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Abstract. This paper has been motivated by Wang and He [Q.W. Wang and Z.H. He, Solvability conditions
and general solution for mixed Sylvester equations. Automatica, 49 (2013) 2713-2719] in which the authors
consider some solvability conditions for mixed Sylvester matrix equations. The paper also considers the
same problem in the setting of a regular ring. Using the purely algebraic technique, we present some
necessary and sufficient conditions for the solvability to mixed Sylvester equations in rings.

1. Introduction

Linear matrix equations such as the Sylvester equation, Lyapunov equation, Stein equation arise fre-
quently from a variety of important applications, including control theory, completely integrable systems,
vibration system, Lie algebra, signal processing, finite element models of PDEs, invariant subspace compu-
tation, and many others disciplines. Many papers have presented different approaches for several matrix
equations [7-9, 12-14, 17, 19, 20]. Especially, many problems in control theory can be transformed into the
Sylvester matrix equations, such as singular system control [4, 21], robust control [3, 26], neural network
[25, 36]. The solvability of linear equations is a fundamental problem, and various results are developed,
such as solvability conditions of linear equations for matrices over the complexfield [1, 2,10, 11, 18, 22,23,29—
34, 37], solvability conditions of linear equations over algebras or rings [5, 6, 24, 27, 28, 35].

Recently, Lee and Vu [16] proved that the mixed Sylvester matrix

A1X— YBl = C1 and A2Z - YB2 = Cz, (1)

is consistent if and only if there exist invertible matrices R;, R, and S such that
A C _ A O
(8 0 )e=s(8 0
A, G _ A, O
(5 5 )e-s(G &)
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where A;, B; and C; (i = 1,2) are given complex matrices, X, Y and Z are variable matrices. Liu [18] also
gave a solvability condition to (1). Wang and He [31] presented new necessary and sufficient solvability
conditions for the system (1), and gave an expression of the general solution when it is solvable. When
X = Z, the system (1) becomes pairs of generalized Sylvester equations

A1X - YB1 = C1 and AzX - YBZ = Cz. (2)

Wimmer [33] gave a necessary and sufficient condition for the existence of a simultaneous solution of (2).
Kégstrom [15] obtained a solution of (2) by using generalized Schur methods.

Motivated by the wide applications on the system of Sylvester matrix equation, it is interesting to
consider the mixed Sylvester matrix equations in a ring

ax —yby = c1 and axz — yby = ¢y, 3)

where g;, b; and ¢; are given elements in a ring R, x,y, and z are arbitrary elements of R. The paper is
organized as follows. In Section 2, we give some known results and lemmas. In Section 3, we consider
the solvability conditions of the mixed Sylvester matrix equations in R, which extends the results of [31,
Theorem 3.1] to the ring case.

2. Preliminaries

Let R represent an associative ring with unity 1. For x € R, an inner inverse of x is an element y such
that xyx = x, we denote any inner inverse of x by x. An element is said regular if it possesses an inner
inverse. If a € Ris regular, let L, and R, stand for the two idempotents L, = 1—a"aand R, = 1 —aa™ induced
by a, respectively. We first review some lemmas which are used in the further development of this paper.

Lemma 2.1. ([6, Theorem 3.1]) Let a, b, c € R with a, b regular. Then the equation
axb =c 4)
is consistent in R if and only if ¢ = aa~cb™b. If c = aa”cbb™b, then the general solution of (2.1) is given by
x=acb” +u—aaubb”, )
where u € R is arbitrary.

Lemma 2.2. ([5, Theorem 3.2]) Let a;, b;, c; € R with a;, b; regular, i =1,2. If aya;c1by by = ¢1 and aza; cabyby = co.
Then the following equations

axby = ¢; and a,xby, = ¢y (6)
have a common solution if and only if
(1=s57)(c2 —gar YA -t71) =0,

where s = asLy,, t = Ry by, g = (1 —s87)aza; and f = b7by(1 - t71).

3. Solvability Conditions of the Mixed Sylvester Matrix Equations

Using algebra methods, in this section, we give some necessary and sufficient conditions for the con-
sistence to Eq.(3) in a ring. Let a;,b; € R (i = 1,2) in Eq. (3) be regular, and write § = Rj,aa; and
F =Ry, bo.
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Theorem 3.1. Let a;, b and ¢; (i = 1,2) be given in R and set § and F be reqular. Write
a=8n, b=b1-FF) and c=Ry,Rayc1b7by(1 -1 —Rye(1-FH).

Then the following statements are equivalent:
(1) The mixed Sylvester matrix equations (3) is solvable;
(2) Ryyc1Lp, =0, RyycoLly, = 0and $57¢c =¢;
(3) Rgyc1Ly, =0, c=aa"c =cb7b.

Proof. (1) & (2). Letdy = c1 + yb for some y € R. Consider the equation a1x = dq, by Lemma 2.1, it
is solvable if and only if aja;d; = di. Substituting d; = c; + yb; into aja;d; = di, which can reduce to
(1 —ma))ybr = aajc; —c1.

Similarly, let d, = ¢, + yb, for some y € R. According to Lemma 2.1, the equation a4,z = d; is solvable if
and Ol’lly if llzlil;dz =d,,ie., (1 - azag)ybz = ﬂzﬂ;Cz — (2.

Therefore, Eq.(3) is solvable if and only if the following pair of equations have a common solution y:

(1 = ama))ybr = —(1 — maj)cs.
(1 = aza;)yby = —(1 — aza;)cs.

(7)

Using Lemma 2.1, the first equation in Eq.(7) is solvable if and only if (1 —ajay)c1b7 b1 = (1 —aja])cy, that is,
Ry e1ly, = 0. 8)
Similarly, the second equation in Eq.(7) is solvable if and only if
R,,e0Ly, = 0. )
Combining (8) and (9), applying Lemma 2.2, it follows that the system (7) have a common solution if and
only if }
(1 - ggi)(_RthCZ + ngle)(l - Eﬁf) = O/
where f = biby(1 —Ff)and § = (1 - 557)Ry,R,, .
By direct computation, one can see
(1 =38)(=Ry,c2 + GRyc1 f)(1 — F ) = 0if and only if ¢ =55 c.
(2) © (3). Since § = Ry,a1a7, note that § = 3aja;, for the choice (321)~ = a;5~, we obtain

aa~35" = (8a1)(3a1) 35" = (3a1)(8a1)” (Sa1ay)5” = 5ma; 5 =355.

It gives that aa™55c = §57c. If 357¢ = ¢, we get at once aa ¢ = ¢. Conversely, assume that aa"c = ¢, then
(8a1)(8a1)"c = c. For the choice (5a1)” = 4757, by § = Sa1a;. Then we obtain that ¢ = (3a1)(3a1) ¢ = Sma;57¢c =
557c. Thus, one can see that aa”c = c is equivalent to 557¢c = c.

Now we show that R,,c;L5, = 0 is equivalent to cb™b = c. Indeed, if Ry,c2Lp, = 0, it gives that R,,c; =
R,,c2b5by. By b = by(1 — £ 1), one can obtain that
Ry,e(1-FHb b (10)
(RazCzbEbz)(l - l?it)bib
= RuZCngbb_b = RuZCZbEb
Rg,cobybr(1 - F)
RazCz(l - E_f)
And as b = by(1 — F°f), we also have
RazRalclbl_bZ(l - E_E)b_b (11)
Rqum C1b1_b
RﬂszClbl_bz(l - E_E)
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In view of (10) and (11), we have at once cb™b = c.

Conversely, if cb™b = ¢, by (11) R;,Ry,c1b;b2(1 = FHb™b = Ry, Ry c1b; by (1 — F7F), it means that

Rg,c2(1 - Fhb b= Ry,c0(1 - ) (12)

Combining f = Ry, b, and b = by(1 — F71), it gives that

bbyby = bo(1—FRbsb,

= by(1 - F Ry b5 b2
= (1 =b2t"Ry,)b2

= b(1-FRyb)

= b(-FD

= b

that is, b(1 — by by) = 0. So post-multiply (12) by 1 — b, b gives that

RazCz(l - E_f)(l - bz_bz) =0.

Thus, we obtain

Rg,c(1 - b;bz) = RgZCQE_{(l - b;bz) = anczf_Rbl by(1 - b;bz) =0.

It gives that R,,c2Ly, = 0. This proof is completed. [J

Corollary 3.2. ([31, Theorem 3.1]) Let A;, B;, and Ci(i = 1, 2) be given. Set

D1 = Rp, By, A=Rus,A1, B=BoLp,,
C = Ra,(Ra,C1BIB, — Cy)Lp,

Then the following statements are equivalent:

(1) The mixed Sylvester matrix equations (1) is consistent.
(2) Ra,C1Lg, =0, RaC=0, CLg =0.
(3) Ra,C1 = Ra,C1BIB;, C =AA'C =CB'B.
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