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Abstract. This work deals with the existence of positive periodic solutions for the fourth-order p-Laplacian
neutral functional differential equations with a time-varying delay and a singularity. The results are
established using the continuation theorem of coincidence degree theory and some analysis methods. A
numerical example is presented to illustrate the effectiveness and feasibility of the proposed criterion.

1. Introduction

During the past several years, neutral functional differential equations have received more and more
attention because of its widely applied backgrounds, for example population ecology, heat exchanges,
mechanics and economics, see [6], [9], [10], [27]. In 1995, Zhang [30] studied the following linear and
quasilinear neutral functional differential equations:

(x(t) = bx(t — 7)) = —ax(t —r + yh(t, x(t + ) + e(?),

where 4, 7, ¥ are nonzero constants and y € R is a small parameter, e € Cyp, I : R X Cpp(real functions) — R
is continuous such that h(t + 2m, @) = h(t, ) on R X Cpy, Cor := {x]x € C(R, R), x(t + 21) = x(t)}. Using some
a priori estimation and the Leray-Schauder degree theory, the author obtained some existence theorems of
periodic solutions.

On the basis of work of Zhang in [30], Lu in [12] discussed the the following first-order neutral functional
differential equation

d
E(u(t) —ku(t = 1)) = g1(u(t)) + g2(u(t = 11)) + p(t),

where g1, g2 € C(R, R), p(t) € C(R,R) and p(t + T) = P(t), 1, 71, k are constants such that |k| # 1. By means of
Mawhin’s continuation theorem, existence criteria are established for the periodic solutions. Moreover, Lu
in [13]] gave some inequalities for A:

If |c| < 1 then A has continuous inverse on Ct and
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(1) | A7x 1< g2, Vx e Cr;

T T
@ [T 1A HOME < o [ 1O, VF € Cr;
T . _ T
@) [, AT fR(0)dt < g [y fA(Ddt, Vf € Cr.
After that, based on the work of Zhang and Lu, many authors further established the existence results of
periodic solutions to different kinds of neutral functional differential equations, see [2], [8], [13], [14], [15],

[16], [17], [21], [23], [24], [28] and the references therein. For example, in [24], Wang and Zhu studied a kind
of fourth-order p-Laplacian neutral functional differential equation with a deviating argument in the form:

(p(x(t) — cx(t = 0))")" = flx(B)x'(t) + g(t, x(t — 7(t, |xl))) + e(t).

By means of Mawhin’s continuation theorem, the existence results of periodic solutions are obtained.

In recent years, singular equations appear in a lot of physical models, see [18]], [19], [20], [29] and the
references therein. Different kinds of singular equations have been proposed by many authors, see for
example [3], [4], [7], [22], [25], [26], [32] and the references therein.

However, to the best of our knowledge, there are few papers about the positive periodic solutions for
the neutral functional differential equations with a singularity.

Recently, Kong and Lu in [11] study the existence of positive periodic for the following neutral Liénard
differential equation with a singularity and a deviating argument

() — extt = )+ FOONX (1) + g8, x(¢ ~ 5)) = e(@),

where c is a constant with |c] < 1,0 < 0,0 < T, f : R = R is continuous, g : [0,T] X (0,+>) — Ris a

continuous function and can be singular at u = 0. e(t) is T-periodic with J(;T e(t)dt = 0.
Inspired by the works mentioned above, in this paper, we consider the following fourth-order p-
Laplacian neutral functional differential equation with a time-varying delay and a singularity

(Pp(x() = cx(t = 8))") " + Fa(e)x' () + gt x(t = 6(1))) = e(t), (L1)

where ¢, : R = R, ¢,(u) = lufP~2u, p > 1; c is a constant with || < 1, § is a continuous function;
f:(0,4+00) = Ris continuous; g : [0, T] X (0, +o0) — R is a continuous function and can be singular at u = 0;

e(t) is T-periodic with fOT e(t)dt = 0. By applying the continuation theorem of coincidence degree theory, we
prove that Eq.(L.T) has at least one positive T-periodic solution.

Remark 1.1. The theorem and methods used to obtain the periodic solutions in [24] can be applied to the Eq.(1.1)) if
there is no singularity in Eq.(1.1). So, we extend the neutral functional differential equation to the singular case.

The rest of the paper is organized as follows. In Section 2, we state some necessary definitions and
lemmas. In Section 3, we prove the main result. Finally, an example is given to support the effectiveness of
our result in Section 4.

2. Preliminaries

Thought the paper, let
Cr = {¢ € CR,R), (t +T) = p(t)}

with the norm | ¢ [p= max |p(t)|,
te[0,T]

Cl = {¢ € CUR,R), (¢ + T) = (1)}

with the norm || ¢ [|= max{| ¢ lo,| ¢” lo}.
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Denote the operator A by
A:Cr— Cr, (AX)(t) =x(t) —cx(t—0), Vte R.

In order to use coincidence degree theory to study the existence of positive T-periodic solutions for (L.1),
we rewrite (1.1) in the following form:

{(Au)"(t) = py(0()

2.1
V() = — Ful®W (1) - glt, ult - 6(8) + e(t). @0

where g > 1is a constant with % + [11 = 1. Clearly, if x(t) = (u(t), v(t))" is a T-periodic solution to system (2.1},

then u(t) must be a T-periodic solution of equation (1.1I). Thus, the problem of finding a positive T-periodic
solution for reduces to finding one for (2.1).
Let

X = {x(t) = (u(t), ()" € CAR,R?), x(t) = x(t + T)},

Y = {x(t) = (u(t), o(H)" € CX(R,R?), x(t) = x(t + T},
The normal ||x|]| = max{| u |o,| © |0}, and | u |o= tn{l&)g] lul, | v o= tn[l(?])"(] [v]. It is obviously that X and Y are
€[o, €lo,

Banach spaces.
Define the operator

.
L:DL)cX Y, Lx=x"=((Au",v"), 2.2)

where D(L) = {x(t) = (u(t), o(t))" € C}(R, R?), x(¢) = x(t + T)}.
Define a nonlinear operator N : D(N) ¢ X — Y as follows:

_ p4(0(0)
(N0 = (—f(u(t))u’(t) — glt,ult - ) + e(t))' ter. @3)

where D(N) = {x = (u,v)" € X :ut) >0,t€]0, T]}. Then (2.1) can be converted to the abstract equation
Lx = Nx.
From the definition of L, we can easily see that

T
kerL = R? ImL = {y € Y,f y(s)ds = O}.
0
Thus L is a Fredholm operator with index zero. Let the projections P and Q be
1 (T
P:X - kerL, Px= T f x(s)ds,
0

1 (T
Q:Y - ImQ, Qyszo y(s)ds.

Then we can see that ImP = kerL and kerQ = ImL. Let L, = L|pg)nkerr- We can easily prove that L, is
invertible, L, : ImL — D(L) N ker P, and

T
L) = fo G(t, s)y(s)ds,

ST 0<s<t<T:
where G(t,s) = { —t(h-s)’ oo ,
T
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Lemma 2.1. [14] If |c| # 1, then operator A has a unique continuous bounded inverse and satisfies the following
conditions:

[ A7 e < L0 e e ey

(2) (Ax)” = A”x, Vx € C2 := {x € C(R, R), x(t + T) = x(t)}.

Lemma 2.2. [5] Let X and Y be two real Banach spaces, L : D(L) € X — Y be a Fredholm operator with index zero,
Q c X be an open bounded set, and N : QO € X — Y be L-compact on Q. Suppose that all of the following conditions
hold:

(1) Lx # ANx,Vx € QN D(L), YA € (0,1);

(2) QNx #0,Vx € dQ NkerL;

(3) deg{/ON, QNnkerL,0} # 0, where | : ImQ — ker L is an homeomorphism map. Then the equation Lx = Nx has
at least one solution on D(L) N Q.

Lemma 2.3. [31] If x € C}(R, R) and x(0) = x(T) = 0, then

flx(t)l’”dt<( )flx" (D at,

_ o [e-DIp ds _ 2n(p-1
where T = 2]& [1-s*/(p-1)]'" — ‘psin(n/p)

For the sake of convenience, we list the following assumptions:
[H1] There exist positive constants D; and D, with D; < D, such that
(1) for each positive continuous T-periodic function x(t) satisfying

fOT g(t, x(t))dt = 0, then there exists a positive point ¢y € [0, T]

such that
D1 < x(to) < Dz,‘

(2) g(x) < 0 forall x € (0, D7) and g(x) > 0 for all x > D,, where
700 = & [ g(t,0)dt, x> 0.

[Ha] g(t, x(t = (1)) = g1(t, x(t — 6(t)) + go(x(t)), where gy : (0, +00) — R is a continuous function,
g1 : [0, T]1 x (0, +00) — R is a continuous function and

(1) there exist positive constants my and m; such that

g(t,x) < moxP~1 + my, for all (t,x) € [0, T] x (0, +o0);

1
@) fy gotodx = -
[H3] There exist positive constants & and § such that

F(x) < axP! + B, forallx € (0, +c0),

where F(x) = fox f(s)ds.
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3. Main Results
Theorem 3.1. Suppose that conditions [Hy]-[Hz] hold and

[2(1 + [elymg + ale]T?
L~ el

then there exist positive constants A1, A,, As and p, which are independent of A such that
Ap Su(t) <Ay, [u' o< Az, |10 p,
where u(t) is any solution to the equation Lx = ANx, A € (0, 1].

Proof Consider the following operator equation
Lx=ANx, A €(0,1),
where L and N are defined by and (2.3), respectively. Let
Q= {(u, ) eX: trr{loi%u(t) >0,Lx = ANx, A € (0,1)}.
lo,

If x = (u,0)" € Q, then (u, v) satisfies

(3.1)

(Au)”(t) = Apq(v(1))
v"(t) = —Af(uE)w' () = Ag(t, u(t = 6())) + Ae(t).

From the first equation of (3.1), we can get v(t) = A"}(A u)”(t), which combining with the second equation
of yields
(9 ((Auy®)) + A7 FuO) (8) + At ut - 5(8)) = Ae(t). (3.2)
Integrating the equation on the interval [0, T], we have
T , T T T
f (pp(CAuy” @) dt + 17 f Fu® (Bt + A7 f gt u(t = (E)dt = 17 f (i,
0 0 0 0

then we can have

T
fo gt u(t — 5(1))dt = 0. (3.3)

It follows from [H1](1) that there exist positive constants D1, D, and t; € [0, T] such that
D1 < u(ty) < Ds. (3.4)

From this, we obtain

T
<D, +f i’ (s)|ds, (3.5)
0

t
u(ty) + f u’(s)ds
to

| u |p = max [u(f)] £ max
t€[0,T] te[0,T]
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Multiplying the both sides of by (Au)(f) and integrating on the interval [0, T], we get

T T T
f Ay Pt = 7 f FOu() (A )t + A7 f g(t, u(t - S(B)) (A (Bt
0 0 0
T
— AP A d
fo e(t)(A W)t

T
fo flu@)u' (O)[ut) — cu(t — o)ldt

<

T T
Sl fo 1906, ut — SN + (L +1el) [ 1o fo e(ht

T
- U [ At (uct) = ety Bt - ot

T T
Sl [ ulo fo 19t — SENdE + (1 + Ie]) | u o fo ()t

T T
[ Rt -+ @ rien tuto [ 1ot uc - s
0 0

=c|
T
Sl [ ulo fo e(bldt
T T
<1 fo IEGu(E) ¢ — o)t + (L +1cl) [ u o fo 1906, u(t — S(E)ldt
T
Sl uly fo e(bldt,

which combining with [H3] yields

T T T
1 14 P—l riy (4 _
fo ((Auy’ )t < alel | ul] fo ' (t — o)ldt + Blc] fo [/ (t — o)|dt

T 3.6
s ko [ lotute - st (30
0
+ (1 +el) [ulo leloT
Write
E,={te[0,T]: gt u(t-05(t))) =0}
E_={te[0,T]:g(t u(t —o(t)) < 0}.
Then it follows from and [H;](1) that
T
fo lg(t, u(t — 6(t)))ldt = fE g(t, u(t - 6(t)))dt — fE g(t, u(t — 6(t)))dt
- —8()d
2[5 g(t, u(t = 6(t)))dt 3.7)

T T
< 2my f uP=L(E = 5(t))dt + 2 f madt
0 0

<2myT |u |€71 +2Tm;.
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Substituting (3.7) into (3.6), combining with (3.5), we can have

T T
f [((Aw)”(E)Pdt <2(1 + |c]ymeT | u |’g +alc| | u Ig_l f [t (t — o)|dt
0 0

T
+ ﬁICIf ' (t — o)ldt +2(1 + |clym T | u lo +(1 + |cDleloT | u lo
0

T 2
<2(1+ |c|)m0T(D2 + f Iu’(s)lds)
0

: (3.8)
T p-1 T
+0z|c|(D2+f0 |u (s)lds) folu (t)|dt
T T
"(Oldt +2(1 T|D (s)|d
+Bid fo W Bldt +2(1 + ey ( + fo /) s)
T
1 T(D "(s)lds | .
+(1+ Il ( + fo 1/ (S) s)
Moreover,
T p T p D, P
D "$)ds| = ‘oldt] 11+ —2— 39
o2+ [T =( [ won t)[ e 69

By classical elementary inequalities, we see that there exists a I(p) > 0 which is dependent on p only, such
that

IT+x) <1+ +p)x, xec(0Ilp] (3.10)

Then, from we should consider the following two cases:

D, T Dy
Case 1. fOTIu’?t)Idt > I(p), then fo W (Dldt < 5 and from (3.5), we have

D
| u o< Dy + ﬁ := M. (3.11)

Case 2. leDl it)ldt < I(p), then it follows from and (3.10) that

T P T P D, P
"(s)lds| = 'Oldt| |1+ ——
(D2+fo e S) (fo e t) [ +foT|u’(t)Idt]
T p
s( f Iu'(t)|dt) 1+M (3.12)
0 o @t

T p T p-1
= (f |u’(t)|dt) + Dy(p + 1)(f |u'(t)|dt)
0 0




F. Kong, S. Lu / Filomat 31:18 (2017), 5855-5868

Substituting (3.12) into (3.8), we see that

T T T _
f |(Au)”(t)|”dt§2(1+|cl)m0T[ f W ()ldt) +Da(p + 1) f e (1)t 1]
0

f ' (t) Idt D+ 1) f 1% (t)ldt ] f ' (t)dt

+ﬁ|c|f [’ (B)|dt +2(1 + Icl)mlT(Dz +f |1’ (s)lds)

+ alc|

+(1+ |C|)|e|0T(D2 + f Iu’(S)IdS),
0

which together with the Holder inequality and Lemma [2.3)yields

2p-1 T
20+ o 4T (7
0

7
Ty

T
f (Au) (dt <
0

p-1
p- 12 14
+12(1 + chmoT + alclDap + DT 7 [ f b t)IPdt]

+[Blel + 21 + ey T+ (1 + eDlelo TIT'T [(nl)” fo Ix"(t)lpdf]p
4

+ [2m1 + lelo](1 + [c])TDs.

Furthermore, by applying Lemma[2.1} we can obtain

T — T
f (A )" (Pt < [2(1+'C|)m°+alc|]sz1fo Ay Pt
0

|1 — el
+[2(1 + le)ymoT + alcl]Da(p + 1 T*[( ) f X" () |’7dt]p7

4 [Blcl + 201 + T + (1 + [Dleo TITT f ]

+ [211”11 + |€|0](1 + |C|)TD2

21 +lchmo+alcI T~

It follows from IlclP

< 1 that there exists a positive constant M; > 0 such that

T
f (A w)” (t)Pdt < M;.
0

Then by Lemma 2.1} we can see that

T
M,
W’ @B)Pdt < == My,
fo| Ot = Tjap =M

5862

(3.13)

(3.14)
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which together with and Lemma [2.3]yields

| o<Ds + T'F ( f |u'(t>|ﬁdt)
0

) ) :
<D, +T7 [(l)p f Iu”(t)lpdt}
T’ Jo

T2p—1M}l’
<D, + Y = Ms.
T
Therefore, in both Case 1 and Case 2, we can conclude that
| u o< Ms3. (3.15)

Moreover, since u(t) is T-periodic, there exists a point ty € [0, T] such that u'(tp) = 0. Then by applying
Holder’s inequality and in view of (3.14), we have

T
o o< f (bt
0
T 1/p
<T7 ( f |u”(t)|”dt) (3-16)
0

<T?M} = As.

From the second equation of (3.1), we can get

T T T T
" (H)|d “H|dt + A , —_) dt+ A dt.
fo o (Bl < fo eIl (Bl + fo 90t u(t — ()t + fo ()t

Set fum, = max |f (u(t))], then by we have
1| <Ms

fo ' [ ()ldt <A[fur, T | lo +2moT | u [y +2Tmy + leloT],
in view of and (3.16), we get

fo ' [0 (Oldt <A [ fu, TAs +2mgTM, " +2Tmy + leloT]. (3.17)
Moreover, integrating the first equation of (3.1) on the interval [0, T], we have

T T
f u” (t)dt = f (A o) (t)dt = 0,
0 0

which implies that there exists 1 € [0, T] such that v(1) = 0. Thus,
1/2

¢ T T
7 ’ ’ 2
fn v'(s)ds + v(n)| < fo [0'(s)|ds < VT(fO [0 (s)| ds) ,

which together with Lemma[2.3|and (3.14) gives

T 1/2 T
|v|os«/T( fo |v'<s)|2ds) TT‘/T( fo |v"(s)|2ds)

T? _ 12 (3.18)
<— (fus TAs +2mgTM; " +2Tmy + |eloT)

lo(H)] =

1/2

=p.
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On the other hand, it follows from the second equation of and [H,] that

v"(t) = — Af(u()u'(t) — Alga(t, u(t — 6(t)) + go(u(t))] + Ae(t).

Multiplying both sides of Eq.(3.19) by u’(t), we have

o (' () = = Af (u()u’ (O’ (£) — Alga(t, ult = 6(1))) + go(u(®)]u’' (£) + Ae(t)u’ (£).

Let ty € [0, T] be as in (3.4). For any t € [ty, T], integrating Eq.(3.20) on the interval [¢y, T], we can get

() t
/\f( : go(u)du = /\f go(u(B)u' (t)dt
u(ty to

t t
=- f o (bl (Hdt — A f Fau®) (e (t)dt
to

to

¢ ¢
- Af g1t u(t — o)’ (B)dt + A f e(t)u’ (t)dt,
to to

which together with (3.17) yields

u(t) t
A go(u)du| = A f go(u(t))u’ (t)dt
u(to) to
T T
< [ rome o+ a [ o oo
0 0
T T
+A f lg1(t, u(t = 6(H)llw’ (B)ldt + A f le(t)llu’ (t)|dt
0 0
<AL lo [ fiu, TAs + 2moTM; ™ +2Tmy + [eloT]
T
FATW R fu T+ A f 1912 + 6(8), ()t
0
T
+ A f le(t + 5(t))|dt.
0
Set gum, = ohx |71(t, u)|, then we have
u(t) 1
f go(w)du| < |1 lo [ fir, TAs +2moTM, " + 2Tmy + [eloT]
u(to)

+ 1 I Tfa+ 1’ lo T+ | u” lo Tlelo,
which combining with (3.16) gives

u(t)
go(u)du
0)

<As [ fu, TAs + 2moTME™ + 2Tmy + leloT |

u(t
+ A%TfM; + TA3gM3 + TA3|€|0
< + o0,

5864

(3.19)

(3.20)

According to condition (2) in [H;], we can see that there exists a constant My > 0 such that, for f € [ty, T],

u(t) > My.

(3.21)
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For the case t € [0, tp], we can handle similarly.
Let us define
0<A; = min{Dl,Mg},

and
Az = max{Dz, M4}

Then by (34), (3.15) and (3:21), we can obtain

A1 < u(t) < As. (3.22)

Clearly, A; and A, are independent of A. Therefore, from (3.16), (3.18) and (3.22), we can see that the proof
of Theorem B.T]is now complete.

Theorem 3.2. Suppose that all the conditions in Theorem hold, then system (2.1) has at least one positive
T-periodic solution (u,v)" C Oy such that

Ap Su(t) < Ay, |u' oS As, |0 o< p.

Proof Set A
Q:{xz(u,v)TeX:71<u(t)<A2+1,|u' |0<A3+1,|v|0<p+1},

then condition (1) of Lemma [2.2]is satisfied.
Suppose that there exists x = (1,v)" € JQ N ker L such that

T
ONx = lf Nx(s)ds = (0,0)7,
T Jo
then u € R and v € R are constant valued functions and satisfy

! T[A_1 Jdt=0
7 [ wiem=o,

1

T
7 L [-fu)u’ — g(t, u) + e(t)]dt = 0.

(3.23)

It follows from condition (1) in [H;] and the second part of Lemma that

A
?1<D1SM§D2<A2+1,UZO,

which contradicts the assumption x € JdQ. This contradiction implies that condition (2) of Lemma [2.2is
satisfied.
Finally, we will show that condition (3) of Lemma is also satisfied.

Let pon
_ AitAr
0 v

A1+Ay
x=z+| 2 .

then, we have

Define | : ImQ — ker L is a linear isomorphism of the form

ﬂww=tﬁ.
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Moreover, define
H(u,x) = pKx + (1 — u)JQNx, Y(x,u) € (QNnkerL) x[0,1].

Then,

T
it — Mf\zﬁ) 1o fo Lf@u’ + g(t, u))dt (3.24)

v T
H fOT Pq(v)dt

Now we claim that H(u, x) is a homotopic mapping. Assume, by way of contradiction, i.e., there exists

H(u,x) = (

to € [0,1] and xp = (uo) € d(Q Nker L) such that H(ug, x0) =0

Substituting 1o and xo into (3.21), we have

ﬁlo(A1+A2)

+ (1 = po) fuo)uf + (1 = p10)g(uo) | (3.25)

— [Hoto
H(uo, x0) = ( ¢ tovo + (1 — [JO)(Pq(UO)

It follows H(o, xp) = 0 that
tovo + (1 — Ho)(Pq(Uo) =0,
which together with g € [0,1] yields vy = 0. Thus, ug = 3 or uy = A, + 1.

Furthermore,
If uy = =, it follows from [H;](2) that g(uo) < 0, then substituting 1o = and vy = 0 into (3.25), we have
A (A1 + Ap) _
“02 LB - wi (S
A _(A 3.26
< 0.

If uy = A, + 1, it follows from [H1](2) that g(up) > O, then substituting up = A> + 1 and vy = 0 into (3.22), we
have

A+ A
potz + 1)~ L) g, + 1)
_ Ho(A2 —2A1 +2) + (1= 5o)GAs + 1) (3.27)
> 0.

From (3.26) and (3.27), we can see that H(uo, xo) # 0, which contradicts the assumption. Therefore H(u, x)
is a homotopic mapping and x"H(u, x) # 0. Moreover, for all (x, u) € (9Q Nker L) x [0, 1], we have
deg(JON,Q nNkerL,0) = deg(H(0,x), QNkerL,0)
= deg(H(1,x),QNkerL,0)
= deg(Kx,QQNkerL,0)
= Z sgn(det K'(x))
xeK~1(0)
=1=%0.
Thus, the condition (3) of Lemma [2.2]is also satisfied. Therefore, by applying Lemma [2.2} we can see that

@.7) has a positive T-periodic solution (1,0)" c Q. Clearly, u is a positive T-periodic solution to (T.T), and
(1,v)T must be in Q; for the case of A = 1. Thus, by using Theorem we have

Ay Su(t) <Ay, |u' o< As, v o<p.

Hence, we can conclude that Eq.(L.I) has at least one positive T-periodic solution.
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4. Example

In this section, we provide an example to illustrate our main result.

Example 4.1. Consider the following fourth-order p-Laplacian neutral functional differential equation with a time-
varying delay and a singularity:

1 "\" 1 1 1
((P4 (.X(t) - E.X(t - g)) ) + (2 sin M(t) + Z) M’(t) + 6_4(1 + sin 6t)1/l(t — COS 6t) - m = sin 6f. (41)
Conclusion: The Problem (&) has at least one positive 1/3-periodic solution.
Proof. Corresponding to (L.I), we have
f(u(t)) = 2sinu(t) + 411' e(t) = sin6t, 6(t) = cos 6t,
(t, u(t = o(t))) = l(1 + sin 6t)u(t — cos 6t) — 1
g T 64 u(t — cos6t)”
Then, we can have and choose
e 1 1 1

P—4, T—g,C—E, H’I()—ﬁ,a—z, Dl—l, D2—9.

It is easy to see that [H;]-[H3] hold. Moreover, we also have my = % = 31\/45”,

[2(1 + [elymo + alel] T
1= [clP

~ 0.0662 < 1,

which implies that Theorem [3.1is satisfied. Therefore, by Theorem [3.2| we can see that Eq.(4.1) has at least
one positive 1t/3-periodic solution. [
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