(CwX, V) = 0,
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which implies that TB = 0. From (25) we have T° — T = 0. This tells us that T defines an almost product
structure on M. If we put P=T? + n® & and Q = I — T> - 1 ® &, then we can easily verify that

P>=P, *=Q P+Q=1I, PQ=QP=0. (35)

From (35), we can infer that P and Q are orthogonal projections and they define orthogonal distributions
such as D and D+, respectively.

By virtue of P=T? + n® & and T? — T = 0, we have TP = T and TQ = 0. Taking into account of T and P
being symmetric, we have

9(QTX,Y) = g(TX, QY) = g(X, TQY) = 0,

for any X, Y € I'(TM), that is,

which implies that
QTP = 0.
By virtue of P = T2 + n® ¢ and TE = wé = 0 and from (33), it is obvious that
wT = 0. (36)

The relations (35) and (36) tell us that D and D+ are invariant and anti-invariant distributions, respectively.
From the definition of D and D+, it can be verified that & € D.
Thus we have the following theorem.

Theorem 3.6. Let M be a submanifold of an almost paracontact metric manifold M. Then M is a semi-invariant
submanifold if and only if T = 0.

Proposition 3.7. Let M be a submanifold of an almost paracontact metric manifold M. Then M is a semi-invariant
submanifold if and only if T> = T = 0.

Proof. If M is a semi-invariant submanifold, then by Theorem 6, we know that T® — T = 0.
Conversely, if T3 — T vanishes identically. Again, from Theorem 6, we get wT = 0. This proves our
assertion. [

Proposition 3.8. Let M be a submanifold of an almost paracontact metric manifold M. Then M is a semi-invriant
submanifold if only if C> — C = 0.

Proof. 1f C* — C = 0, then from (26) and (34), we get wT = 0, which means that M is semi-invariant.

Conversely, if M is a semi-invariant submanifold, then taking into account that (34) and (26) we conclude
C3 = C. Hence, the proof is complete. [

For the sake of similarity in results, we notice that the above proposition has been proved in [13] by
using different technique.

Proposition 3.9. Let M be a submanifold of a normal almost paracontact metric manifold M. If w is parallel, then
M is semi-invariant.

Proof. If w is parallel, from (28), we have

Ch(X,Y) - h(X, TY) =0
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for any X, Y € I'(TM). For X = &, from Lemma 3.2, we have
Ch(&,Y) - h(&, TY) =0
CwY - wTY =0.
On the other hand, from (25), we obtain
CwY +wTY =0,
that is, Cw = 0. This proves our assertion. [J

Proposition 3.10. Let M be a submanifold of a normal almost paracontact metric manifold M. The endomorphism
T is parallel if and only if M is anti-invariant.

Proof. If M is an anti-invariant submanifold of M, then T = 0 and so VT = 0.
Conversely, if VT = 0, then from (27), we have

—9(X,Y) + n(X)n(Y) + g(h(X, &), wY) =0,
for any X, Y € I'(TM). By using (2),(14) and (24), we obtain
—9(pX, ¢Y) + g(wX, wY) = —g(TX,TY) = 0,
which implies that T = 0, i.e., M is anti-invariant. This ends the proof. [J

Theorem 3.11. Let M be a semi-invariant submanifold of a normal almost paracontact metric manifold M. Then B
is parallel if and only if w is parallel.

Proof. For X, Y € I(TM) and V € I'(T*M), from (28) and (29), we obtain

7(Vxw)Y, V) = g(Ch(X,Y), V) - g(i(X, TY), V)
=g(h(X,Y),CV)—g(h(X,TY), V)
= g(ACVX - TAVX, Y)
= g((VxB)V, Y).

Thus, the proof follows from the above relation. [J

For a semi-invariant submanifold M of M, if the invariant distribution D and anti-invariant distribution
D+ are totally geodesics in M, then M is called a semi-invariant product.

Theorem 3.12. Let M be a semi-invariant submanifold of a normal paracontact metric manifold M. Then M is a
semi-invariant product if and only if the shape operator A of M satisfies

ApwX = n(X)W (37)
for any X € T(D) and W € T(D™).
Proof. For X,Y e T(D) and Z, W € T(D+), by using (3) and (6), we have
G AW X = (X)W, Y) = g(h(X, Y), W)
= g(VyX, W)
= g(VypX — (Vyp)X, W)
= g(VyTX, W) = g(=9(X, V) = n(X)Y

+2n(Y)n(X)E, W)
=g(VYTX, W)
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and
g(ApwX = (X)W, Z) = g(h(X, Z), W) = n(X)g(Z, W)

= g(VzX, W) = n(X)9(Z, W)
= —g(VzoW, X) - n(X)g(Z, W)
= —g(Vzo)W + @VzW, X) - n(X)g(Z, W)
= —g(=9(Z, W) = n(W)Z + 2n(W)n(2)<, X)
+9(VzW, 0X) — n(X)n(Z), W)
= g(VZW, TX).

Therefore, VyX € I'(D) and VW € I'(D*) if and only if (37) holds. Hence, the theorem is proved com-
pletely. O

4. Submanifolds of a Normal Almost Paracontact Metric Manifold with C onstant ¢

In this section, we present some new results for semi-invariant submanifolds in a normal almost para-
contact metric manifold M with constant ¢ and is denoted by M(c).

Theorem 4.1. Let M be a submanifold of a normal almost paracontact metric manifold M(c) with constant c. If M
is a curvature-invariant submanifold such that ¢ # 1, then M is either invariant or anti-invariant.

Proof. Let us suppose that M is a curvature-invariant submanifold of M(c) such that ¢ # 1. Then from (22),
we have

9(@Y, Z)wX - g(pX, Z)wY - 29(pX, Y)wZ = 0
for any X, Y, Z € I'(TM). Here, choosing X = Y, we conclude
—29(TX, X)wZ = 0.

It follows from above relation that either T = 0, i.e., M is anti-invariant or w = 0, i.e., M is invariant because
T is an almost product structure. [J

Theorem 4.2. Let M be a submanifold of a normal almost paracontact metric manifold M(c) with constant ¢ (c # 1).
If the normal connection of M is flat and TAy = AuT, then M is either an anti-invariant submanifold or a generic
submanifold of M(c).

Proof. If the normal connection of M is flat, then from (13) and (23), we obtain

9Au, AVIX,Y) = - (S ) 199X, Wg(oX, V) - g, Vg, )

= 29(X, V)g(@V, U)}.
Here, if in particular, put Y = TX, then this equality reduces to
-1
HAGAYX — AyAuX, TX) = — (C _ ) 9(TX, TX)g(V, ).

Also, choosing V = CU, we conclude
c—1
2

gAcuX, AuTX) - g(AuX, AcuTX) = = (5= ) g(TX, TX)g(CU, CU.

Since TAy = AyT, we reach

(55+)srx T00gcu iy =o,

which implies that either T = 0, i.e., M is anti invariant or C = 0, which means that M is a generic
submanifold. Hence, the proof is complete. [
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Theorem 4.3. Let M be a proper semi-invariant submanifold of a normal almost paracontact metric manifold M(c)
with constant c. If the invariant distribution D is integrable, then c = 1.

Proof. If the invariant distribution D is integrable, it is well known that

WTX,Y) = h(X,TY),
which is equivalent

TAyY = AyTy, (38)
for X,Y € I'(TM) and U € I'(T+M). From (38), we have

g(AUTY,BV) =0, (39)
for V e T(T+M). By differentiating covariant derivative of (39) in the direction X, we obtain

g(VxAuTY, BV) + g(AuTY, VxBV) = 0.
Using (11) and (18), we obtain

g(VxATY + Av.uTY + Au(VxTY), BV) + g(VxB)V + BVyV,AyTY) = 0.
Taking into account of M being a semi-invariant submanifold with (27) and (29), we reach

—g((VxA)uTY,BV) = g(Au{(VxT)Y + TVxY}, BV)
+ g(Acvx - TAvX, AuTY)
= g(Aul{-9(X, )& = n()X + 2n(X)n(V)& + Ay X
+Bh(X, )}, BV) + g(Acv X, AuTY) — g(AvTX, AuTY)
= 9(=g(X, Y)Au& — n(NAuX + 2n(X)n(Y)Aué
+ AuAuyX + AuBh(X,Y),BV) + g(AcvX, AuTY)
- g(AyTX, AyTY)
= _g(X/ Y)g(AUé/ BV) - U(Y)H(AUX/ BV)
+2n(X)n(Y)g9(Aué, BV) + g(AuAwy X, BV)
+ g(AuBh(X,Y), BV) + g(Acy X, AyTY)
- g(AyTX, AyTY)

Here, considering (10), (11) and Lemma 3.2, we have

~g(VxAWTY, BV) = =g(X, Y)g(BU, BV) — (Y)g(AuBV, X)
+ 20(X)n(Y)g(BU, BV) + g(AuBY, Ay X)
+ g(AuBV, Bh(X, Y)) + g(AcvX, AuTY)
- g(AyTX, AuTY).

Interchanging X by TX in the last equality, we derive

=g9((Vrxh)(TY, BV), U) = —g(TX, Y)g(BU, BV) — n(Y)9(AuTX, BV)
+2n(TX)n(Y)g9(BU, BV) + g(AuBV, Ay TX)
+ g(AyBV, BW(TX, Y)) + 9(AcvTX, AuTY)
- 9(AyT?*X, AyTY),
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from which, we find

—g(Vexh)(TY, BV), U) = ¢(TX, Y)g(BU, BV) + g(AuBV, BI(TX, Y))
+ g(AchX,AuTY) - g(AvTX, AuY)

Thus, we obtain

g(Vryh)(TX, BV) = (Vrxh)(TY, BV), U) = g(AcyTX, AuTY) + g(AvTY, AuX)
~ g(Acy TY, AuTX) — g(AyTX, AyY) (40)

and from (22), we arrive at
9T T, BY) = (Frd)(TY,BV), U) = (<52 ) o(TX, )g(BY, BU). (41)

By taking into account of (40) and (41), we compute
gAcvTX, AuTY) — g(AcvTY, AuTX) + g(AvTY, AuX) — g(AvTX, AuY)

_ (%) 9(TX, Y)g(BV, BU).

Here, taking U = V and TX instead of Y, making use of T® — T = 0 and (38), we have

(C B ! ) 9(TX, TX)g(BU, BU) = g(AcuTX, AuT?X) — g(AcuT?X, AuTX)

= g(AcuX, AuX) — g(AcuX, AuX)
=0.

Since M is a proper semi-invariant submanifold, then TX and BU are non-zero vectors, it follows from
above relation that c = 1, which proves the theorem completely. [

Now, we present an example of a semi-invariant submanifold of an almost paracontact manifold.
Example 4.4. On a 7-dimensional Euclidean space
IR7 = {(xlr X2,X3,X4,X5, X6, x7)|xi € IR/ 1<i< 7}/

we define the almost paracontact metric structure (¢, g, &, ) as follows;

P) P) P) S
(P(a—xi)—éia—xi, 6_&_x7' N =dxy, g—;dx,-,
where
1, if i=1,2,3,
e=1 -1 , if i=4,5,6,

0, if i=7,

and g denotes the standard metric tensor of R’, where {%} ,1 <i <7, are the usual basis vectors of R”. Let
Z be an arbitrary vector in R’, then it can be written as
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Then, we have
7
mzazzpf
i=1
On the other hand, we can easily to see that
9(Z,&) =n(Z) = Az, 9(pZ,9Z) = 9(Z,2) - n*(2),
and

ps=0, né)=1,

that is, (R7, ©,9,&,1) becomes an almost paracontact metric manifold. Now, let us consider an immersed
submanifold M in R” given by the equations

2 2 _ 2 2 —
X +Xx; =x5+x5, x3+x4=0.

By direct computation, it is easy to check that the tangent bundle of M is spanned by the vectors

Z1 = cos Gi + sin@i + cos‘Bi + sin‘Bi, Z> = —usin Qi + 1 Ccos Qi
8x5 8x6

ox1 o0x ox1 Jxz
PR 9 3 9
Zg—a—x3—8—x4, Z4—-MSlnﬁa—x5 +MCOSﬁa—X6, Z5—a—x7

where 0, f and u denote arbitrary parameters, from the definition of the almost paracontact structure ¢, we
can derive

J .0 dJ ., 0
@Zy = cos 6(9_x1 + sin Qa_xz - COSﬁ(Q_xS - smﬁa—x6

d d
$Zr =2y, 9Z3= o5 o pZy =24, ¢Z5=0.

Since @Z; and @Z3 are orthogonal to TM and ¢Z,, pZ, are tangent to TM. Hence, we find that D =
Span{Z,, Z4, Zs} is an invariant distribution and D* = Span{Z;, Z3} is an ati-invariant distribution of M.Thus
M is a 5-dimensional semi-invariant submanifold of R” with its usual almost paracontact metric structure

(®, 9, &)
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