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Abstract. In this paper, we initiate the study of a generalization of fuzzy primary I'-ideals in T-rings by
introducing fuzzy 2-absorbing primary I'-ideals and fuzzy strongly 2-absorbing primary I'-ideals. The no-
tions of a fuzzy 2-absorbing primary I'-ideal, fuzzy strongly 2-absorbing primary I'-ideal and fuzzy weakly
completely 2-absorbing primary I'-ideal are defined and their structural characteristics and properties are
investigated. The notion of a fuzzy K — 2-absorbing primary I'-ideal is introduced and several of its proper-
ties are investigated. Finally, the relationships between fuzzy 2-absorbing primary I'-ideals of a I'-ring are
examined.

1. Introduction

The fuzzy set theory has been proposed in 1965 by Lofti A. Zadeh [33] from the University of Berkeley
and since then this concept has been applied to various algebraic structures. Rosenfeld [31] was the first
who applied this notion on algebraic structures. After the introduction of the concept of fuzzy sets by
Zadeh, a lot of research took place regarding the generalization of the classical notions and results on
algebraic structures applying fuzzy sets. (See [13, 14]) The concept of a I'-ring has a special place among
generalizations of rings. One of the most interesting examples of a ring would be the endomorphism ring
of an abelian group, i.e., EndM or Hom(M, M) where M is an abelian group. Now if two abelian groups, say
A and B instead of one are taken, then Hom(A, B) is no longer a ring in the way as EndM becomes a ring
because the composition is no longer defined. However, if one takes an element of Hom(B, A) and put it
in between two elements of Hom(A, B), then the composition can be defined. This served as a motivating
factor for introducing and studying the notion of a I'-ring. The notion of a I'-ring, a generalization of the
concept of associative rings, has been introduced and studied by Nobusawa in [28]. Barnes [6] slightly
weakened the conditions in the definition of a I'-ring in the sense of Nobusawa. The structure of I'-rings
was investigated by several authors such as W.E.Barnes in [6], S.Kyuno in [19, 20] and J.Luh in [23] and
were obtained various generalizations analogous to corresponding parts in ring theory. The concept of a
fuzzy ideal of a ring was introduced by Liu in [22]. Y. B. Jun and C. Y. Lee [15] applied the concept of fuzzy
sets to the theory of I'-rings. They studied some properties of fuzzy ideals of I'-rings. In fuzzy commutative
algebra, primary ideals are the most significant structures. Dutta and Chanda [10], studied the structure
of the set of fuzzy ideals of a I'-ring. Jun [16] defined fuzzy prime ideal of a I'-ring and obtained several

2010 Mathematics Subject Classification. Primary 08A72; Secondary 13A99

Keywords. 2-absorbing, 2-absorbing primary I'-ideal, fuzzy 2-absorbing primary I'-ideal

Received: 26 April 2017; Accepted: 18 October 2017

Communicated by Dijana Mosi¢

Email addresses: serkanl@ar@gmail.com (Serkan Onar), dnzguel@hotmail.com (Deniz Sonmez), ersoya@gmail.com (Bayram Ali
Ersoy), gyesilot@hotmail.com (Giirsel Yesilot), kostaq_hila@yahoo.com (Kostaq Hila)



S. Onar et al. / Filomat 31:18 (2017), 5753-5767 5754

characterizations for a fuzzy ideal to be a fuzzy prime ideal. Fuzzy maximal, radical and primary ideal of
a ring was studied by Malik and Mordeson in [24] and fuzzy prime ideal in I'-rings was studied by Dutta
and Chanda in [11]. Furthermore, Oztiirk et al. [29, 30] characterized the Artinian and Noetherian I'-rings
in terms of fuzzy ideals.

The concept of a 2-absorbing ideal, which is a generalization of prime ideal, was introduced by Badawi in
[2] and which was also studied in [1],[5]. At present, studies on the 2-absorbing ideal theory are progresssing
rapidly. It has been studied extensively by many authors (e.g.[3],[7],[17] ). Darani [9] investigated and
examined the notion of L-fuzzy 2-absorbing ideals and he has obtained interesting results on these concepts.
Darani and Hashempoor were focused on the concept of L—fuzzy 2-absorbing ideals in semiring [8].
Elkettani and Kasem [12] proposed the notion of 2-absorbing 6-primary I'-ideal of I'-rings and obtained
interesting results concerning these concepts.

In this paper, we introduce the fuzzy 2-absorbing I'-ideals, fuzzy 2-absorbing primary I'-ideals, fuzzy
strongly 2-absorbing primary I'-ideals and fuzzy weakly completely 2-absorbing primary I'-ideals, some
generalizations of 2-absorbing primary fuzzy ideals and describe some of their properties . The notion of a
fuzzy K — 2-absorbing primary I'-ideal is introduced and several of its properties are investigated. Finally,
the relationships between fuzzy 2-absorbing primary I'-ideals of I'-rings are examined. We also establish
a diagram which transition between definitions of fuzzy 2-absorbing I'-ideals of a I'-ring as well as the
relationships of these concepts with the concept of 2-absorbing I'-ideal.

2. Preliminaries

In this section, for the sake of completeness, we first recall some useful definitions and results which are
needed in the sequel. Throughout this paper, unless otherwise stated, R is a commutative I'-ring with 1 # 0
and L = [0, 1] stands for a complete lattice.

Definition 2.1. [33] A fuzzy subset p in a set X is a function u:X — [0,1].

Definition 2.2. [25] Let i and v be fuzzy subsets of X. We say that i is a subset of v, and write u C v, if and only if
px) <v(x),forall x € X.

Definition 2.3. [25] Let u be any fuzzy subset of X and t € L. Then the set
pr={xeX|u) >t
is called the t — level subset of X with respect to .

Definition 2.4. [25] Let x € X and r € L — {0}. A fuzzy point, written as x,, is defined to be a fuzzy subset of X,
given by

{5 Lz

otherwise.
If x, is a fuzzy point of X and x, C u, where y is a fuzzy subset of X, then we write x, € .
Definition 2.5. [6] Let R and I be two abelian groups. R is called a T-ring if there exists a mapping
RXI'XR — R

(x,a,y) = xay
satisfying the following conditions:
1. (x +y)az = xaz + yaz,
. xa(y +z) = xay + xaz,

2
3. x(a+B)y = xay + xBy
4. xa (ypz) = (xay)Pz forallx,y,z € R and all a, B €T.
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Definition 2.6. [10] A left (resp. right) I'-ideal of a I-ring R is a subset A of R which is an additive subgroup of R
and RTA C A (resp,ATR C A) where,

RTA ={xay|xeR,acl,ycA}.
If A is both a left and right ideal, then A is called a T-ideal of R.

Definition 2.7. [11] A fuzzy set p in T—ring R is called a fuzzy T'-ideal of R, if for all x,y € R and o € T, the
following requirements are satisfied:

L p(x—y) zmin{u(x), 1 (y)}
2. p(xay) 2 max{u (x), 1 (y)}-

Definition 2.8. [10] Let R and S be two I'-rings, and f be a mapping of R into S. Then f is called T'-homomorphism
if
fla+b)=f(a)+f(b) and f(aab) = f(a)af (b)
foralla,be Rand a €T.
Proposition 2.9. [21] If P is an ideal of a I-ring R, then the following conditions are equivalent:

1. Pis a prime ideal of R;
2. Ifx,y € Rand xIRT'y C P, then x € Por y € P.

Definition 2.10. [16] A non-constant fuzzy I'-ideal y of a I'-ring R is called fuzzy prime I'-ideal of R if for any two
fuzzy I-ideals ¢ and O of R,

ol'0 C p implies that either 0 C uor 0 C .
Lemma 2.11. [24] Let R be a commutative I'-ring with identity and let x, and ys be two fuzzy points of R. Then

1. xay, = (ray),,
2. (xyya(ysy = (x,aysy, where (x,) is fuzzy T-ideal of R generated by x,.

Theorem 2.12. [24] Let R be a commutative I'-ring and u be a fuzzy T-ideal of R. Then the following statements are
equivalent:

1. xTy: € pu = x C pory: C pwherex, and y; are two fuzzy points of R.

2. wis a fuzzy prime I'-ideal of R.

Definition 2.13. [2] A proper ideal I of a commutative ring M is called a 2-absorbing ideal of M if whenever
x,y,z€ Mand xyz € I, thenxy € lorxz € [or yz € L.

Definition 2.14. [26] A fuzzy ideal u of R is said to be a fuzzy weakly completely prime ideal if 1 is non-constant
function and for all x, y € R, p (xy) = max{u (x), u(y)}.

Definition 2.15. [18] Let u be a non-constant fuzzy ideal of R. u is said to be a fuzzy K—prime ideal if u (xy) = u (0)
implies either i (x) = 1 (0) or u(y) = p (0) for any x, y € R.

Definition 2.16. [12] A proper I'-ideal I of a I'-ring R is called a 2-absorbing T-ideal of R if whenever x,y,z € R,
a,p € T'and xaypz € 1, then xay € L or xfz € I or ypz € I.

Definition 2.17. [27] Let u be a fuzzy ideal of R. Then +Jii, called the radical of 1, is defined by +[ti(x) = v p(x™).
nx

Definition 2.18. [27] A fuzzy ideal u of R is called primary fuzzy ideal if for x,y € R, p(xy) > u(x) implies
p(xy) < u(y™) for some positive integer n.
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Theorem 2.19. [27] Let u be fuzzy ideal of a ring R. Then /i is a fuzzy ideal of R.

Theorem 2.20. [32] If y and & are two fuzzy ideals of R, then \JuN& = \uN VE.

Theorem 2.21. [32] Let f : R — S be a ring homomorphism and let u be a fuzzy ideal of R such that u is constant
on Ker f and & be a fuzzy ideal of S. Then,

VAW = f(NB) and \Jf1©) = F1(VO).

Definition 2.22. [4] A proper ideal I of R is called 2-absorbing primary ideal of R if whenever a,b,c € R with abc € I
then either ab € I or ac € VI or be € VI.

Theorem 2.23. [4] If I is a 2-absorbing primary ideal of R, then V1 is a 2-absorbing ideal of R.

3. Fuzzy 2-absorbing primary I'-ideals of a I'-ring
In this section, we introduce and study fuzzy 2-absorbing primary I'-ideals of a I'- ring. Firstly, we
will give the structure of fuzzy primary I'-ideals of a I-ring. Throughout this paper we assume that R is a
commutative I'-ring.
Definition 3.1. Let u be a non-constant fuzzy I'-ideal of R. Then u is said to be a fuzzy primary T-ideal of R if
xrays implies that either x, € pLor ys € \Ju
for any fuzzy points x,, ys of R and a € T
Proposition 3.2. Let u be a fuzzy I'-ideal of R. If u is a fuzzy primary T-ideal of R, then forall x,y € Rand a € T
p (xay) > p(x) implies that u (xay) < \p(y).

Proof. Let u(xay) = r > u(x). Then (xay), € p and x, ¢ u. Since u is a fuzzy primary I'-ideal of R, then
yr € \fii. Thus p(xay)=r< u(y). O

Example 3.3. Every fuzzy prime T-ideal of R is a fuzzy primary I'-ideal of R.
Now, we give the definition of a fuzzy 2-absorbing primary I'-ideal of a I'-ring.

Definition 3.4. Let u be a non-constant fuzzy I'-ideal of a I-ring R. Then p is called fuzzy 2-absorbing primary
T'-ideal of R if for any fuzzy points x,,ys,z; of Rand a, B € T,

xraysPz € p implies that either x,ays € yor x.z; € i or Ysfz: € +Jll.
Proposition 3.5. Every fuzzy primary I'-ideal of R is a fuzzy 2-absorbing primary T'-ideal of R.
Proof. The proof is straightforward. [J

Theorem 3.6. Let i be a fuzzy I'-ideal of R. If p is a fuzzy 2-absorbing primary I'-ideal of R, then u, is a 2-absorbing
primary T-ideal of R, for every a € [0, u (0)] with u, # R.
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Proof. Let pu be fuzzy 2-absorbing primary I'-ideal of R and suppose that x,y,z € R and «, € I are such
that xaypz € y, for every a € [0, u (0)] with y, # R. Then

p (xaypz) > a and (xaypz), (xaypz) = a < u (xaypz),

so we have (xaypz), = X,ayafz, € p. Since u is a fuzzy 2-absorbing primary I'-ideal of R, we have

(xay), = %y € por (xB2), = xaza € VF or (yB2), = yabza € VL.
Thus xay € u, or xpz € +Jli, or YPz € +[tis, and i, is a 2-absorbing primary I'-ideal of R. [J

The following example shows that the converse of the theorem is not generally true.
Example 3.7. Let R = Z and I’ = 2Z, so R is a I'-ring. Define the fuzzy I'-ideal u of R by

1, ifx=0;
px) = %, if x € 157 — {0};
0, ifxeZ-15Z.

Since uy =2, p =152 and py = 0, then we get 11, is a 2-absorbing primary I'-ideal of R. But, for a, B € 27, we get

3%0(5%[31% = (30(5‘81)%/\%/\% = (30(5‘81)% € u, and
3%015% = (3&5)%/\% = (30(5)% = % > [,l(30(5) = %,
1
3,p1, = (D), | = (1), = 5 > VAGE) =0,

5.1, = (5p1),, = (5p1), = 5 > VEGHD) =0.
Thus u is not a fuzzy 2-absorbing primary I'-ideal of R.
Corollary 3.8. If u is a fuzzy 2-absorbing primary I'-ideal of R, then
pe={x eR|px)=p0)}
is a 2-absorbing primary I'-ideal of R.

Proof. Since u is a non-constant fuzzy I'-ideal of R, then p. # R. Now the result follows from the above
theorem. O

In the sequel of the paper, for the sake of simplicity, we denote x™ = xy1x)sx...ym—1x for some
1,72, - Ym-1 € I and for some m € Z*.

Theorem 3.9. Let [ be a 2-absorbing primary I'-ideal of R. Then the fuzzy subset of R defined by

y(x)z{ (1): if xel

otherwise
is a fuzzy 2-absorbing primary T-ideal of R.

Proof. We have I # R and so u is non-constant because [ is a 2-absorbing primary I'-ideal of R. Assume that
xraysfz; € u, but x,ays € u, x,pz: ¢ /g and ysfz; ¢ /u where x,, ys, z; are fuzzy points of R and «, € T..
Then

p(xay) < rAs
U ((xﬁz)") < ApBz)<rAt
u(Wp2)') < VE(y2) <sAt
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for all n > 1. Hence
p(xay) = Oandxay ¢l
u ((xﬁz)") = Oand (xBz)" ¢1 soxpz ¢ VI
L ((yﬁz)") = Oand (yBz)" ¢1 soypz ¢ VL

Since I is a 2-absorbing I'-ideal of R, we have xaypz ¢ I and so u (xaypz) = 0 for x,y,z € Rand a,p € T.
By our hypothesis, we have (xaypz), sy = xrayspz: € pand rAs At < p(xaypz) = 0. Hence r As =0 or
rAt=0or sAt=0,whichisa contradiction. Hence x,ays € u or x,fz; € /i or yspz; € /fi and p is a fuzzy
2-absorbing primary I'-ideal of R. [

Theorem 3.10. Every fuzzy 2-absorbing I'-ideal of R is a fuzzy 2-absorbing primary I'-ideal of R.
Proof. The proof is straightforward. O
The following example shows that the converse of the above theorem is not true.

Example 3.11. Let R = Z and I’ = 5Z, so R is a I'-ring. Define the fuzzy I'-ideal u of R by

(1, ifxel2z,
p () _{ 0, otherwise.

Then u is a fuzzy 2-absorbing primary I'-ideal of R, but it is not fuzzy 2-absorbing I'-ideal of R because for o, p € 2Z.
andr,s,t €[0,1],

2,a2:83; € p, but 2,02, & u, 2,63 & yand 2,3¢ & .
Proposition 3.12. If u is a fuzzy 2-absorbing primary I'-ideal of R, then /i is a fuzzy 2-absorbing T-ideal of R.

Proof. Suppose that x,aysfz; € /u and x,ays ¢ /u where x;, ys, z; are fuzzy points of R and a, € I. Since
X,aysPz; € /1, then

rAs At = (xaypz) o (xaypz) = xrayspz: (xaypz) < Vi (xaypz).
From the definition of \/ﬁ, we have
Vi (xaypz) = Y ((xayﬁz)”) = A"y y22") = r As AL
for some y1,y, € I'. Then there exists k € Z* such that for some Vi vy €L,
rAsAt<u (xk)/iyky’zzk) <u ((xayﬁz)k)
which implies that (x,aysﬁzt)k € u. If x,ays ¢ /i, then for all k € Z* and for some y €T,
(xra‘%)k > 07Ys ¢ e
Since p is a fuzzy 2-absorbing primary I'-ideal of R, then

X,Bz¢ € JU or YsPzs € L.
Hence /i is fuzzy 2-absorbing I'-ideal of R. [J

Definition 3.13. Let u be a fuzzy 2-absorbing primary T-ideal of R and y = [t which is a fuzzy 2-absorbing T'-ideal
of R. Then p is called a fuzzy y-2-absorbing primary I'-ideal of R.

Theorem 3.14. Let uy, ly, ..., i be fuzzy y-2-absorbing primary I'-ideals of R for some fuzzy 2-absorbing T'-ideal y
n

of R. Then u = (" p; is a fuzzy y-2-absorbing primary I'-ideal of R.
i=1
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Proof. Assume that x,aysfz; € y and x,ays ¢ u where x,, ys,z; are fuzzy points of R and «,f € I'. Then
xyays ¢ ujforsomen > j > 1and x,aysfz; € ujforalln > j > 1. Since y; is a fuzzy y-2-absorbing primary I'-

ideal of R, we have ysfz; € \Jij =y = Ol Vit = ,/Qyi = \Horx,fzi € \Juj =y = Ol Vi = Qyi = .
Thus u is a fuzzy y-2-absorbing primary I'-ideal of R. [

In the following example, we show that if pq, u, are fuzzy 2-absorbing primary I'-ideals of a I'-ring R,
then u1 N 2 need not to be a fuzzy 2-absorbing primary I'-ideal of R.

Example 3.15. Let R = Z and I’ = p;Z, so R is a I'-ring. Define the fuzzy I'-ideals p1 and p, of R by

_ | 1, ifxe50Z, _ |1, ifxe757,
H1 (v) _{ 0, otherwise, and iz (x) _{ 0, otherwise,

such that p; # 2,3, 5 is a prime integer. Hence (11 and u are fuzzy 2-absorbing primary I'-ideals of a I'-ring R. Since
_ | 1, ifxe150Z, _ |1, ifxe30Z,
(p1 N p2) () = { 0, otherwise, and i O pz () = { 0, otherwise,

thenfora, B € Tandr,s, t € [0,1],25,a3,82; € pu1Nua, but 25,03, ¢ p1Nuz, 3562+ & 1 N 12,252 & i N o
Therefore, L1 N Uy is not a fuzzy 2-absorbing primary T-ideal of R.

Theorem 3.16. Let u be a fuzzy T-ideal of R. If \/u is a fuzzy prime T-ideal of R, then u is a fuzzy 2-absorbing
primary I'-ideal of R.

Proof. Suppose that x,aysfz: € pand x,ays ¢ pforanyx,y,z € R,a,f € 'andr,s,t € [0, 1]. Since x,ayfz; €
and R is a commutative I'-ring, we have

xraysPzePz = (Xrazy)B(ysPze) € 4 S .

Thus x,az; € \Ju or ysfz; € /i, since /i is a fuzzy prime I'-ideal of R. Therefore we conclude that u is a
fuzzy 2-absorbing primary I'<ideal of R. [T

Corollary 3.17. If i is a fuzzy prime I'-ideal of R, then u" is fuzzy 2-absorbing primary I'-ideal of R, for any n € Z*.

Proof. Let i be a fuzzy prime I'-ideal of R and x,ay,fz; € p", but x,ays ¢ u" for any n € Z*, where x,, ys, z;
are fuzzy points of R and a, € I'. Since x,ayfz; € u" and R is a commutative I'-ring, then

xraysPzifzr = (xraz)B(yspze) € W' C p.

Since y is fuzzy prime I'-ideal of R, then x,az; € u = +/u" or ysfz; € u = /u™. Hence u" is fuzzy 2-absorbing
primary I'-ideal of R. [

Theorem 3.18. Let {y; | i € I} be a directed collection of fuzzy 2-absorbing primary T-ideals of R. Then the fuzzy
ideal u = U[yi is a fuzzy 2-absorbing primary I'-ideal of R.
1€,

Proof. Assume that x,ay;pz; € y and x,ays ¢ y for some x,, ys, z; fuzzy points of R and «, § € I'. Then there
exists j € I such that x,ayspz; € yj and x,ays ¢ y; for all j € . Since y; is a fuzzy 2-absorbing I'-ideal of R,
then

YsPzt € Jlij Or X:fz; € +Jli;.
Thus

YsPzi € Vi C Ui = [Upi = poor xfz € N C Ui = [Upi = .

Hence p = Ui is a fuzzy 2-absorbing primary I'-ideal of R. [
1€
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Theorem 3.19. Let f : R — S be a surjective I'-ring homomorphism. If u is a fuzzy 2-absorbing primary I'-ideal of
R which is constant on Kerf, then f (u) is a fuzzy 2-absorbing primary T-ideal of S.

Proof. Suppose that x,aysfz: € f (1), where x,, ys, z; are fuzzy points of S and «, § € T'. Since f is a surjective
I'-ring homomorphism, then there exist 4,b,c € R such that f(a) =x, f (b) =y, f (c) = z. Thus

rAsAt
() (xaypz)
f ) (f @ af (b)Bf ()
f () (f (aabpe))
u (aabpe)
because y is constant on Ker f. Then we get a,ab;fc; € u. Since u is a fuzzy 2-absorbing primary I'-ideal of
R, then
a,abs € [ or afey € i or bsfcy € /.
Thus,

xraysPz: (xaypz)

I IA

rAs

IA

u (aab) = f (p) (f (aab))
fw)(f@af b))
f () (xay)

and so, x,ays € f (u) or

Vi (ape) = £ (VE) (f (ape))

F(VE) (f @ Bf (©)

F(VE) (xB2),

SO X,fz; € f( \/ﬁ) or

VE (bBe) = £ (VE) (f (b))

(V) (f B)Bf )

£(VH) (vB2),

s0 Yz € f (Vi) Hence f (u) is a fuzzy 2-absorbing primary I-ideal of S. [

rAt

Il IA

SAt

Il IA

Theorem 3.20. Let f : R — S be a I'-ring homomorphism. If v is a fuzzy 2-absorbing primary I'—ideal of S, then
1 (v) is a fuzzy 2-absorbing primary T-ideal of R.

Proof. Suppose that x,ay.pz; € f ~L(v), where x,, ys, z; are any fuzzy points of R and a, § € I'. Then

1) ((raypz))
v (f (xaypz))
o(f () af(y)Bf ().
Let f(x) =a, f(y) =), f(z) = c € S. Hence we have that r A s At < v(aabBc) and a,absfc; € v. Since v is a
fuzzy 2-absorbing primary I'—ideal of R, then a,ab; € v or a,fc; € Vv or bsfc; € Vo. If a,abs € v, then
rAs < v(aab) =v(f (x)af (y))
v (f (xay))
[ (v (xay)).

rTASAt

I IA
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Thus we get x,ays € f~ (v). If a,fc; € Vo, then

rAt < Vou(aac) = Vo (f (¥)af (z))
= VO (f (a2))
= f7(Vo(a2)

so we have x,fz; € f! ( \/1_/) or if bsfc; € Vo, then
sAt < Vo(bac) = Vo(f (y)af (2)

= Vo(f (yaz))
= 7 (Vo(yaz))

and we get yspz; € f ( W) . Therefore, we see that f~! (v) is a fuzzy 2-absorbing primary I'-ideal of R. [J

Definition 3.21. Let y be a fuzzy T'-ideal of R. p is called a fuzzy strongly 2-absorbing primary T'-ideal of R if it
is non-constant and whenever A,n,v are fuzzy T-ideals of R with ATnI'v C u, then AIn € p or AI'v C /i or
nv C +/u.

Theorem 3.22. Every fuzzy primary I'-ideal of R is a fuzzy strongly 2-absorbing primary T-ideal of R.
Proof. The proof is straightforward. [
Theorem 3.23. Every fuzzy strongly 2-absorbing primary I-ideal of R is a fuzzy 2-absorbing primary I'-ideal of R.

Proof. Assume that p is a fuzzy strongly 2-absorbing primary I'-ideal of R. Suppose that x,, y;,z; € u for
some fuzzy points x,, ys,z; of R. We get (x,)I'(ys)I'(z;) = (x,TysI'z;) € p. Since p is a fuzzy strongly
2-absorbing primary I'-ideal of R, then we get (x,I'ys) = (x,)T'(ys) € por (xIz) = (x,)T(z) C /it or
(ysTzt) = (ys)I'(z) € fu. Hence x,T'ys C por x,Iz; € /uor yI'z; € /i and then, for a,p € T, we get
XrYs € W or x,fz; € \JtL or yspz; € 4/ which implies that p is a fuzzy 2-absorbing primary I'-ideal of R. [

4. Fuzzy Weakly Completely 2-absorbing Primary I'-ideals

In this section, we study fuzzy weakly completely 2-absorbing primary I'-ideals of a I'-ring. Firstly, we
give the definitions of fuzzy weakly completely 2-absorbing I'-ideal and fuzzy weakly completely primary
I'-ideal of a I'-ring.

Definition 4.1. Let u be a fuzzy I'-ideal of R. u is called a fuzzy weakly completely 2-absorbing I'-ideal of R if for all
x,y,z€Randa,BeT,

p (xaypz) < p(xay) or u(xaypz) < p(xpz) or u(xaypz) < p(ypz).

Definition 4.2. Let u be a fuzzy I'-ideal of R. u is said to be a fuzzy weakly completely primary I'-ideal of R if u is
non-constant fuzzy I'-ideal of R and forall x,y € Rand a € T,

p (xay) < p(x) or p(xay) < Vu(y).

Proposition 4.3. Let u be a non-constant fuzzy I'-ideal of R. p is a fuzzy weakly completely primary T-ideal of R if
and only if for every x,y € Rand a €T,

i (xay) = max{u (), VE ()}

Now, we give the definition of a fuzzy weakly completely 2-absorbing primary I'-ideal of a I'-ring.
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Definition 4.4. Let u be a fuzzy I'-ideal of R. p is called a fuzzy weakly completely 2-absorbing primary I'-ideal of R
ifforallx,y,z€ Rand a,f €T,

e (xaypz) < i (xay) or (xaypz) < VE (xB2) or p(xaypz) < VE (vB2).

Proposition 4.5. Let p be a non-constant fuzzy I-ideal of R. u is a fuzzy weakly completely 2-absorbing primary
I'-ideal of R if and only if for every x,y,z € Rand a, f €T,

i (xaypz) = max {u (xay), v (xBz), VH (yB2))

Theorem 4.6. Every fuzzy weakly completely 2-absorbing I'-ideal of R is a fuzzy weakly completely 2-absorbing
primary I'-ideal of R.

Proof. The proof is straightforward. [J
Theorem 4.7. Every fuzzy primary I'-ideal of R is a fuzzy weakly completely 2-absorbing primary I'-ideal of R.

Proof. Let i be a fuzzy primary I'-ideal of R. Suppose that u (xaypz) > u (xay) forany x,y,z € Rand o, f € T.
From the definition of a fuzzy primary I'-ideal of R, we get u (xaypz) < /i (z) . Since /i is a fuzzy I'-ideal,
then

Vi (xBz) Vi (z) > p (xaypz) or

Vi (yp2) Vi (2) 2 p (xaypz).

Hence p is a fuzzy weakly completely 2-absorbing primary I'-ideal of R. [

vV IV

Theorem 4.8. Every fuzzy weakly completely primary I'-ideal of R is a fuzzy weakly completely 2-absorbing primary
T'-ideal of R.

Proof. Let u be a fuzzy weakly completely primary I'-ideal of R. Then for every x,y,z € Rand a,f € T,

u (xaypz) < p(x) or u(xaypz) < /i (y) or u(xaypz) < /i (z). Suppose that u (xaypz) < u(x). Since uisa
fuzzy I'-ideal of R, then u (xaypz) < p (x) < u(xay), and we get u (xaypz) < u (xay).

If u(xaypz) < i (y), then since /i is a fuzzy I'-ideal of R, we have u (xaypz) < i (y) < Vi (yp2),
and we get u (xaypz) < i (ypz), or if u (xaypz) < /i (z) then p (xaypz) < i (z) < i (xfz), and we get
b (xaypz) < VI (2).

Hence, u is a fuzzy weakly completely 2-absorbing primary I'-ideal of R. O

Lemma 4.9. Let u be a fuzzy T'-ideal of R and a € [0, u (0)] . Then y is a fuzzy weakly completely 2-absorbing T-ideal
of R if and only if u, is a 2-absorbing I'- ideal of R.

Theorem 4.10. Let u be a fuzzy I'—ideal of R. The following statements are equivalent:
1. w is a fuzzy weakly completely 2-absorbing primary I'-ideal of R.
2. Forevery a € [0, u(0)], the a—level subset u, of u is a 2-absorbing primary T-ideal of R.

Proof. (1) = (2). Suppose that p is a fuzzy weakly completely 2-absorbing primary I'-ideal of R. Let
x, ¥,z €R, a,p el and xaypz € y, for some a € [0, u (0)] . Then

max {u (xay), VE (x2), VE (yB2)} = pt (xaypz) = a.
Hence p (xay) > a or /i (xpz) > a or /i (ypz) > a, which implies that

Xy € [y Or Xz € \Jlla = \lla OF YPz € \lla = \lla-
Thus, y, is a 2-absorbing primary I'-ideal of R.
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(2) = (1). Assume that y, is a 2-absorbing primary I'-ideal of R for every a € [0,1]. Let u (xaypz) = a for
any x,y,z € Rand a, € I'. Then xaypz € u, and y, is a 2-absorbing primary I'-ideal. Thus it gives

xXQy € g or Xz € iz or YPz € Jlly.
Hence u (xay) > a or /i (xpz) > a or +/ii(ypz) = a, which implies that

u(xay) = a = p (xaypz) or Vi (xz) > a = (xaypz) or VE(yB2) > a = p (xaypz).
Therefore, p is a fuzzy weakly completely 2-absorbing primary I'- ideal of R. [

Theorem 4.11. If u is a fuzzy weakly completely 2-absorbing primary T-ideal of R, then +[ii is a fuzzy weakly
completely 2-absorbing I'- ideal of R.

Proof. If u is a fuzzy weakly completely 2-absorbing primary I'-ideal of R, then by the previous theorem,
we get that y, is a 2-absorbing primary I'-ideal of R for any a € [0, u (0)] . Since y, is 2-absorbing primary
I'—ideal of R, then /i, = +/ti, is a 2-absorbing I'-ideal of R. From the previous lemma, since +/fi, is a
2-absorbing I'-ideal of R, we get that /i is a fuzzy weakly completely 2-absorbing I'-ideal of R. Hence we
see that /i is a fuzzy weakly completely 2-absorbing I'-ideal of R. [

Theorem 4.12. Let f : R — S be a surjective I'-ring homomorphism. If p is a fuzzy weakly completely 2-absorbing
primary T-ideal of R which is constant on Ker f, then f () is a fuzzy weakly completely 2-absorbing primary T-ideal

of S.
Proof. Suppose that f (1) (xaypz) > f (u) (xay) for any x,y,z € S and a,f € T Since f is a surjective I'-ring
homomorphism, then
f@=x f)=y, f(c) =z forsomea,b,ceR.
Hence
F)Gay) = F)(F@af®BF©) = f () (f (aabfc))
£ f(w)@xay) = f (W) (f@af ©) = f(u)(f (aab)).

Since y is constant on Kerf,

f(u)(f (aabpc)) = p(aabfc) and
f(W)(f(aab)) = u(aab).

It means that

£ () (f (aabBo)) = 1 (aabfe) > 1 (@ab) = f () (f (aab)).

Since p is a fuzzy weakly completely 2-absorbing primary I'-ideal of R, we have that
p(aabpe) = f(w)(f@af®)Bf(0) = f(u)(xaypz)
< VE(ape) = f(VE) (f @) = £ (VE) (@ B @) = £ (VE) (x62)
s0, we get f (1) (xayBz) < f (VE) (xBz) = VF (1) (xBz) or
plaabpe) = f(w)(f@af ®)Bf(0) = f (1) (xaypz)
= VEOp) = £(VE) (F (b)) = £ (V) (f ©) B ©) = £ (VE) (vB2)

and we have f(u)(xaypz) < f ( \/ﬁ) (yBz) = v/ f(u)(yBz). Thus, f(u) is a fuzzy weakly completely 2-
absorbing primary I'<ideal of S. O

Theorem 4.13. Let f : R — S be a I'-ring homomorphism. If v is a fuzzy weakly completely 2-absorbing primary
T-ideal of S, then f~! (v) is a fuzzy weakly completely 2-absorbing primary T-ideal of R.
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Proof. Suppose that f~! (v) (xaypz) > f~! (v) (xay) for any x,y,z € Rand a, f € T. Then

f7 @) (aypz) = o(f (raypz)) = v (f () af (y) f (2))
> f1(0) (xay) =v(f (xay)) = v(f () af ().

Since v is a fuzzy weakly completely 2-absorbing primary I'-ideal of S, we have that

[ @) (xaypz) v(f @ af(y)Bf (2)

< Vo(f(0)Bf(2) = Vo(f (xBz))
= (Vo) (xp2)
= /f () (xB2)
1@ (xaypz) = o(f ) af(y)pf(2)
< Vo(f(y)Bf (2) = Vo(f (yBz))

F7H(Vo) (yB2)
F1(0) (yp2).

Thus f~! (v) is a fuzzy weakly completely 2-absorbing primary I'-ideal of R. [J

Corollary 4.14. Let f be a I'-ring homomorphism from R onto S. f induces a one-to-one inclusion preserving
correspondence between fuzzy weakly completely 2-absorbing primary T-ideals of S in such a way that if y1 is a fuzzy
weakly completely 2-absorbing primary T'-ideal of R constant on Ker f, then f (u) is the corresponding fuzzy weakly
completely 2-absorbing primary I'-ideal of S, and if v is a fuzzy weakly completely 2-absorbing primary I'-ideal of S,
then f~1(v) is the corresponding fuzzy weakly completely 2-absorbing primary T-ideal of R.

5. Fuzzy K-2-absorbing primary I'-ideals
Let u be a fuzzy I'-ideal of R. p is said to be a fuzzy K-I'-ideal of Rif for x,y € Rand a, €T

p (xay) = p(0) implies that u (x) = p(0) or u (y) = u (0)
and p is called a fuzzy K-primary I'-ideal of R if

u (xay) = p (0) implies that y (x) = p(0) or Vu(y) = u(0).
Also, p is called a fuzzy K-2-absorbing I'-ideal of R if

u (xayBz) = u(0) implies that u (xay) = u(0) or p(xBz) = u(0) or u(ypz) = u(0)
forx,y,z € Rand a, f € I'. Now, we give the definition of fuzzy K-2-absorbing primary I'-ideal of R.

Definition 5.1. Let u be a fuzzy I'-ideal of R. p is called a fuzzy K-2-absorbing primary T'-ideal of R if for x,y,z € R
and a,p €T

u (xaypz) = u(0) implies that p (xay) = p(0) or v/ (xpz) = p(0) or /i (ypz) = u(0).

Theorem 5.2. Every fuzzy weakly completely 2-absorbing primary I'-ideal of R is a fuzzy K-2-absorbing primary
T'-ideal of R.
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Proof. Suppose that u is a fuzzy weakly completely 2-absorbing primary T'-ideal of R. If u (xaypz) = 1 (0)
forany x,y,z € Rand «a, § € I, then since 1 is a fuzzy weakly completely 2-absorbing primary I'-ideal of R,
we have

p© = p(xay) = p(xaypz) = pu(0) or

p) > +p(xpz) = u(xaypz) = u(0) or

p©) = u(ypz) = p(xaypz) = u(0).
Then,

i (ray) = 1 0) or VE(xB2) = 1 (0) or VE(yB2) = 1 0).
Therefore u is a fuzzy K-2-absorbing primary I'-ideal of R. [J
Theorem 5.3. Every fuzzy K-primary I'-ideal of R is a fuzzy K-2-absorbing primary I'-ideal of R.
Proof. Let ube a fuzzy K-primary I'-ideal of R. Then for every x,y,z € Rand o, €T,
u (xayBz) = p(0) implies that p (x) = u(0) or v/ (y) = u(0) or /i (z) = u(0).
Suppose that u (x) = ¢ (0). Then from
1 (0) = p (xaypz) = p (xay) > p(x) = p(0),
we get u (xay) = 1 (0). If /i (y) = u(0), then since y is a fuzzy K-primary I'-ideal of R, we have
1(0) = p (xaypz) > VE(B2) > V() = u 0).
Thus, /i (ypz) = 1 (0) or if \/ti (z) = 1 (0). Then
1(0) = 1 (xaype) = Vi (x2) 2 VE () = i (0)
and we get /i (xpz) = 1 (0) . We conclude that y is a fuzzy K-2-absorbing primary I'-ideal of R. [
Theorem 5.4. Every fuzzy K-2-absorbing I'-ideal of R is a fuzzy K-2-absorbing primary I'-ideal of R.
Proof. The proof is obvious. [J

Theorem 5.5. Let f : R — S be a surjective I'-ring homomorphism. If i is a fuzzy K-2-absorbing primary I'-ideal
of R which is constant on Ker f, then f (u) is a fuzzy K-2-absorbing primary T-ideal of S.

Proof. Suppose that f (i) (aabpc) = f(u)(0s) for any a,b,c € S and a, € I'. Since f is a surjective I'-ring
homomorphism, then f (x) = a, f(y) = b, f (z) = ¢ for some x, y,z € R. Hence

f (W) (@abpe) = f(uw)(f @) af (y)Bf (2))
= fW)(f (xaypz))

and
f)0s) = v{ux): f(x) = 0s}.
Thus we have x € Kerf and so p is constant on Kerf, u (x) = 1 (0)
f)0s) = V{u@): p() = p O}
Therefore we get
f (W) (f (xaypz)) = p (xaypz) = 1 (0).
Since y is a fuzzy K-2-absorbing primary I'-ideal of R,
p (xayBz) = p(0) implies that i (xay) = u(0) or /i (xpz) = u(0) or /i (yBz) = u(0).

Then the rest of the proof can easily be made similar to the proof of the previous theorems and we can see
that f (u) is a fuzzy K-2-absorbing primary I'-ideal of S. O
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Theorem 5.6. Let f : R — S be a I'-ring homomorphism. If v is a fuzzy K-2-absorbing primary I'-ideal of S, then
71 (v) is a fuzzy K-2-absorbing primary T-ideal of R.

Proof. Assume that f~!(v) (xaypz) = f~! (v)(0) for any x,y,z € Rand a, 8 € I'. Then from

f7 ) (xaypz) v (f (xaypz)) = v (f () af (y) Bf (2)
f ) =v(f(0) =2(0),

wehave v (f (x) af (y) Bf (z)) = v(0). Since v is a fuzzy K-2-absorbing primary I'-ideal of S, then we get

v(f(x)af (y)Bf(z)) = v(0) implies that
v(f@af(y) = v(0) or Vo(f @)Bf (@) =2(0) or Vo(f (y)Bf (2)) = v(0).

From this, we get

v(faf(y) = o(f(xay)=f" @) (xay)
= 02(0)=v(f(0) = f"'©®)(0)
) (xay) = )0
or
Vo(f)Bf @) = Vo(f(xp2) = (Vo) (xp2)
0(0) = v(f(0)=f"(®)(0)
FH Vo)) = )0
or

Vo(f (v) Bf (2)) Vo (f (yB2)) = £ (Vo) (yB2)
v(0) = o(f(0)=f"@)©O
FH Vo) wB) = F)0).

Hence ! (v) is fuzzy K-2-absorbing primary I'-ideal of R. [J

Corollary 5.7. Let f be a I'-ring homomorphism from R onto S. f induces a one-to-one inclusion preserving cor-
respondence between fuzzy K-2-absorbing primary I'-ideals of S in such a way that if u is a fuzzy K—2-absorbing
primary T-ideal of R constant on Kerf, then f (u) is the corresponding fuzzy K-2-absorbing primary T'-ideal of S, and
if v is a fuzzy K-2-absorbing primary T-ideal of S, then f~' (v) is the corresponding fuzzy K-2-absorbing primary
I'-ideal of R.

Remark 5.8. The following table summarizes findings of fuzzy 2-absorbing primary I'-ideals.

f. primary I' —i. — f.str.2 —abs. primary I' —i.

l
f.p.I'—-1i - f.2—abs. I —i. - f.2 — abs. primary I' - i.
l l l
fwepI'-i — fwc2-abs.I'-i. — f w.c.2—abs.primaryI —i.
S 8 3

f.K-T-i fK-2-abs.T-i. — f K-2-abs. primaryI —i.

'
N

f. K- primary I' —i.
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6. Conclusion

In this paper, the theoretical point of view of fuzzy 2-absorbing primary I'-ideals in a I'-ring was
discussed. The work was focused on fuzzy 2-absorbing primary I'-ideals, fuzzy weakly completely 2-
absorbing primary I'-ideals and fuzzy K-2-absorbing primary I'-ideals of a I'-ring and their properties were
investigated. Finally, we have given a diagram in which transition between definitions of fuzzy 2-absorbing
I'-ideals of a I'-ring are presented. These concepts are basic structures for improvement of fuzzy primary
I-ideals in a I'-ring. In the future, one could investigate intuitionistic fuzzy 2-absorbing primary I'-ideals
and intuitionistic fuzzy weakly completely 2-absorbing primary I'-ideals in a I'-ring.
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