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A New Application of Quasi Monotone Sequences and Quasi Power
Increasing Sequences to Factored Infinite Series
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Abstract. In this paper, we generalize a known theorem under more weaker conditions dealing with the
generalized absolute Cesaro summability factors of infinite series by using quasi monotone sequences and
quasi power increasing sequences. This theorem also includes some new results.

1. Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exists a positive increasing
sequence (c,) and two positive constants M and N such that Mc, < b, < Nc, (see [2]). A sequence (d,,) is
said to be 6-quasi monotone, if d, — 0, d, > 0 ultimately, and Ad, > —0,, where Ad, = d, — d,+1 and 6=
(0n) is a sequence of positive numbers (see [3]). A positive sequence X = (X,,) is said to be a quasi-f-power
increasing sequence, if there exists a constant K = K(X, f) > 1 such that Kf,X,, > f,X,, foralln >m > 1,
where f = {f.(0,7)} = {n°(logn)’, y > 0,0 < 0 < 1}(see [12]). If we take y=0, then we get a quasi-o-power
increasing sequence. It is known that every almost increasing sequence is a quasi-o-power increasing
sequence for any non-negative g, but the converse is not true for ¢ > 0 (see [11]). Let }_ a, be a given infinite
series. We denote by £3* the nth Cesaro mean of order (a, B), with @ + p > —1, of the sequence (na,), that is
(see [8])

1 v .
tz’ﬁ =—0 Z Aﬁ_;Agvav, (1)
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where
A% = O(n*h), Agﬂﬁ =1 and A™=0 for n>0. 2)

Let (Qz'ﬁ) be a sequence defined by (see [4])
¢P

, a=1,8>-1,
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maxij<p<n , O<a<1,B>-1.
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The series )’ a, is said to be summable | C, a, |, k > 1, if (see [9])

)

1 aB k
— |t . 4
Enlnl<oo 4)

n=1

If we take g = 0, then | C, a, § |, summability reduces to | C, & |, summability (see [10]). Also, if we take § =0
and a = 1, then we obtain | C, 1 |, summability .

2. Known Result

The following theorem is known dealing with an application of 5-quasi monotone sequence and power
increasing sequence.
Theorem 2.1 ([5]). Let (Qz’ﬁ ) be a sequence defined as in (3). Let (X,,) be an almost increasing sequence such
that | AX,, |= O(X,,/n) and let A, — 0 as n — oo. Suppose that there exists a sequence of numbers (A,) such
that it is 6-quasi monotone with }’ 16,X, < oo, Y, A,X, is convergent, and | AA, |[< | A, | for all n. If the
condition

>,

satisfies, then the series }’ a,1, is summable | C,a,f |, 0 <a <1, a+p>0,and k > 1.

“ﬁ)k

=0(X,) as m— oo ®)

3. Main Result

The aim of this paper is to generalize Theorem A under more weaker conditions. We shall prove the
following theorem.
Theorem 3. 1 Let (02) be a sequence defined as in (3). Let (X,;) be a quasi-f-power increasing sequence and
Ay — 0 as n — oo. Suppose that there exists a sequence of numbers (A,) such that it is 6-quasi-monotone
with AA, < 6,, Y, n16,X, < 00, Y, A, X, is convergent, and | AA, |< | A, | for all n. If the condition

(6“’%’“
k—
n=1 n

=0(Xy) as m— oo (6)

satisfies, then the series }’ a,A, is summable | C,a,f |, 0 <a <1, (a+p~-1)>0,and k > 1.

Remark 3. 2 It should be noted that the condition (6) is reduced to the condition (5) when k=1. When k > 1,
condition (6) is weaker than condition (5) but the converse is not true. As in [13], we can show that if (5) is
satisfied, then we get

SR CHOL Oy
< nXE1 Xk ! Z = O¥n).
n=

To show that the converse is false when k > 1, as in [6], the following example is sufficient. We can take
X, =n°,0 <0 <1, and then construct a sequence (u,) such that

Oy
n Xnk—l

= Xn — Xu-1,

n=

m a,Brk
(6 ) Z(X = Xu- 1)_ m = G/



H. Bor / Filomat 31:16 (2017), 5105-5109 5107

and so
m aﬁ)k m m
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m m m"k
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It follows that

m Bk
XLZ(Q”) — 00 as m— ©

provided k > 1. This shows that (5) implies (6) but not conversely.

We need the following lemmas for the proof of our theorem.

Lemma 3. 3 (Abel transformation)([1]). Let (ax), (bx) be complex sequences, and write
S, =a;+ap+..+a, Then

n n—1
Z lebk = Z SkAbk + Sn (7)
k=1 k=1

Lemma3.4([4D. f0<a<1,>-1,and 1 <v <n, then
v
1Y AxiAla, < max | 2 A% Aba, | ®)

Lemma 3. 5 ([7]). Let (X,) be a quasi-f-power increasing sequence. If (4,) is a 6-quasi-monotone sequence
with AA, <6, and } n6,X, < oo, then we have the following

(e8]

Y X, | AA, I< oo, )
n=1
nA,X, =0() as n— oo. (10)

Lemma 3. 6 ([7]). Under the conditions regarding (A,) and (X,,) of the theorem, we have

| A | Xy =0O(1) as n— oo. (11)

4. Proof of Theorem 3.1

Let (Tﬁ’ﬁ ) be the nth (C, o, f) mean of the sequence (na,A,). Then, by (1), we have

T = a+ﬁ ZA“ 1Aﬁvav Ao

n

First, applying Abel’s transformation and then using Lemma 3. 4, we have that

B A
T = a+/3 Z ANy ZA“ 1Appap a'jrﬁ Aﬁ 1A va,,
n Vl U=
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To complete the proof of Theorem 3. 1, by Minkowski’s inequality, it is sufficient to show that

(o9

1
Z#Tﬁf k< oo, for r=1,2.

n=1

Firstly, using (2) and then applying Hélder’s inequality with indices k and k’, where  + £ = land k > 1,
we obtain

m+1 1 m+1 1 (

aB ik a+p) aﬁ k
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Now, using Abel’s transformation we have
m+1 1 ; m=1 v (eazﬁ)k k
a,p 1k _ _
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= 0(1) )01 AAy | Xy +O(1) Y | Ay [X, + O()m Ay X,
v=1 v=1

= 0Q1) as m— oo,
in view of hypotheses of Theorem 3. 1 and Lemma 3. 5. Again, we have
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in view of the hypotheses of Theorem 3.1 and Lemma 3. 6. This completes the proof of Theorem 3. 1.

If we take B = 0, then we get a new result for | C, a |, summability factors. Also, if we take f = 0 and
a =1, then we obtain a result dealing with | C, 1 |, summability factors. Finally, if we take =0, then we get
another new result dealing with quasi-o-power increasing sequences.
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