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Abstract. In this paper, we will present various results on computing of wide classes of Hessenberg
matrices whose entries are the terms of any sequence. We present many new results on the subject as well
as our results will cover and generalize earlier many results by using generating function method. Moreover,
we will present a new approach on computing Hessenberg determinants, whose entries are general higher
order linear recursions with arbitrary constant coefficients, based on finding an adjacency-factor matrix. We
will give some interesting showcases to show how to use our new method.

1. Introduction

The n X n lower Hessenberg matrix H, is defined as follows

hi hiz 0
hn hao has

h31 h32 h33

hn—l,l hn—l,Z hn—l,S et . hn—l,n
hnl hn2 hn3 e e hnn

Similarly, the n X n upper Hessenberg matrix is considered as transpose of the matrix H,. Throughout the
paper, we are interested in a lower Hessenberg matrix so in fact our results will be also valid for an upper
Hessenberg matrix. Hessenberg matrices are one of the important matrices in numerical analysis [7, 9]. For
example, the Hessenberg decomposition played an important role in the matrix eigenvalues computation
[9].

The authors of [1, 3, 5, 13, 15, 17, 18, 24, 25] studied algebraic properties of some Hessenberg matrices
such as inverses, determinants, permanents etc. For example, Cahill et al. [3] gave a recurrence relation for
the determinant of the matrix H,, as follows

n—-1 n—1

detH, = Iy, det Hyoy + Y [ (=1 Iy, [ [ Bjjor detHoa |,

r=1 j=r
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where Hy = 1 forn > 0.
Meanwhile some authors computed determinants and permanents of various tridiagonal matrices which
are in fact Hessenberg matrices [4, 12, 14, 19-21]. For example, in [14], Kili¢ et al. gave the following result

2 1 0
-1 2 1

-1 2 :Pn+1/
0 -1 2

where P, is the nth Pell number.

Moreover the authors of [6, 7] gave closed formulas for the inverses of some Hessenberg matrices as
well as algorithms to compute their inverses and determinants. The authors of [2, 11] gave combinatorial
approach to compute the determinants of some Hessenberg matrices.

For n > k and any reals ¢;, 1 < i <k, define the kth order linear recursive sequence {u,} with constant
coefficients as

Uy = ClUp—1 + Colly—n + C3Up—3 + *+* + Chlly—k, 1)

with arbitrary initials u; for 0 < ¢ < k and assumed that at least one of them is different from zero.
We give the following table for some special cases of the sequence {u,}:

Order Coefficients Initials
2 cg=c=1 uy=0,u1 =1 Fibonacci sequence {F,}
2 c1=p =4 up=0,u1 =1 Gen. Fibonacci sequence {U,,}
2 c1=2,c6=1 up=0,u; =1 Pell sequence {P,}
2 cg=c =1 up=2,u1 =1 Lucas sequence {L,}
2 c1=p c=q Uy =2,u;=p Gen. Lucas sequence {V,}
2 c1=p, c=—4 |Up=a,u;=>b Horadam sequence {W,}
2 c1=1, =2 up=0,u; =1 Jacobsthal sequence {J,}
3 ci=c=c3=1|uy=u; =0,uy =1 | Tribonacci sequence (T}
Table 1

Recently, Macfarlane [22] considered the following Hessenberg matrix whose entries consist of the terms
of the sequence {W,}:

[ Wi W, W3 -+ W,_ W1 W,
-x Wi W -+ Wy3 W, W,y
-x Wi - Wypy Wys Wi
An = ’
W, W,  Ws
—X W1 W2
0 -X Wi

where {W,} is the Horadam sequence as in Table 1. By using the cofactor expansion of the determinant, he
showed that the sequence {det A,} satisfies the recurrence for n > 2,

detA, = (b+px)detA,_1 —gx(a+x)detA, .

For any sequence {a,,}, the generating function of {a,} is the power series [27]:

A(x) = Z axk.

k>0



E. Kili¢, T. Arikan / Filomat 31:15 (2017), 4945-4962 4947

For example, the generating function of the Fibonacci sequence {F,} is

F(x) = ZFkxk S S

1—x—x2
)

In general, the generating function of the sequence {u,} given in (1) is

Ux) = 2 wex* = P&

— — 2 ... k’
= 1-—c1x—ox CrX

where the polynomial p (x) is determined by the initial values of the sequence {u,,}.

Recently, by using generating function method, Merca [23] showed that determinant of an n X n Toeplitz-
Hessenberg matrix is expressed as a sum over the integer partitions of .

Getu [8] computed determinants of a class of Hessenberg matrices by using generating function method.
He considered the infinite matrix

by 1 0 O

b1 C1 1 0

bz C (O 1

D= by 3 o

by 2 3 o

Then he showed that if the following equation holds

_ B
A(x) = m,

then
a, = (=1)"detD,,

where A (x), B(x) and C (x) are the generating functions of the sequences {a.1}, {b} and {cx.+1}, resp.

In this work, we use the generating function method to determine the relationships between determi-
nants of three classes of Hessenberg matrices whose entries are terms of the certain sequences and generating
functions of these sequences. So determinants of these Hessenberg matrices could be easily found by these
relations. Some of our results will generalize the results of [8]. We show that earlier computed Hessenberg
determinants in [12-16, 18, 21, 22, 25] with cofactor expansion could much easily be recomputed by our
method. Moreover we compute two new classes of Hessenberg matrices whose determinants have not been
computed before. Finally, we give an elegant method to compute the determinants of Hessenberg matrices
whose entries consist of the terms of the recursive sequences: our approach is to find an adjacency-factor
matrix and use the results of Section 2.

2. Evaluating Hessenberg Determinants via Generating Functions

Let {b,},>0 and {c,},»1 be any sequences. Denote their generating functions as B (x) = ) s bex® and
C) = Y cpxk, resp. To generalize the result of [8], we define the Hessenberg matrix A, (,s) of order
n+1:

bo r 0
b1 C1 S
bz Co C1 r
—| b c c c S
An (7’, S) L 3 3 2 1 7 (2)
e R & N ) ()
bn C”. Cn_l “ e e C2 Cl
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where

d,(r,3) :{ r ifnisodd,

’ s ifniseven,
for arbitrary nonzero real numbers r and s. Briefly, we use A, instead of A, (1, s) if there is no restrictions on
rands.

When r = s = 1, the matrix A4, (1,1) is considered in [8] and the author computed its determinant via
generating functions. To compute determinant of A, via generating function method, we have the following
result:

Theorem 2.1. If

_ B@(Cm+3)-B0) ()
i C@)C (=) + (%) (C(x)+C(=x) + rs

then (i) for even n such that n = 2t,
detA, = (-1)" r'*1s'a,,
(ii) for odd n such that n = 2t + 1,
detA, = (-1)" r'*s'*a,,
where A (x) is the generating function of {a,} .

Proof. We consider the infinite linear system of equations

T 0 qTa 1 [ bo
c1x  Sx m bix
ox? ax?  rx? ap byx?
cax® o ox® sl as | = | bsx® |- 3)
caxt oaxt oxt ot ot ay byx*
Here we write
rap = b()
100X +sa1x = bix
ColgX? + Crm X + rapx? = box?
C3£l()x3 + cza1x3 + c1a2x3 + sa3x3 = b3X3

By summing both sides of the above equalities, we obtain
A@)C(x)+r Z Ay + s Z A1 ¥ = B(x). 4)
k20 k>0

Since

Ax)+A(—x Alx)—-A(—x
Zﬂzkxzk _ (x) : (=x) and Za2k+1x2k+1 _ (x) . ( )’
=0 =0
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Eq. (4) could be rewritten as

A®) [C(x) + rT”] +A(=x) [%] =B().

Taking (—x) instead of x, we get
AE|cEn+ 22| aw| S| = Bew,
Solving two equations just above in terms of A (x), we get

_ BW (C (—x) + %) — B(=x) (%)
S C)C(—x0) + (”Zf—s)(c )+ C(x) + 75

as desired.

We examine the relationship between the sequences {a,} and {det (A,)} . If we consider the system (3) for
only first n + 1 equations and take x = 1, the system (3) turns to

[ 7 O a1 [bo]
C1 S a b1
Cy C1 r ap b2
C3 C2 C1 S a; | = b3 ,

¢ Gt Can i dua(rs) L@ DL ba ]

where d,, (7, s) is defined as before.
. -1)"detA -1)"detA
By Cramer’s rule, we obtain a,, = ()t—" for even n such thatn = 2t and a,, = ()—” for odd
A+ PHlghl

n such that n = 2t + 1, which completes the proof. O

We want to note some important and useful special cases of Theorem 2.1 with the following corollaries:
Corollary 2.2. For the matrix A, (1,1), we have that a, = (-1)" det A, and the generating function of the sequence
{detA, (1,1)} is

_ B(-x
AW =1

This result was firstly given in [8].

Corollary 2.3. For the matrix A, (=1, 1), we have that a,, = — det A, and the generating function of the sequence
{detA, (-1,-1)}is

__B®

Let’s give some examples.

Example 2.4. For n > 0, we have that

F, -1 0

F> 1 -1

F 1 1 -1 .

Fy 0 1 1 -1 = Fri1Fui—«
: : k=0

F, 0 0 1 -1

F.si 0 0 1 1
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Proof. If b, = Fyi1 and {c,}7° =1{1,1,0,...}, then B(x) = ﬁ and C (x) = x + x2. So the generating function

of {detA, (-1,-1)} by Corollary 2.3 is m, which is the generating function of {ZZ=O Fk+1Fn+1_k}, as
well. [0

Example 2.5. For n > 0, we have that

Lo -1 0
Ly -F; -1
L, -F, -F -1 .
Ls ~F; -F, -F -1 _ { 2 ifniseven,
. . . . -1 ifnisodd.
Ly-y =Fyr —Fpp -oo - -F -1
Ly —F, —Fy - =Fy —F

Proof. Since by = L, and {c,};” = {=F,}7°, B(x) = 2% and C (x) = 5. By Corollary 2.3, the generating
function of {det A, (-1,-1)}is

_ B(x)  2-x
A(x)_l—C(x)_l—x2'

which gives the periodic sequence {2,-1,2,-1,...}. O
Let {b,} be any sequence and {c,}7" = {1,0,0,...}. Since foB (x) is the generating function of the sum of
the first nth term of {b,}, by Corollary 2.3, we see that

detA, (-1,-1) = Z by.
k=0

For example,

1 -1 0
11 4

01 -1
P00 ~Hy
% o 0 - - 1 -

= 0 0 e 001

where H,, stands for nth Harmonic number.
Since permenantal and determinantal relationships between the matrices A, (1,1) and A, (-1,—-1) are

detA, (1,1) = perA, (-1, -1) and perA, (1,1) = detA, (-1,-1),
the corollaries given above include the results of [12, 25].
Corollary 2.6. If

_ C(=x)B(x) - B(—x)
AW = —cme-1 -

then we have

detA, (1,-1) = (=1)"0V g,
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We will give an example:

Example 2.7. If we take {c,} = {(—=1)" F,—1} and define the sequence {b,} as by, = —ban+1 = Fanra, then for even n
such that n = 2k, the matrix A, (1, —1) takes the form

F, 1 0
-F 0 -1
F, F 0 1
Ay (l,-1y=| “h R R0l
—Fo  —Fy—2 Fys - -+ 0 -1
| Fokvo  Foeer —Fopp -+ -+ F1 O

and so
det Ay (1, -1) = (=1)" Fyps1.

Proof. The generating functions of {b,} and {c,} are B (x) = m and C (x) = ﬁ, resp. So we get
Alx)= ﬁ which means det Ay, = (—1)k Fyi41 by Corollary 2.6. [

The example just above could be also given for odd n. Here we leave it.

Corollary 2.8. If

_ B
AW = Eo+a’

then
detA, (d,d) = (-1)"d"*'a,
and the generating function of {det A, (d,d)} is
Ax)=d-A(—dx).
The result of [22] could be derived by using Corollary 2.8 and the properties of the generating functions.

Example 2.9. Ifb, = —(H, + 1) withby = -1 and ¢, = %, then

-1 2 0
-(Hi+1) 2 2
-(H,+1) 1 2 2
-H;+1) 3 1 2 2 = (-1)" 2.,
-Hpa+1) &5 5 2 2
-(H,+1) %2 1 2

Proof. 1f we taked =2,b, = —(H, + 1) withby = -1 and ¢, = 2 in Corollary 2.8, then we get

T n

and C(x)=In(1-x)2.

B(x):ln(l—xi—l

1-

Thus A (x) = 2x1_2 and det A, = 2(-2)" a,, which gives us det A, = (-1)"2"71, as claimed. [
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When ¢y = d, by Corollary 2.8, we obtain A (x) = %, where C (x) = Yo ckxt. For example, if we choose

B(x) = x+4x? +x3and C(x) = (1 — x)*, then

0 1 0

1 -4 1

4 6 -4 1

1 4 6 -4 1

0 1 -4 6 . - =(-1)"n’.
O 0 1 -4 . -4 1

: : : : 6 -4 1

0 0 0 o - -4 6 -4 (n+1)x(n+1)

Now we recall an already known result given in [23]. But we will give an alternative and much simple
proof for it.

Corollary 2.10. If {c,} is any sequence such that cy # 0, then we have

C1 Co 0 cee 0

C2 C1 Co s 0

C3 () C1 B O — [xn] Co ,
C (—cox)

Chn Cp-1 Cp—2 - 1

nxn

where C (x) = Y150 cxxk and [o] is the coefficient extraction operator.

Proof. To prove it by our result, Corollary 2.8, first we consider an equal determinant to the claimed
determinant by the following equality

c c 0 0 1 ¢ O 0 0
A 0 0t ¢ O 0
62 Cl CO 0 0 C2 C1 Co 0

3 2 ! =10 C3 Co C1 0
Ch Cp-1 Cp—2 - 1 nxn 0 Ch Cue1l Cu—a -+

(n+1)x(n+1)

The value of the determinant on the RHS of the above equation could be easily found by Corollary 2.8. So
the claimed result directly follows. [

Let’s give an example related to Theorem 2.1.

Example 2.11. Let {b,} be the alternating of the sequence A135491 in [26]. Then for n = 2k,

by 1 0

bp 1 -3

b, 1 1 1

bb 1 1 1 -3 = T2 (-3)".
byi O O - - 1 -3

by 0 0 o - 1 1

Similarly, for n = 2k + 1, determinant of the corresponding Hessenberg matrix is equal to —Toy3 (—3)’“rl , where T,
is the nth Tribonacci number.



E. Kilig, T. Arikan / Filomat 31:15 (2017), 49454962 4953

Proof. The generating functions of {b,} and {c,} are B (x) = %;ﬁﬁ;g and C (x) = x +x* + 3, resp. By Theorem

2.1, whenr = 1and s = —3, we obtain det A, = Tys» (-3)' for n = 2t and det A, = T2 (—?))t+1 forn =2t+1,
as desired. O

Let{b,}, {c,} and {d,} be any number sequences. Their generating functions are B (x) = } ;s bk, C(x) =
Yio1 ckxf and D (x) = Yo dxx*, respectively.

Now we consider two classes of Hessenberg determinants, which are not considered before. We start
with the first one: For any nonzero real d, we define a Hessenberg matrix of order n + 1 as follows:

bo d 0 ]
l’Jl C1 d

bz Co dl d

An — b3 C3 dz dl d

bp-1 cwr dp—op -+ - dr d
R A A

Theorem 2.12. If

_ B(x) +agD (x) — aoC (x)
Al) = D) +d

with ayg = bo/d, (6)
then

detA, = (-1)"d""'a,
and the generating function of {det A,} is

A)=d-A(—dx).

Proof. Similar to the proof of Theorem 2.1, we have the following infinite linear system of equations

d 0 1Ta 1 | bo
c1x  dx m bix
X dix? dx? ap byx?
cax® dox® dix® dx® as | =| bsx®
caxt  dax* dox*  dix* dx? ay byx*

By summing the equations come from the infinite linear system of equations just above and adding agD (x)
to both sides of it, we obtain

aoC (x) + A (x) D (x) + apA (x) = B(x) + agD (x),
which gives

_ B(x) +agD (x) — aoC (x)
A= D(x)+d ’

as desired. Finally, if we restrict the linear system of equations to the fist (n + 1) equations and take x =1,

then by Cramer’s rule, we get a, = H{;ﬁ, as claimed. O



E. Kilig, T. Arikan / Filomat 31:15 (2017), 4945-4962 4954

Example 2.13. Forn > 0,

Py 1 0
P, F> 1
Ps Fs P, 1
Py F, P3 Py 1 =(-1)"F,_1,
P, F, P,q -+ - Py, 1
Pn+1 Fn+1 Pn P3 P2

where F, and P, are the nth Fibonacci and Pell number, resp.

Proof. It is a consequence of Theorem 2.12. Whend =1, B(x) = Y 15 Piyrxk = ﬁ, C) = Y1 Frpqxk =

1f;f; and D (x) = Y joq Prarx = 12_";_";2, the proof follows. [

If d = ¢y = dy, then we rewrite the equation (6) as

AQ) = B(x) + aog EJ;; —ayC (x),

where C (x) = Yoo kX and D (x) = Y40 dkx¥ and B (x) is same to before.
Similarly, let {b,}, {c,} and {d,} be any sequences, whose generating functions are denoted as before.
Now we define the second class of Hessenberg matrices of order # + 1, whose columns are periodic after
first column, as follows:

bo d 0
bl C1 d

l’Jz C2 d1 d

b3 C3 dz C1 d

b4 Ca d3 C2 dl

: : : : d
bp-r 1 duz Cpz dpg oo s(n,1) d
bn Cn dn—l Cn—2 dn—3 S (1’1, 2) s (Tl + 1/ 1) ]

where

| o ifniseven,
sk ‘{ de if nis odd.

We have the following result for the generating function of the determinant of the just above matrix.
Theorem 2.14. If

_ B(x) (C(=x) + D (=x) +2) - B(-x) (C(x) — D (x))
" C(@)(1+D(-x) + D) (1 +C(-x)) + (C(-x) + D (-x)) + 24’

A(x)
then
detA, = (-1)"d"*a,
and the generating function of {det A,} is

Ax)=d-A(—dx).
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Proof. Similar to the previous theorems, if we consider the infinite linear system of equations, then we
obtain

C(x) Z ayx® + D (x) Z Ay X + dA (x) = B (v). 7)
k>0 k>0

k _ AX)+A(=x)

i AR)-A(-
Since Y0 a2 = S5 and Y s o ¥ = ® . (

x), the equation (7) is written as

C(x)-D(x)

COLDE 1)y oy C02) - g,

A(x)( 5

which, by solving in terms of A (x), gives us

Bx)(C(=x)+ D(=x) +2) - B(-x) (C(x) - D (x))

Ax) = Cx)(1+D(=x))+D(x) (1 + C(=x)) + (C(=x) + D (=x)) + 2d’

as desired. When we restricted the infinite system of equations to the first n + 1 equations with x = 1, we
complete the proof by Cramer’s rule. [

Example 2.15. For even n, we have

L,k 1 0
L, F 1

L, F L 1

s F L F 1

Ly Fy L, ja Lo =27 +1.
S
L,.. F,.1. L, F,3 L,5 --- F; 1
Ln Fn Ln—2 Fn—Z L”_4 e F2 LO

Ifn = 2k + 1, the determinant of corresponding matrix is equal to 2F.

Proof. Since b, = Ly, ¢y = Fyand d, = L1, we have B(x) = 1225, C(x) = 25 and D (x) = fj‘;f;. Hence,
for d = 1 by Theorem 2.14, we obtain

—x-32+x3+2 1 1-x

AW = T GiD@r-D) 1-2 1-22

o)

(o8] oo
Z 2k 4 Z oky 2k _ Z ok 2k+1
k=0

k k=0
k

=0
i (2k + 1) 2 _ i ky2kt1
= k=0

0

as claimed. O

We consider certain Hessenberg matrices whose superdiagonal are constant or two periodic. Now we
give a general idea for Hessenberg matrices with arbitrary superdiagonal entries. To show how this idea
will be applied, we present two Hessenberg matrices whose superdiagonals now consist of the terms of
two special sequences, {n + 1} and {2"}, resp.
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Let {b,}, {cu};; and {d,} such that d, # O for all n € N be any sequences. First define the Hessenberg
matrix A,, of order n + 1 of the form

bo do 0
bh a4
by C2 1 dy
A, = b3 C3 C2 a1 ds
bn—l Ch-1 Cp—2 - ot C1 dn—l
bl’l CVl Cn71 e e C2 Cl

Consider the following infinite linear system of equations

dy 0 qTa 1 [ bo
c1X dlx ai b1X
ox? cx?r dox? a; byx?
x® ox® gx® dixd as | =1 bsx® |/
caxt caxt ox* oxt dyxt ay bax*

which gives us the relation

(e8]

A@)C(x) + Z adit = B (x), (8)
k=0

where C (x) = Yo cxxt. If we restricted this infinite system to the first 7 + 1 equations with x = 1, then by
Cramer’s rule we have

o (=1)"det A,
! szodk ’

Now we present two special cases of the idea mentioned above.

Theorem 2.16. If {d,} = {n + 1}, then
XA (x) (ef ¥dx) = fef Sixg (x)dx +C,

with
detA, = (-1)" (n + 1)la,,
where C is a constant.
Proof. By (8), we have
A(x)C(x) + iak(m 1)x* =B (),
k=0
which, equivalently, gives us

A(x)C(x) + (xA (x)) = B(x).
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By taking y = x - A (x), we get the first order linear differential equation

y$+y’=B(x).

The solution of this differential equation is

Clx, -1 C(x)
y:(ef%dx) (fef(x)d"B(x)dx+C ,

which completes the proof. Note that the constant C is determined by the initial y (0) = 0. O

Example 2.17. For n > 0, we have

1 1 0
3 1 2
5 1 1 3
7 1.1 1 4 =(-1)" (n+1)..

2n-1 1 1 --- -+ 1 n

2n+1 1 1 --- -+ 1 1

Proof. Since b, =2n+1and ¢, = 1, we obtain B (x) = ( ;‘fll)z and C (x) = 7%.. So we get
1 _ f@dx _ 1
fl_xdx— In(x—1) and e =71

By Theorem 2.16, we have that

XA (x) ! = f x+13dx+C
x—1 (x—-1)
1 x
XA (x = —— 4
() — =T

For x = 0, we find that C = 0 and so
Ax) = —,
) =7

which gives detA, = (-1)"(n +1)l. O
For the case b, = ¢;,41,1.e. B(x) = %, the relation given in Theorem 2.16 turns

-1
xA(x)=1+ C(ef%d") .

Now we present the other special case with an example which could be produced by (8).

Example 2.18. Forn >0,

1 1 0
3 1 2
4 1 1 4
oor o118 )
. . - n! .
2"-2(' +1) 1 1 ~
(n—q)! =A] =] ce e 1 on 1
21-1(n42) 1 1 L 1 1
n! (-1 (1-2)!
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Proof. Since b, = 2”_127”) and ¢, = ﬁ, their generating functions are B (x) = ¢ (x + 1) and C (x) = xe%,
resp. By (8), we have

xeA(x) + AQRx) = (x+1).

(=1)" det A,

Hence we find that A (x) = ¢*, which gives a,, = % Finally, from the relation a, = NTD)
: 2

, we obtain
claimed result. [

3. A Matrix Method to Compute a Class of Hessenberg Determinants

In this section, we give a new method to compute a class of Hessenberg determinants in which the
entries of each matrix in the class are terms of a general linear recurrence relation.
Consider the following lower Hessenberg matrix of order n for nonzero real r:

[Z5% r 0
Uy uy r
Uus Un u r

E.(n=| us us uy u . ,
Up-1 Up—2 Up-3 Up—g -+ U T
Uy Uy-1 Up—2 U3 -+ Uy U |

where the terms u,,’s are defined as in (1).

We only consider the matrix E, () with case r = —1, briefly denoted by E,,, while giving our method but
one could follow whole steps will be given above for the matrix E, (r) with any nonzero .

Indeed one could compute determinant of the matrix E, by using the results of Section 2. Here we will
present a new and easy method to compute det (E,). For this, we define an adjacency-factor matrix related
with the matrix E,, : Define a nn X n lower triangular adjacency-factor matrix M as

1 ifi=j,
Ml‘]‘z —Ci-j iflSi—jSk,
0  otherwise.

Clearly the matrix M has the form
1 0]

—C1 1

—C —(C1 1

M = —C2

_Ck

0 - - —Cc —c1 1]

From a matrix multiplication, we obtain that

~1 ifj=i+1,
= b; ifj=1landi <k,
diijyp ifi>j>landi-j<k-1,
0 otherwise,



E. Kilig, T. Arikan / Filomat 31:15 (2017), 49454962 4959

with

m—1 m—1
m— Z Uy—ic; and dy, = 1y, — Z Up—1Cl + Cp,
1=1 I=1

forl<m<k

Here since detM = 1, we have detE, = det, E. Afterwards, we prefer to compute the value of the
determinant of En instead of the matrix E,, because the matrix EH is a banded matrix with bandwidth k + 1
and includes many zeros and so it gives us to advantage to choose the matrix E, rather than E, regard to use
of the results of the previous section to compute determinants of Hessenberg matrices.

By Corollary 2.3, we have that

Z det E,+1X = Z det E1+1x

>0 i>0

Zz 1bx1 1

LY ©)

As a special case, if we consider the recurrence relation {u,} defined in (1) with the initials u_,p = t_43 =
-+ =1u_1 =ug = 0and u; = 1, then we have

by=1landb;=0for1<i<k,
di=1+candd;=c;forl<i<k.
Hence the generating function of the determinant of the matrix E,.,1 is written as

1
1—(1+c1)x—cpx2—

o (10)

Now we give an example to show how to use the method described above.

Example 3.1. For positive integer m, define the sequence {u,} with u, = (’"+n’;_1) and construct the following n X n
matrix A, (m)

() -1 0
(G0 B 4 -1
(G O oo B
Agmy:=| DO O -1
(m+n—2) (m+n—3) (m+n—4) (ml:;l) (z) -1
(m+n 1) (m+n 2) (m+n 3) (m+2) (m’:i—l) (:Z) ]

m

where (}) is the usual binomial coefficient. Then

det A (m) = Z ((m +1)n Z m(l— k))'

k=0

Proof. We should find the recursion relation for the sequence {u,}. From [10], we recall the Equation 5.24:
For [ > 0 and integers m, n,

I \(s+k k_  q\m [S— M
;(m+k)( n )(_1) =1 (n—l)'
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If we choose !l - m+1,m — 1,5 - m—nand n — m in the equation above, then we obtain

S cfm+N\n-k-1 - em (M+N\[(m—n+k
L) = e

k=—1 k=—1
n-m-1
- ( " ) ~ 0.
By the above equation, we could deduce
m
Z(_l)k m+1\(n—k-1 _ (")
k+1 m m

k=0

If we take n = n + m — 1, then we get the recurrence relation of order m + 1 for the sequence {u,} :

- m+1
=y (—1>k( ‘s 1)un_k_1,
k=0

with 4_y11 = U_peo = -+ = u_1 = up = 0 and u; = 1. By our method, we see that the adjacency-factor matrix
for the matrix A,, (m) is

My = (-1)" (m " 1),

i

which is also equal to

Thus by (10), we find the generating function of the sequence {det A,+1 ()} as follows

! 1
1- (1 + (m+1 )x + (m+1)x2 . (_1)m (m+1)xm+1 - (1 _ x)m+1 _ x'

1 2 m+1
In other words, we have that

1

T

=detA, 11 (m). (11)

To prove this claim, it is sufficient to show that

Zi((m+1)n+m(1—k) . 1
X = —.
k (1_x)m+l_x

n>0 k=0



E. Kilig, T. Arikan / Filomat 31:15 (2017), 4945-4962

Consider,

Zznw‘((m+1)n;-m(1—k))xn:

n>0 k=0

((m +Dn+m( - k))x”

k>0 n=k k
; (m + 1+ mn+ k) ‘
x
n=0 k>0 k

1 x !
- a- x)m+1 Z ((1 _ x)m+1)

n>0

1

- (1 _x)m+1 _ x’

which completes the proof. [
Finally, we obtain
) —1
m+ m
(g G) 1
(m+2) (m+1) .
(m+nr11—2) (m+’;11—3) (mrzl)

(m+n—1) (m+n—2)

As a special case for m = 1, we get

which could be also found in [22].
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