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Abstract. In this paper, we study warped product bi-slant submanifolds of cosymplectic manifolds. It
is shown that there is no proper warped product bi-slant submanifold other than pseudo-slant warped
product. Finally, we give an example of warped product pseudo-slant submanifolds.

1. Introduction

In [6], Cabrerizo et al. introduced the notion of bi-slant submanifolds of almost contact metric manifolds
as a generalization of contact CR-submanifolds, slant and semi-slant submanifolds. They have obtained
non-trivial examples of such submanifolds. One of the class of such submanifolds is that of pseudo-slant
submanifolds [8]. We note that the pseudo-slant submanifolds are also studied under the name of hemi-slant
submanifolds [19].

Warped product submanifolds have been studied rapidly and actively, since Chen introduced the notion
of CR-warped products of Kaehler manifolds [10, 11]. Different types of warped product submanifolds
have been studied in several kinds of structures for last fifteen years (see [2, 15, 18, 20, 22]). The related
studies on this topic can be found in Chen’s book and a survey article [12, 13].

Recently, warped product submanifolds of cosymplectic manifolds were studied in ([1],[15], [20-22]). In
this paper, we study warped product bi-slant submanifolds of cosymplectic manifolds. We prove the non-
existence of proper warped product bi-slant submanifolds of a cosymplectic manifold. Finally, we give an
example of special class of warped product bi-slant submanifolds known as warped product pseudo-slant
submanifolds studied in [23].

2. Preliminaries

Let (M, g) be an odd dimensional Riemannian manifold with a tensor field ¢ of type (1, 1), a global vector
field & (structure vector field and a dual 1-form 1 of £ such that

P*=-1+1®¢& nE) =1, g@X eY)=gXY)-nXmn) (1)
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forany XY € F(TM), then M is called an almost contact metric manifold [4], where F(TM) denotes the set
all vector fields of M and I being the identity transformation on TM. As a consequence, the dimension
of M is odd (=2m+1), (&) =0 =noeand n(X) = g(X, &). The fundamental 2-form @ of M is defined
D(X,Y) = g(X, ¢Y). An almost contact metric manifold M, ©,&,1,9) is said to be cosymplectic if [p,p] = 0
and dn = 0, d® = 0, where [, pl(X,Y) = @*[X, Y] + [0X, ¢Y] — ¢[pX, Y] — ¢[X, ¢Y] and d is an exterior
differential operator.

Let V denotes the Levi-Civita connedtion on M with respect to the Riemannian metric g. Then in terms
of the covariant derivative of ¢, the cosymplectic structure is characterized by the relation (’ﬁx(p)Y =0, for
any X,Y € F(T]\7I) [16]. From the formula ﬁx(p)Y =0, it follows that %{5 =0.

Let M be a Riemannian manifold isometrically immersed in M and denote by the same symbol g the
Riemannian metric induced on M. Let I'(TM) be the Lie algebra of vector fields in M and I'(T*+M), the set
of all vector fields normal to M. Let V be the Levi-Civita connection on M, then the Gauss and Weingarten
formulas are respectively given by

VxY = VyY + (X, Y) )
and
VxN = —AyX + VAN (3)

for any X, Y € I'(TM) and N € I'(T*M), where V* is the normal connection in the normal bundle T*M and
Ay is the shape operator of M with respect to N. Moreover, i : TM X TM — T*+M is the second fundamental

form of M in M. Furthermore, Ay and h are related by

for any X, Y € I(TM) and N € I'(T*M).
For any X tanget to M, we write

X = TX +FX, (5)

where TX and FX are the tangential and normal components of ¢X, respectively. Then T is an endomor-
phism of tangent bundle TM and F is a normal bundle valued 1-form on TM. Similarly, for any vector field
N normal to M, we put

@N = BN +CN, (6)

where BN and CN are the tangential and normal components of ¢N, respectively. Moreover, from (1) and
(5), we have

9(TX,Y) = —g(X, TY), (7)

for any X, Y € I'(TM).
A sumanifold M is said to be p-invariant if F is identically zero, i.e., pX € I'(TM), for any X € I'(TM). On
the other hand, M is said to be @-anti-invariant if T is identically zero i.e., 9X € I'(T*+M), for any X € I'(TM).
By the analogy with submanifolds in a Kaehler manifold, different classes of submanifolds in an almost
contact metric manifold were considered. Throughout the paper we consider the structure vector field ¢ is
tangent to the submanifold otherwise it is a C-totally real submanifold.

(1) A submanifold M of an almost contact metric manifold M is called a contact CR-submanifold [1] of M
if there exist a differentiable distribution D : p — D, C T,M such that D is invariant with respect
to @, ie., (D) = D and the complementary distribution D+ is anti-invariant with respect to ¢,
ie, @(D*) c T*M and TM has the orthogonal decomposition TM = D & D+ & (&), where (&) is a
1-dimensional distribution which is spanned by &.
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(2) A submanifold M of an almost contact metric manifold M is said to be slant [7], if for each non-zero
vector X tangent to M such that X is not proportional to (&), the angle 0(X) between ¢pX and T,M is a
constant, i.e., it does not depend on the choice of p € M and X € T,M —(&p). A slant submanifold is
said to be proper slant if 0 # 0 and # 7.

(3) A submanifold M of an almost contact metric manifold M is called semi-slant [6], if it is endowed
with two orthogonal distributions D and DY, such that TM = D & D’ & (&) where D is invariant with
respect to ¢ and DY is proper slant, i.e.,, 6(X) is the angle between ¢X and Z)s is constant for any

XeD)andp e M.
(4) A submanifold M of a an almost contact metric manifold M is said be pseudo-slant (or hemi-slant)

[8], if it is endowed with two orthogonal distributions D+ and DY such that TM = D+ @ DI @ (&),
where D* is anti-invariant with respect to ¢ and DY is proper slant.

We note that on a slant submanifold if 6 = 0, then it is an invariant submanifold and if 6 = 7, then it
is an anti-invariant submanifold. A slant submanifold is said to be proper slant if it is neither invariant nor
anti-invariant. _

It is known that [7] if M is a submanifold of an almost contact metric manifold M such that & € TM, then
M is a slant submanifold with slant angle 0 if and only if

T? = cos? O (-1 +N® &) 8)
The following relations are the consequences of (8) as
9(TX, TY) = cos? 0 (g(X,Y) = n(X)n(Y)), ©)

g(FX, FY) = sin” 6 (9(X, Y) = n(X)n(Y)) (10)

forany X, Y € I'(TM). Another characterization of a slant submanifold of an almost contact metric manifold
is obtained by using (5), (6) and (8) as

BEX =sin® 0 (=X + n(X)&), CFX = —FTX (11)

for any X € I'(TM).
In [6], Cabrerizo et al defined and studied bi-slant submanifolds of almost contact metric manifolds as
follows:

Definition 2.1. Let M be an almost contact metric manifold and M a real submanifold of M. Then, we say that M is
a bi-slant submanifold if there exists a pair of orthogonal distributions Dy and D, on M such that

(i) The tangent space TM admits the orthogonal direct decomposition TM = D1 ® D, & (&).
(ii) TD1 L Dyand TD, 1. Dy
(iii) Foranyi=1, 2, D;is a slant distribution with slant angle 0;.

Let d; and d, denote the dimensions of 9; and D, respectively. Then from the above definition, it is
clear that

(i) Ifd; = 0ord, =0, then M is a slant submanifold.
(ii) If d; = 0 and 6, = 0, then M is invariant.
(iii) If d; = 0 and 6, = 7, then M is an invariant submanifold.
(iv) If neither d; = O nor d, = 0 and 67 = 0, then M is a semi-slant submanifold with slant angle 5.
(v) If neither d; = Onor d, = 0 and 0; = 7, then M is a pseudo-slant submanifold with slant angle 6,.

A bi-slant submanifold of an almost contact metric manifold M is called proper if the slant distributions
D1, D; are of slant angles 61, 0 # 0, 5.
We refer to [6] and [14] for non-trivial examples of bi-slant submanifolds.
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3. Warped product bi-slant submanifolds

In [3], Bishop and O’Neill introduced the notion of warped product manifolds as follows: Let M; and M,
be two Riemannian manifolds with Riemannian metrics g; and g, respectively, and a positive differentiable
function f on M;. Consider the product manifold M; X M, with its projections 71 : My X M, — M; and

2 1 My X My — M. Then their warped product manifold M = M; Xy M; is the Riemannian manifold
M X M, = (M X My, g) equipped with the Riemannian structure such that

9XY) = g1(m1 X, 11, Y) + (f 0 11) 92 (2, X, T2 Y)

for any vector field X, Y tangent to M, where x is the symbol for the tangent maps. A warped product
manifold M = M; X £ M, is said to be trivial or simply a Riemannian product manifold if the warping function
f is constant. Let X be an unit vector field tangent to M; and Z be an another unit vector field on M,, then
from Lemma 7.3 of [3], we have

VxZ =VzX = (XIn f)Z (12)

where V is the Levi-Civita connection on M. If M = M; Xy M, be a warped product manifold then M is a
totally geodesic submanifold of M and M, is a totally umbilical submanifold of M [3, 10].

Definition 3.1. A warped product My Xy M; of two slant submanifolds My and M, with slant angles 61 and 0, of
a cosymplectic manifold M is called a warped product bi-slant submanifold.

A warped product bi-slant submanifold M; Xy M, is called proper if both M; and M, are proper slant

submanifolds with slant angle 6, 6, # 0,5 of M. A warped product M; Xy M, is contact CR-warped
product if 01 = 0 and 0, = 7 discussed in [22]. Also, a warped product bi-slant submanifold M = M; Xy M»
is pseudo-slant warped product if 0, = 7 [23].

In this section, we investigate the geometry of warped product bi-slant submanifolds of the form

M X¢ My of a cosymplectic manifold M where M; and M, are slant submanifolds of M. Tt is noted that on

a warped product submanifold M = M; X¢ M, of a cosymplectic manifold M if the structure vector field &
is tangent to My, then warped product is simply a Riemannian product (trivial) [15]. Now, throughout we
consider the structure vector field & is tangent to the base manifold M;.

First, we give the following lemma for later use.

Lemma 3.2. Let M = M X M, be a warped product bi-slant submanifold of a cosymplectic manifold M such that
& is tangent to My, where My and M, are slant submanifolds of M. Then

g((X,Y),FV) = g(h(X, V), FY) (13)
forany X,Y € I'(TM;) and V € I(TM,).
Proof. For any X,Y € I'(TM,) and V € I'(TM,), we have
g(h(X,Y),FV) = g(VxY, FV)
= g(VxY,pV) = g(VxY, TV)
= —g(VxY, V) + g(VxTV, Y).
Then from (2), (5) and (12), we obtain
g(h(X, ), FV) = ~g(VxTY, V) = g(VxFY, V) + (XIn f) g(TV, Y).

Last term in the right hand side of above relation vanishes identically by the orthogonality of the vector
fields, thus we have

g(h(X,Y),FV) = g(TY,VxV) + g(A X, V).
Again from (12), (4) and the orthogonality of vector fields, we get the desired result. [
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Lemma 3.3. Let M = M X M, be a warped product bi-slant submanifold of a cosymplectic manifold M such that

& is tangent to My, where My and M, are proper slant submanifolds of M with slant angles 01 and 0,, respectively.
Then

9(n(X, ), FV) = g(h(X, V), FZ) (14)
forany X e T(TM;) and Z,V € I'(TM,).
Proof. For any X € I'(TM;) and Z, V € I'(TM,), we have
9(VxZ,V) = (XIn f) g(Z, V). (15)
On the other hand, we also have
g(%XZ, V)= g((p%dXZ,(pV) = g(%X@Z,goV).
Using (5), we derive
g(VxZ, V) = g(VxTZ,TV) + g(VxTZ,FV) + g(VxFZ, V).
Then from (1), (2), (12), (9) and the cosymplectic characteristic, we find that
g(VxZ, V) = cos? 0, (XIn )g(Z, V) + g(h(X, TZ), FV) — g(Vx@FZ, V).
By using (6), we arrive at
g(VxZ, V) = cos® 0, (XIn f)g(Z, V) + g(h(X, TZ), FV) - g(VxBFZ, V) — g(VxCFZ, V).
Then from (11), we obtain

g(VxZ, V) = cos® 0, (XIn f)g(Z, V) + g(h(X, TZ), FV) + sin? 0, g(VxZ, V) + g(VxFTZ, V).
= (XIn Ng(Z, V) + g(h(X, TZ), FV) - g((X, V), FTZ). (16)

Then from (15) and (16), we compute
gW(X,TZ),FV)=g(X, V), FTZ)

Interchanging Z by TZ and using (8), we obtain
cos? 0, g(W(X, Z), FV) = cos? 02 (X, V), FZ).

Since M is proper, then c0s20, # 0, thus from the above relation we get (14), which proves the lemma
completely. [

Theorem 3.4. There does not exist any proper warped product bi-slant submanifold M = My X yM; of a cosymplectic
manifold M such that My and M, are proper slant submanifolds of M.

Proof. When the structure vector field ¢ is tangent to My, then warped product is trivial. Now, we consider
& e I'(TM;) and for any X € I'(TM;) and Z, V € I'(TM,), we have

g(h(X,2),FV) = g(VzX,FV) = g(VzX, V) — g(VzX, TV).
Using (1), (2), (5), (12) and the cosymplectic characteristic equation, we derive

g(h(X,Z),FV) = —g(V29X, V) = (XIn f) g(Z, TV)
= —g(V4TX, V) - g(VzFX, V) — (XIn f) g(Z, TV).
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Again, from (2), (3), (4) and (12), we find that

g(h(X, Z),FV) = ~(TXIn f) 9(Z, V) + g(ArxZ, V) — (XIn f) g(Z, TV)
= —(TXIn f) g(Z, V) + g(h(Z, V), FX)
- (XIn f)g(Z, TV). (17)

Interchanging Z by V in (17) and using (1), we obtain

g(h(X, V),FZ) = —=(TXIn f) 9(Z, V) + g((Z, V), EX)
+(X1In f) g(Z, TV). (18)

Then from (17), (18) and Lemma 3.3, we arrive at

(XInf)g(Z, TV)=0. (19)
Interchanging Z by TZ in (19) and using (9), we get

cos® 02(X1In f) g(Z,V) = 0. (20)

Since M is proper, then cos? 6, # 0, thus from (20) we conclude that f is constant. Hence, the theorem is
proved completely. [J

From relation (20) of Theorem 3.4, if M is not proper and 0; = 7, then M is a pseudo-slant warped
product of the form My, Xy M, and this a case which has been discussed in [23] for its characterisation and
inequality.

Now, we give an example of such warped products.

Example 3.5. Let R” be the Euclidean 7-space endowed with the standard metric and cartesian coordinates
(x1, X2, X3, Y1, Y2, Y3, t) and with the canonical structure given by

I\ 9 (22 (20 1<ii<3
P\ox:) "oy P\ay;) ™ Tox Plae) T TEMIE

If we assume a vector field X = A; - + f“faiy,- +v2 of R, then pX = /\iaiy,- - ymixi and p*(X) = ;2 - [uja%j =
—-X +vg. Also, we can see that g(X, X) = A2 + ‘u? +12 and g(pX, pX) = A7 + H]z, where g is the Euclidean
metric tensor of R”. Then, we have 79X, pX) = g9(X, X) — n(X)&, where & = % and hence (¢, &, 1, g) is an

almost contact structure on IR7. Consider a submanifold M of R” defined by

. ) s
¢(u, v, w, t) = (ucosv, usinv, w, wcosv, wsinv, 2u, t), v # 0, 7

for non-zero u and w. The tangent bundle TM of M is spanned by

Z —cosvi+sinvi+2i
1= &xl axz (9]/3’
7 = _usino-2- a9 .0 d
> usmv&x1 +ucosv&x2 wsmvay1 +wcosv8y2
J 0 0
73 = — — +sinv=—, Zy=—.
3 70 +cosvay1 +va8y2' 4=
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Then, we have

/1 = cosvi + sinv— —2i
(P ! 8_1/1 8y2 8363/

Zr = —usinv— + ucosvi +WwsiNnv— — WCcoSv—=—
Pr2= ayl 8y2 8x1 axz

d d . d
©Zs = 5_y3 - cosva—x1 - smva—xZ, pZs = 0.

Clearly, the vector fields ¢Z, is orthogonal to TM. Then the anti-invariant and proper slant distributions of

M respectively are Dy = Span{Z,} and D, = Span{Z1, Z3} with slant angle 0 = cos™! (VLTO) such that & = Z4 is

tangent to M. Hence, M is a proper pseudo-slant submanifold of R”. Furthermore, it is easy to se that both
the distributions D; and D, are integrable. We denote the integral manifolds of D; and D, by M, and My,
respectively. Then the metric tensor g of the product manifold M of M, and My is

g = 5du® +2dw* + dr? +(u2 +w2) dv?
2
= gmM, +( u? +w?) gy, .

Thus M is a warped product pseudo-slant submanifold of R? of the form My x; M, with warping function
f = Vu? + w? such that ¢ is tangent to Mg.
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