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Almost Sure Exponential Stability of the 0-Euler-Maruyama Method
for Neutral Stochastic Differential Equations with
Time-Dependent Delay when 6 € [0, 1]

Maja Obradovié?, Marija Milosevié?

*University of Nis, Faculty of Science and Mathematics, Visegradska 33, 18000 Nis, Serbia

Abstract. This paper represents a generalization of the stability result on the Euler-Maruyama solution,
which is established in the paper M. Milosevié, Almost sure exponential stability of solutions to highly nonlinear
neutral stochastics differential equations with time-dependent delay and Euler-Maruyama approximation, Math.
Comput. Model. 57 (2013) 887 — 899. The main aim of this paper is to reveal the sufficient conditions for the
global almost sure asymptotic exponential stability of the O-Euler-Maruyama solution (6 € [0, 3]), for a class
of neutral stochastic differential equations with time-dependent delay. The existence and uniqueness of
solution of the approximate equation is proved by employing the one-sided Lipschitz condition with respect
to the both present state and delayed arguments of the drift coefficient of the equation. The technique used
in proving the stability result required the assumption 6 € (0, 1], while the method is defined by employing
the parameter 0 with respect to the both drift coefficient and neutral term. Bearing in mind the difference
between the technique which will be applied in the present paper and that used in the cited paper, the
Euler-Maruyama case (0 = 0) is considered separately. In both cases, the linear growth condition on the
drift coefficient is applied, among other conditions. An example is provided to support the main result of
the paper.

1. Introduction and Preliminary Results

Stochastic differential equations are well-known for describing those phenomena which are influenced
by some random factors. Often the investigation of such phenomena requires more complex models based
on (neutral) stochastic differential delay equations or (neutral) stochastic functional differential equations.
In most cases these equations cannot be solved explicitly, so it is necessary to study the approximate
solutions. There is an extensive literature based on the analysis of different properties of the exact and
approximate solutions of stochastic differential equations (see, for example [1, 4-9, 12, 13, 17]).

Very important issue in the analysis of stochastic differential equations is to determine the conditions
under which the exact and approximate solutions share some stability properties. There are many papers,
such as [2, 10, 14, 16, 18-20], where the authors studied a.s. exponential stability of different approximate
solutions for several classes of stochastic differential equations.
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The subject of this paper is consideration of the 6-Euler-Maruyama method, when 6 € [0, 1], for a class
of neutral stochastic differential equations with time-dependent delay under the linear growth condition on
the drift coefficient of the equation, among other conditions. Because of the presence of the time-dependent
delay, this method could be implicit with respect to the present-state argument of the drift, as well as, with
respect to the delayed arguments of the drift and neutral term. For that reason, the technique which is used
in this paper differs from those used in the context of some other classes of stochastic differential equations.
Significant contribution to the analysis of the O-Euler-Maruyama method for neutral stochastic differential
delay equations is given in [2], where authors considered the case when the delay is constant and 0 € (3, 1].
In this case, the method is implicit only with respect to the present-state argument of the drift. Moreover, in
[19] and [20], one can find the analysis of the O-methods for stochastic differential equations with constant
delay and for neutral stochastic differential equations with constant delay, respectively.

As usual, we first present some standard notations and definitions which are necessary for further
consideration. The initial assumption is that all random variables and processes considered here are defined
on a complete probability space (Q3, 7, {F}i-0, P) with filtration {F}»0 satisfying the usual conditions (that
is, it is increasing and right-continuous, and %y contains all P-null sets). Let w = {w(t),t > 0} be an m-
dimensional standard Brownian motion. Let |x| stand for the Euclidean norm of x € R? and, for simplicity,
|A]?> = trace(AT A) for matrix A, where AT is the transpose of a vector or a matrix.

For a given 7 > 0, denote by C([-7, 0]; RY) the family of continuous functions ¢ : [-7,0] — R? with
the supremum norm ||p[| = sup___,, l¢(t)|. Also, denote by Cb% ([-7,0]; RY) the family of Fy-measurable,
C([-1, 0]; RY)-valued bounded random variables.

Let 6 : Ry — [0, 7] be the delay function which is Borel-measurable. We consider the following neutral
stochastic differential equation with time-dependent delay

dlx(t) — u(x(t = 6(t)), )] = f(x(t), x(t — 6(t)), t)dt + g(x(t), x(t — 6(t)), tydw(t), t >0, (1)
satisfying the initial condition
Xo=@ = {(P(t) ‘te [_T/ 0]} € Cb'fo([_’r/ Ol;Rd)/ (2)

where the functions
fiR"xR*xR, - RY, g:R'xRI xRy —» R™, u:R*xR, — RY

are all Borel-measurable and x(t) is a d-dimensional state process.

A d-dimensional stochastic process {x(t),t > —7} is said to be a solution to Eq.(1) if it is a.s. continuous,
Fi-adapted, fom [f(x(t), x(t — 6(¢)), H)ldt < o0 a.s., fooo lg(x(t), x(t — 6(t)), H)I?dt < 0 a.s, xg = ¢ a.s, and for every
t > 0 the integral form of Eq.(1) holds a.s.

For the purpose of the following consideration we impose the assumptions which will be used explicitly

in the paper.
Aj : There exists a positive constant K such that, for all x,y € R? and all t > 0,
£ Gy, D < K(IxP + [y )
Ay : There exists a constant g € (0,1) such that, forall x, y € Riandallt >0,
[uCx, 1) = uly, )l < plx = yl. (4)

Additionally, if u(0,¢) = 0, t > 0, then (4) implies that for all x € R4,
lu(x, )| < Blxl. (5)
Ajs : The delay function 6 : R, — [0, 7] is differentiable and |0'(t)| < 715, t > 0, where 1 € (0, 1).
It should be stressed that A3 implies that
[6(t) = 6(s)l < it —s|, t,5 > 0. (6)
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Ay : Assume that there exist constants a; and a5, for which ay > 1“72,] > 0, such that, forall x, y € R4 and
allt >0,

20 —uy, ) f(x, v, 1) + lg(x, y, B < —anlxl® + aalyl. 7)
Also, we will assume that
f(0,0,t) = ¢g(0,0,f) = u(0,£) =0, t > 0. (8)

On the basis of the papers [12] and [13], one can conclude that hypotheses A, — A,, together with the local
Lipschitz condition on f and g and the assumption (8), guarantee the existence and uniqueness of the global
solution of Eq.(1), which is almost surely exponentially stable. Results from [13] suggested to employ A,,
as well as the linear growth condition A; on the drift coefficient of Eq. (1), in order to prove the almost sure
exponential stability of the 6-Euler-Maruyama solution.

It should be pointed out that this paper represents a generalization of the stability result on the Euler-
Maruyama solution, which is established in [13], due to the fact that the consideration in this paper is
based on the assumption that 6 € [0, 1]. However, the technique which will be used in the present paper is
different from the one applied in [13] and it is mainly addressed to the case when 6 € (0, %]. Since it could
not be applied in its original form in the Euler-Maruyama case (6 = 0), we will consider that case separately.

Since the equations which determines the 0-Euler-Maruyama solution are implicit, the first item that
need to be considered is the existence and uniqueness of solutions of these equations. In that sense, we will
employ the one-sided Lipschitz conditions in the first and second argument of the function f, which are
given within the assumption C;.

Ci: Let f € C(RY x R? x Ry;R?) and suppose that there exist constants py, u» > 0 such that, for all
x,y,z€ R?and all t > 0,

(X—]/,f(xzzft)_f(yzz/t» < H1|X—y|2, (9)
(x=y, fz,x,t) = f(z,y,1)) < wolx — yI~. (10)

Moreover, we introduce the following lemmas which will be used in proving the stability results. The
first one represents an elementary inequality, while the second one is proved in [13] (see Lemma 3).

Lemma 1.1. Foralla,b>0,p > 1, c > 0, we have that

(a+Dbf <+ L@ +cP).
From Lemma 1.1 and assumption (5), if ¢ = f, then we conclude that for all x, y € R t>0,

lx — uy, )P < (1 + B (Ixl + BlylP). (11)
In the sequel, we will use [-] to denote the integer part function.

Lemma 1.2. Assume that (6) holds. Foranyi € {0,1,2,...}, leti—[0(iA)/A] = a, wherea € {—n., —n.+1,...,0,1, ..., i}.
Then,

#je€l0,1,2,...}: j—[6GA) /Al =a} <[1-n)'1+1,

where #S denotes the number of elements of the set S.

2. Almost Sure Exponential Stability of the 6-Euler-Maruyama Solution when 6 € (0, 3

First, let us present the autonomous version of the initial equation (1), that is,
t
x(£) = @(0) + u(x(t — 6(£))) — u(x(=6(0))) + f f(x(s), x(s — 6(s)))ds (12)
0

f
+ f §(x(5), X(s — 0(&))dw(s), £ 0,
0
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satisfying the initial condition x(t) = ¢(¢), f € [-7,0].

In the sequel we will assume that, instead of the assumptions A;—Aj, (8) and C;, their autonomous
versions hold.

Choose a step size A € (0,1) such that A = 7/n, for some integer n. > 7. We will define the discrete
0-Euler-Maruyama approximate solution g corresponding to Eq.(12) on the equidistant partition kA, k =
-(n.+1),-n.,..-1,0,1,..... In that sense, set

O0(=A) =6(0), gG-.+1a = p(—=1.A). (13)
Define
g = pkA), k= —-n.,-n.+1,...,0, (14)

while, fork € {0,1,2,...},
Gk+1 = Gk + OuGrri—sceryay/a]) + (1 = O)u(Gr—[skay/a)) — Ou(Gr—rsxay/an) — (1 — O ulGr—1—s(e—1)a)/A1)
+Of (Grs1, Grrr-(o(ke1yayaDA + (1 = 0) f (i, G-oeaya)A + 9(Gics Ge—[oka)/a)) Awk, (15)
where Awy, = w((k + 1)A) — w(kA). For simplicity, denote
zi = gk — (1 = O)u(Gr-1-se-1ay/a1) — Ou@e-oeay/an) — Of (i, Ge-toway a1,

fi = f@k Gr-tokay/an),
Tx = 9(Jr, Gr-[50r)/A])

such that
Zk+1 = Zk + ka + gkAwk, ke {O, 1, 2, } (16)

As mentioned in the introduction, first of all, we are interested in the conditions under which there
exists unique 0-Euler-Maruyama approximate solution of Eq.(15). In other words, we are interested in
establishing the existence and uniqueness of solution to the equation of the form

x =d+ O(Af(x, a)a + Af(x, V)4 + u(x)la), xeR, (17)

for given a,d € R, where [, = 1 if [0((k + 1)A)/A] = 0 and I4 = 0, otherwise. In that sense, we impose the
next theorem without proof. The proof can be found in [11] or in [15].

Theorem 2.1 (Brouwer’s fixed point theorem). Assume that K C R? is a compact and convex set and that
f : K — Kis continuous function. Then there exists a fixed point of f, i.e., x € K such that f(x) = x.

Now, we present a lemma which establishes the existence and uniqueness of solution to Eq.(17) for any
0 € (0,1]. It should be mentioned that the proof corresponding to the case when 6 = 1 can be found in [14].

Lemma 2.2. Assume that the condition (4) and the hypothesis C1 hold. If O((u1 + u2)A + B) < 1, then, there exists
unique solution to Eq. (17).

Proof. The uniqueness of solution to Eq. (17) is proved straightforwardly. Namely, if we suppose that x and
y are both solutions of Eq. (17), then on the basis of conditions (4), (9) and (10), for any a,d € R?, we have
that

v = yP? = O] A=y, f(x,a)— f(y, )+ ALaCx—y, £, X)— F(y, y))+LaCx — y, u(@) —u(®))]
< O] ALk — yP+Ala(x—y, f(x, %)= 0, )+ ALa(x—y, £, y) = F(y, 1)) + Iaplx = yP]
< G[A‘ullAc|x - yl2 + Apolalx — yl2 + Aplalx - ]/l2 + Iaflx — y|2]
< O((u1 + )A + Plx — yP.
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Bearing in mind the assumption 0((u1 + u2)A + ) < 1, we conclude that x = y.
In order to prove the existence of solution to Eq. (17), denote that

_OIAf(d, a)la + Af(d, d)]4 + u(d)] 4]
B 1-0((t + p2)A+B)

Then, define aball B = {x € R? : |x — d| < R} and functions H : R — B, G : B — B, such that

- x—d d
H(x)_d+RRV|x—tJTI’x€R/ (18)
G(x) = H(d + O(Af(x,@)lac + Af(x, )4 + u(x)I4)), x € B. (19)

Since B is a compact and convex set and G is continuous function on B, it follows from Theorem 2.1 that
there exists a fixed point x* = G(x*).
If we assume that

OIAf (X", a)lac + Af(x*, x")a + u(x")4] > R, (20)

then

Af(x*,a)lac + Af(x*, x) g + u(x*)4
IAf(x*, a)lac + Af(x*, x*)a + u(x*)al”

X' =Gx) = H(J + OAF(x", a)ac + Af(x", x4 + u(x*)IA)) =d+R (21)

implying that |x* — d|=R.
On the other hand, (21) yields

Af(x*, a)Lac + Af(x*, x)a + u(x*) 4]
R

(" —d) = Af(x", a)Lac + AF(X, x4 + u(x")4.
Consequently, by repeating the corresponding procedure from [14] (Lemma 1), we obtain
IAf(x*,a)lac + Af(x", x") a4 + u(x")[4] <R,

which is a contradiction with respect to the assumption (20), since 6 € (0,1]. Thus, we conclude that
OIAf(x*, a)ac + Af(x*, x")a + u(x*)[4)| < R. Then, definitions (18) and (19) give

= H(d + OAF(, @)ac + Af(, x4 + u(x)a)) = d + OAF(x, @)Lae + AF(, 24 + u(x")y),
that is, x* is a unique solution of Eq. (17). O

Our main goal is to reveal the conditions under which the 0-Euler-Maruyama solution, defined by
(13)-(15), is almost surely asymptotically exponentially stable in the sense of the following definition.

Definition 2.3. The solution qi of Eq.(15) is globally almost surely asymptotically exponentially stable if there exists
a constant € > 0 such that

1
0814+ <-¢as

lim sup A S

k—o0

for any bounded initial condition ¢.

The next theorem establishes the global almost sure asymptotic exponential stability of the discrete
0-Euler-Maruyama solution when 6 € (0, %], for small enough step-size A.
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Theorem 2.4. Assume that the conditions of Lemma 2.2 hold, together with the hypotheses A1—Ay. Additionally,
let 6 € (0, 3] and suppose that

pe (o, ‘“T*/g) 22)
a; > max {K + (K + oz +462(1 - 00)([(1 = ) '] + 1), 20K + a + 457 a _96)2 } . (23)

Then, there exists a A* € (0,1) such that the O-Euler-Maruyama approximate solution defined by (13)-(15) is almost
surely asymptotically exponentially stable, whenever A € (0, A*).

Proof. On the basis of (15) and (16) we have that
lzka1 P = |zl + [2(q6 — (1 = O)u(Gr-a—oq-1yay/a1) — Ou(Gr-iswaya))’ fit g+ (1 = 20)|fPAIA + my,
= lzl® + [2(qk — u(@r-pwayaD)” fi + |gxl* + (1 = 20)| il *AlA
+2(1 = O)((Gi-rskar/al) — W@r-1-1sk-naya)) fid + my, (24)
where
my = |gAwel” = |gel*A + 2(zc + fid) gelAwy. (25)
Applying Ay and A, as well as the assumption A; on (24), for ag > 1%] >0and 6 € (0, %], we get
zk* < lzil® + (e lgel + 2lqi-fsgeayall + (1 = 20)|fFA)A
+2B(1 — O)qr—15kn)/A] — Gk—1—-[s((k-1))/ AL fel A + 1
< |zl + (—anlgel + @2lgi—rsgeaya)l* + (1 = 20)|fFA)A
+(B*(1 = 0)*Iqk1okay/a] — Tr-1-loe-1yay/all® + LA + my
< |zl — aalglPA + aolgiiswayalPA + (1 = 20)Klgel* A% + (1 = 20)Klg—fokay/a)*A
+2B%(1 = 0)* -y all*A + 2821 = 0)*|qk-1-fs(k-nayall*A + Klgel*A + KigioiseayalPA + my. (26
Thus, the estimate (26) can be written as
2z < lzil + (062 + (1= 20)KA +26%(1 - 6)* + K)|Qk—[5(kA)/A]I2A
+28%(1 = 0)%i-1-to-ayalPA + (= a1 + (1 = 20)KA + K)lgePA + m. 27)
Then, for an arbitrary constant A > 1, we find that
AEDAZ P = A2 < ABDNZ (L = A7) + [an + (1 - 20)KA + K] AAE DA g2
+ o2 + (1= 20)KA +282(1 - 0)? + K| AA“ D g jogeny a2
+2B%(1 = 0P AAC DA g1 se—nyayall® + ATy (28)
For simplicity, denote
Ri(A)=1-A%,
Ro(A) = —ay + (1 = 20)KA + K,
R3(A) = ap + (1 = 20)KA +26%(1 — 0)* + K.

Consequently, we see from (28) that

k-1 k-1 k-1
AR < 2ol + Ry(A) Y APz + Ry(A)A Y| AFDMG + Ry(A)A Y AFDN g, a1
i=0 i=0 i=0
k-1

+26%(1 — 0)°A Z AFDA g s-nayall® + My, (29)
i=0
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where
M=y AGDA,,
i=0
is a local martingale with My = 0.

By the definition of z; and Lemma 1.1, for ¢ = §, we get

1+
B

Further on, applying the assumption A, Lema 1.1, inequality (11) and then assumption A, we find that

zkl> < (1 + B)lgk — (1 — O)u(Gr—1-1ok-1)a)/81) — Ou@r—io0eny/ap)* + 16 fe AP

ze® < (1 + B)lg — u(Geipkayan) + (1 = O)WGrioay/ar) — (qe-1-to(e—1)aya))l*

1+
1P HZK(quI2 + |Gk-o(ka) /a1 |2)Az

B
1+B)?
p

< (1 + B)*lgk — u(@r—tokayan)l® + (1 = 0 [u(Growkny/a1) — U(Gk-1-1s(k-1)aya)I

+1"%‘862K(|Qk|2 + |‘1k—[6(kA)/A]|2)A2

<(1+p) (|17k|2 + ,B|q1<—[6(kA)/A]|2) +B(L + B)*(1 = 0)*qk-1oka)/a1 = Gk-1-fo(k-1yay/aD)I
+1F%'892K(|l7k|2 + |‘7k7[6(kA)/A]|2)A2

< (1+ B (I¢P + Blar-seayall®) + 281+ B2(1 = 00 (Ige—toara® + Mic1-to-nayanl?)

1+
+ Tﬁ O K(Iqil® + |qr—rsgeny ) A2

1+ 1+
= ((1 +p)°> + 75921@2) lgxl* + (ﬁ(l +B)° +2B(1 + B)*(1 - 0)* + TﬁGZKN) |9k—r50ca)/ a1
+2B(1 + B)*(1 = 0)*Iqk-1-[s(e-1)r)/ A1 (30)
Then, substituting (30) into (29) we get

k=1 k=1

AR < P20 + Ka(A) Y AN R + Ka(A) Y ACD g saym
i=0 i=0

Juy

+K3(A) Y ATDg g s-nayall® + My, (31)
i=0

where

Ki(A) = Ry(A) ((1 +p)° + 1%921@2) + Ry(A)A,

K>(A) = Ri(A) (/3(1 +B)° +28(1 + B)*(1 - 0)* + %QZKAz) + R3(A)A,

K3(A) = 2R (A)B(1 + B)*(1 — 0)* + 2p*(1 — O)*A.

Noting that K3(A) > 0, in a view of (13), we conclude that

k-1 k-1

K3(A) Z AU g simnayall < Ka(A)ALg-1-oyall® + Ka(A)AD Z ATDA g sinyal (32)
=0 i=0
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Thus (31) becomes
1 (S
AR < P20 + Ki(A) ) ATV R + (Ka(A) + Ka(A)AY) ) ATD g, sy P
i=0 i=0
+K3(A) A 1150y /a1 + M. (33)
By applying Lemma 1.2 to the second sum on the right-hand side of (33), we obtain

k-1 k-1

Z A(i+1)A|Qi—[6(iA)/A]|2 < AmAZ A(i—[é(iA)/A]+1)A| qi—[a(iA)/A]lz
i=0 i=0

k-1
<A -+ DA Y ACDAgR, (34)

i=—n,

Bearing in the mind that n.A = 7,K»(A) > 0 and K3(A) > 0, on the basis of (34) the expression (33) can be
estimated as
k-1
AR < X+ (A, A) ) ACDNg P + M, (35)
i=0

where, for any A € (0, 1), we have
-1
X = [zl + K3 (M)A Ng-1-a0yall? + (Ka(B) + Ks(A)AN([(1 - )7+ DAT Y AFDp(iA)E < 0o, (36)
and
h(A, A) = Ki(A) + (K2(A) + K3(A)AM)([(1 =)'+ DA

=(1-A ((1 +p)° + 1%‘8921@2) + (— + (1 = 20)KA + K)A

+Ha-a) (5(1 +P)? +2B(1 +B)*(1 - 0 + 1%5921@2)

(a2 + (1= 20)KA +26%(1 - 0)> + K)A
+(2(1 - A™MB+ (1 - 0)* + 262(1 - OPA)AL]([(1 - 1) '] + DA™ (37)

One can observe that

d _ A A-A-1 3 ﬂz 2
—h(A, A) = AA ((1+ﬁ)+ ; em)

+[(1 — A (5(1 +B)° +2B(1 +B)*(1 - 0> + %QZKAZ)

+(a2 + (1 = 20)KA +2%(1 - 0)* + K)A
+(201 = A™BA + BA(1 - 0)? + 2% (1 - 02A)AL (1A — )71 + 1)TA™!

+([(1 - )7+ DAT[AATT (5(1 +B)° +28(1 + (1 - 0)* + #QZKAZ)

+(2(1 = A™)BA + BA(1 - 0)? + 2%(1 - 0PA)AALT + 2AAT'B(1 + B)A(1 - 9)2] > 0. (38)
On the other hand, we have
h(1,A) = (= + (1 = 20)KA + K)A + ((1 —20)KA + K + ap + 46%(1 - 9)2)([(1 -7+ DA. (39)
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The application of the condition (23) yields the existence of
a1 = K= (K+az + 4621 - 0°)([(1 - )7'] + 1)

. (1-20)K([( -] +2) / 4o

such that, for any A € (0, A*), where A* = A; A 1, we have that h(1,A) < 0. Moreover, for any step-size
A € (0, A"), the function h(A, A) is continuous with respect to A € (1, +00) and tends to +o0 as A — +o0. So,
there exists a unique A = A(A) > 1, for which h(A, A) = 0 such that h(A, A) < 0 whenever A € (1, Al.

From (35) we conclude that, for any A € (0,A") and any A € 1,A4],
AkA|Zk|2 < X + M. (41)
On the basis of the semi-martingale convergence theorem (see [3]), we find that

lim sup ARz ? < lim sup(X + My) < o0 as. (42)

k—o0 k—o0

By the definition of z;, assumption A; and Lemma 1.1, for c = 3, we get

zkl* > gk — (1 = O)u(Gr-1-15(k-1)8)/8]) — OU(Gr—isgeny/ap)*
—20A(gx — (1 = O)uGr-1-5(k-1)8)/21) — OU@r—isay/a))” fe
= lgk — (1 — O)ulGeo1—s-1)a)/a1) — Ou(@risayan)l* — 200k — u(@r—tokayan)’ fe

—29(1 - G)A(M(Qk [skay/Al) = W(Gk-1-ps-nayan) fi
> 1 +ﬁlq K> — .El(l — O)uu(Fr-1-1(k-1)0)/1) + Ou@r—isgeay/ap)l® + a1 0Alqel
2 OAIqi—tseay/all® = (1 = 02 AlulG—isay/a)) — w(Gk-1-s-1yaya)* — O*Alfil*.

Moreover, applying the conditions (4) and (5) we obtain

|z[* > qu|2 = 2(1 = 0)?Blgk-1-15(-1)8)/811* = 202BlGk—iskayall* + a1 OAIqel

> 155
2 22 2 2 > 2 , 2
=2 0A|Gk—rskay/al” — (1 = 0)BAQIGr—15ka)/a1l” + 21Ge-1-[s(=1)0)/0]17) — O KAkl + 1Gr—[5ea)/a717)

( AL OA — QZKA) g2 + (—20°B — a2 0A - 2(1 - OPF*A — O°KA) gi-senys a1

+ (‘ (1-6yp-2(1- 9)2[32A) |91 o(k-ay/a1- (43)

Substituting (43) into (41), we get

(W + 1 0A — O2KA)Aqif? < (2678 + aa0A +2(1 = 0)2B2A + 02KA) A e joeayall
+2(1 = 0)*B (1 + PA) A gio1—po(-nyayall” + X + My, (44)
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forany A € (1, A]. So, for any y € (0, log A), there exists an integer k; such that for any integer k» > ki,

1
— + 1,0A — 62KA) sup g2
( 1+ ) klsksz I

< (20%B + 0A +2(1 - 0)*8*A + 6°KA) sup "|qe_(s(eay/a)

1 <k<k,
+2(1 - Q)Zﬁ (1 + ‘BA) sup 37/kA|11k—1—[6((k—1)A)/A]|2 + sup (X + Mk)
ki <k<ky ki <k<ky
< (Zezﬁ + azeA + 2(1 - 6)2‘32A + 92KA) et sup e)/(k—[b(kA)/A])A|qk_[b(kA)/A]|2
k1 <k<ky
+2(1 - Q)Zﬁ (1 + ﬁA) Ey(ﬂ—l) sup 6)/(k_1_[6((k_1)A)/ADA|qk_1_[5((k_1)A)/A]|2 + sup (X + Mk)
k1<k<k, k1 <k<ky

< (26%8 + a0A +2(1 - 0PF°A + 0°KA) [ sup gl + ™ sup &gl
k1 —n.<k<k;—1 k1 <k<k,

+2(1 - 0)*B(1 + BA) (e’”““) sup g+ sup erAquIZ] + sup (X + M),

ky—n.—1<ksk; ~1 Ky <ksk, K <ksk,
implying that
I(A) sup €212 <(20%8 + a20A +2(1 - 0)F*A + 0°KA) '™ sup  e"g?
k1 <k<k, ki —n,<k<k; -1
21 =021+ A sup g + sup (X + My), (45)
ky—n.~1<ksk; 1 ky<ksk,

where

I(A) = ﬁ + @10A - 0°KA = (208 + a2 0A + 2(1 — 0)*B2A + 0°KA) ™ — 2(1 - 0)° (1 + pA) "™, (46)

Note that
1
I(A) > Al 0 — 02K — (020 + 4(1 — 0% + 0°K) " ™*V] + TvF - 2B[6% + (1 — 6)]? D, (47)

For any 0 € (0, 1] and any

ye(o, - 1 - log (281 + B)(6* + (1 - 0)*) Alog A),

the condition (22), thatis € (0, _1;‘6), implies

1 _ 2 _ 0)\21,(1+1)
Y 28167 + (1 - )21 > 0.

Moreover, on the basis of (23), one can find

0 - 02K
Jlr - 1og (26(1 + H(6% + (1 - 6)) A L log it

o
4198 orai o o2k o8 4), 48

e(0,—
ye(o--
such that

100 — 0°K — (120 + 4(1 — 0)* + 6°K) "™V > 0.
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Consequently, if y satisfies (48), then [(A) > 0 for any A € (0, A*). Because of that, letting k; — 400, from
(45) we obtain

sup Mgyl < —— (20%B + m0A + 2(1 - O F*A + O°KA) ™ sup  e"g?
ki <k<oo Z(A) k1—n.<k<k;—1

+2(1 - 9)2[3 (1+B84) eV sup eykAlqkl2 + sup (X +My)|.

k1 —n.—1<k<k; -1 ki <k<eo
This inequality and (42) yield

lim sup e |qi* < 0,

k—o0

whenever v satisfies (48) and A € (0, A). Thus, (43) gives

lim sup 2 |gi|* < Z(LA) lim sup(X + M) < oo.

k—o0 k—oo

Consequently, we have

log(e"™|gx[?)

kA =0.

lim sup

k—o0

This yields

lim sup

k— o0

loglad _ 7
kA T2

for any A € (0, A*) and any y satisfying (48). This completes the proof. [

3. The Euler-Maruyama Case

For the reasons mentioned in the introduction, in order to complete the paper we will consider the case
when 0 = 0, that is, the Euler-Maruyama case. Then, (15) becomes

Gr+1 = Gk + w(qe—tskay/a)) — W(qk-1-[sk-1a)/a1 + f @k Gr-[okayaDD + 9k, Ge-fokayapAwy, k €1{0,1,2,...}, (49)
such that (13), (14) and (49) determine the discrete Euler-Maruyama solution. In this case, we have that
Zk = Gk — U(Gr-1-[s((k-1)A)/A])-

In the sequel, we will establish the stability result for the solution of Eq. (49), analogous to the one from
Theorem 2.4. So, we will give only a sketch of proof, by stressing those parts which are different to
corresponding parts of the proof of Theorem 2.4.

Theorem 3.1. Assume that the hypotheses A1—Ay hold. Additionally, let

be (o, ‘“T‘/g) (50)
a; > K+ (K+ax +485)([(1 - )71+ 1). (51)

Then, there exists a A* € (0,1), such that the Euler-Maruyama approximate solution defined by (13), (14) and (49) is
almost surely asymptotically exponentially stable, whenever A € (0, A*).
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Proof. On the basis of (49) we have
zkn * = |zl + 2k — u(@k—owaya))” fi + gl + 1fiPAlA
+2(u(G-tokeay/al) — W(@k-1-t(=1)ayaD) " fil + 1,
where
my = |gedwil® — g A + 2z + f:0) grdwy.
Applying the arguments which are used for obtaining the estimate (27), we get

zi [* < Jzel® + (a2 + KA + 287 + K)li—gseayal*A + 282 qk-1-s-1a)a1PA + (—a1 + KA + K)|qel*A + my.

Then, for an arbitrary constant A > 1, we find that
AFDAZ P = AR < ARDAZ (1 — A™8) 4 [~y + KA + K] AAEDA g, 2
+ [az + KA +28% + K] AAE DA g sanyarl?
+2B2AACDN g1 saenmyall? + ACD Ay
If we recall that Ri(A) = 1 — A= and denote
Ry(A) = —a; + KA+ K, R3(A) =as+KA+28+K,

then, from (54) follows that
k-1 k-1
AR < P20 + Ry(A) )| AR + Ro(A)A Y AFD g
i=0 i=0
1 (S
+R3(A)A Z ATDA G iyl + 2B7A Z AT gy s-nayall + My,
i=0 i=0

where
k=1
M, = Z AGDA,
i=0

is a local martingale with My = 0.
By the definition of z; and (11), we get

|zl = 1k — u(qe-1-ps-naya)l* < 1+ B)lael® + B + P)lgk-1-5(6-1)8)/81"-
Then, substituting (56) into (55) we obtain that
k-1 k-1
Az < |z + Ky (D) Z AFDAGR + Ro(A) Z A g sanyal
N =0 i=0
+K3(A) Z AN g, 1 s-nayall? + My,

i=

—_

where
Ki(A) = Ri(A)(1 +B) + Ry(A)A,  Ka(A) = Rs(A)A,  K3(A) = Ri(A)B(1 + B) + 26A.
Taking into account (32) and the fact that K3(A) > 0, the estimate (57) becomes

k-1 k-1
AR < 2ol + Ka(8) ) ATV + (Ra(A) + Ra(A)AY) ) ACDNg, iny g
i=0 i=0

+RK3(A) AL g-1-150) /a9 + M.

5640

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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By applying Lemma 1.2 to the second sum on the right-hand side of (58) and bearing in the mind that
n.A = 1, the expression (58) can be estimated as

k-1
ARz < X + (A, A) Z AEDA L2 4 AL (59)
=0

In the previous expression X has the form (36), where K>(A) and K3(A) are substituted by K>(A) and K3(A),
respectively, while

h(A, A) = Ky (A) + (Ky(A) + K3 (A)A®)([(1 - ) '] + DA
=(1-A)(1+p) + (~a1 + KA + K)A
+[(@2 + KA + 267 + K)A + (A* = D)B(L + p) + 262AAX|([(1 - )] + DA (60)

Observe that /1 increases with respect to 4, that is
diAfz(A, A) = A1+ B) + [(a + KA + 262 + K)A + (A* = DB(L + ) + 282AAL|([(1 - )] + D)zA™
+([(1 = )7+ DATAALB((1 + B) + 2pA) > 0. (61)
On the basis of the assumption (51), we have
7(1,A) = (-1 + KA + K)A + (KA + K+ az + 48)A(Q(1 =)' +1) < 0
for any A € (0, A*), where A* = A; A 1, while

Ao Y- K- (K+a +4p)(1 =)' +1)
' K(I(1=mT+2)
So, for any A € (0,A"), there exists a unique A = A(A) > 1, for which (A, A) = 0, such that i(A,A) < 0

whenever A € (1, A]. 3 3
From (59), we conclude that, for any A € (0,A*) and any A € (1, A],

AkA|Zk|2 <X+ My, (62)

and then, the semi-martingale convergence theorem yields

lim sup A*|z* < lim sup(X + M) < oo a.s.

k—oo k—o0

By the definition of z;, Lemma 1.1, for ¢ = §, as well as the condition (5), we get

1 1 1
2> 2 _ = s 2> 2 _ . B 2. 63
|zl > 1 +‘B|Qk| ‘BW(Qk 1-[s(k=nAyapl” = 1 +ﬁ|0]k| Blar-1-[5(k-1)a)/a]l (63)
Substituting (63) into (62), we get
1 -
—— AR g < BA gk k-nyay agf* + X + M. (64)

1+p
So, for any 7 € (0, log A), there exists an integer k; such that for any integer k, > k1,

sup " Mql> < B(1+p) sup g ps@-nayal’ + (1+B) sup (X +My)
k1 <k<k, ki <k<ky k1 <k<ky

< B+’ sup €GNV G, s ayal + (1+B) sup (X + M)
k1<k<k, k1 <k<ky

<BA+P| Y sup g + Y sup gl |+ (1+ ) sup (X + My).
k1 —n.—1<k<k; -1 k1<k<k;, ky <k<ky
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On the basis of the condition (50), that is § € (O, _12‘/5) , for any

1 )
je (o, ——— 1og(B(1+ ) A logA),

we have that

sup ™™g < (1-p(1+ ‘B)eﬂﬁl))il B(1 +p) (eﬂ”D sup erA|qk|2] +(1+p) sup (X + Mk)] . (65)

k1 <k<k, ky—n.—1<k<k; -1 k1 <k<k,

Letting ky — +c0 in (65), we obtain

sup e gl? < (1 -B(1+ ﬁ)eﬂ”l))_1 B+ B) (67(”1) sup e'f’kAlkuZ] +(1+p) sup X+ Mk)] ,

k1 <k<oo k1 —n.—1<k<k;—1 k1 <k<oo
which yields

lim sup e |gi|* < 0.

k—o0

Following the procedure from the proof of Theorem 2.4, we obtain

lim sup

k— o0

forany A € (0,A*) and any 7 € (O, ——L-log(B(1 + B)) A logA). d

4. Numerical Simulations
In order to illustrate the previous theoretical result, when 6 € (0, %], we present an example.

Example 4.1. Consider the following scalar neutral stochastic differential equation with time-dependent delay

d[x(H - %x(f — 5(t))] (66)
1 x(t-5(b)
10 V10 1 +x*(t — o(t))

with the initial condition p(t) = =1, t € [-7,0], wheret = 0.5and ¢ € Cbﬁ([—T, 0]; R). Obviously, the drift coefficient

f(x,y) = —55x — 35 siny satisfies the linear growth condition Ay for K = 5%, while the function u(x) = 5x, x € R

satisfies the assumption A, for p = 2. Assume that the delay function is of the form &(t) = 1 — § sint, t € [0,50].
Then,

=(- 21—0x(t) - % sin x(t - 5(t)))dt + cosx(Hdw(t), te[0,50],

R 1
|6(t)|—|—1cost|sz—n,

1
o)~ 0] < 7lt = sl, 5 € 0,50]

and we find that Az hold with n = 1. In order to verify Ay, note that
Xy + 2 siny + —1 —yZ co
20-50"7 " 20-507 ™Y T 1000 (1 + y3)2

1 1
2 2 2
¥+ 1000Y T Too0?

szx

_ 2 25, 2 .
2(x —u(y) f(x, y) +lglx, y)I- = 50° ~grsinyt

2 2 1 2 2
< = _
<=20% T ™ )" Tog
7 o, 14,

=~500" T5007"

(o +
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So, ay = 25 and a; = 2. Moreover, we have that

@ _ 1437
1-n 375 500

an.

Thus we conclude that Ay holds, as well as (8), that is, f(0,0) = g(0,0) = u(0) = 0.
Observing that, for any x1,x2,y € R4,

1 1
(X1 = x2, f(x1,y) = flx2, y)) = —E@Cl — X2, X1 —X2) = —E|X1 -1,

1 . . 1
(1 = x, fy,x1) = f(y, x2)) = _E<x1 — Xp,8inx —sinxp) < 4—0|x1 -1,

5643

we conclude that Cy holds for any positive py and i, = 41—0. So, we will choose py = yy = 4%, such that O((u1 + p2)A +
B) < 1forany A € (0,1) and any 6 € (0, 3]. Thus, Lemma 2.2 guarantees that the corresponding O-Euler-Maruyama
approximate equations have unique solutions. Bearing in mind (15), for 6 = } and any A € (0,1), we have that

g = (kA), k= —n,,—n. +1,..,0and fork=10,1,2, ...,
3

— + L + L R — l A — i A
Gk+1 = Gk 200 Gr+1-[6((k+1)A)/A] 100 qke—[5(kA)/A] 200 Jre=1-[5((k=1)A)/A] 30 Jr+1 30 713

Gk=[5(kA)/A]

1 . 3 .
— 5 SIN G 1-[5((k+1)AY/A]A — 7= SIN Gi_[5kn)/A1A +

In Figure 1, we plotted several trajectories of the O-Euler-Maruyama solution (67).

q

—1

Figure 1: Trajectories of the 6-Euler-Maruyama solution with A = 0.01

Moreover, the assumption (22) holds since % =pe€ (0, _1;‘6) . Also,

% = a1 > max {K + (K +ay +48%(1 - 9)2)([(1 — 1) +1),20K + ap + 4B2

that is, the condition (23) is fulfilled.

(1-0y
0

(67)

In order to find the scope of A for which the 0-Euler-Maruyama solution (67) is a.s. exponentially stable, we need
to calculate Ay, defined in (40). Since Ay = 0.16, in the sequel we will deal with A € (0,0.16). So, we may choose
A = 0.01. Then, we need to calculate A = A(0.01), which is the unique solution of the equation h(A,0.01) = 0, where
h(A, A) is given in (37). By direct computation we obtain that A = 1.0009. Bearing in mind (48), on the basis of

Theorem 2.4, we conclude that for any

y € (0,1.0623 A 0.2302 A 0.0009),
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that is, for y € (0,0.0009), the 0-Euler-Maruyama solution satisfies

loglad _ 7

kA T2

lim sup

k—oo

In order to illustrate that the previous inequality holds, we simulated the trajectories of the ratio on the left-hand side
of the inequality, which correspond to the trajectories plotted in Figure 1. We plotted those trajectories against the
line z = —0.00045, that is the lower bound of the expression on the right-hand side of the inequality. The result of this
simulation is presented in Figure 2.

z
0.035

—0.00045 )t

-0.15

Figure 2: Trajectories of the ratio lof X’" ‘ ,k=1,...,5000, against the line z = —0.00045, with A = 0.01
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