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Almost Sure Central Limit Theorems for
m-Dependent Random Variables

Yu Miao?, Xiaoyan Xu?

?College of Mathematics and Information Science, Henan Normal University, Henan Province, 453007, China.

Abstract. In the present paper, the almost sure central limit theorem for the m-dependent random sequence
is established, which weakens the moment conditions of Giuliano [10] for the stationary m-dependent
sequence and gets the same results with different methods.

1. Introduction

Almost sure central limit theorems were first established simultaneously by Brosamler [5] and Schatte
[19] for real independent identically distributed (i.i.d.) random variables {Xy, k > 1}. Assume that EX; = u
and Var(Xy) = 02, they proved that the classical central limit theorem
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Here N, 6, denote the Gaussian distribution and the point mass at x. The symbols “ 2, , " = ” mean
the convergence in distribution and the weak convergence. Specifically, the relation (1) has the following
simple version:
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where I denotes indicator function and

D(x) = \/%f e_%du.
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For i.i.d. sequence, the property (1) was proved by Brosamler [5] and Schatte [19] provided [E|X;[>*”
exists for some y > 0 (y = 1 was assumed in the later paper). Lacey and Philipp [12] obtained the
property (1) under assuming only finite variance. Csdki et al. [7] studied the properties of some logarithmic
average. Based on invariance principles for integrals of an Ornstein-Uhlenbeck process and on strong
approximations of normalized partial sums by Ornstein-Uhlenbeck processes, Csorgd and Horvéth [8]
proved the invariance principles for logarithmic averages.

For independent not necessarily identically distributed random variables, Rodzik and Rychlik [18]
studied the almost sure central limit theorem. Berkes and Dehling [3] gave a general result and found
a necessary and sufficient condition under mild technical conditions. Berkes and Csdki [2] proved that
every weak limit theorem for independent random variables, subject to minor technical conditions, has an
analogous almost sure version.

For some dependent sequences, Peligrad and Shao [17] gave an almost sure central limit theorem for
associated sequences, strongly mixing and p-mixing sequences. Gonchigdanzan [11] proved an almost sure
central limit theorem for a strongly mixing sequence of random variables with a slightly slow mixing rate
and also showed that the almost sure central limit theorem holds for an associated sequence of random
variables without a stationarity assumption. Wang and Liang [21] obtained the almost sure central limit
theorem for negatively associated fields that assures the usual central limit theorem. Bercu et al. [1]
established the almost sure asymptotic properties of vector martingale transforms. Cénac [6] considered
the problem of the convergence of stochastic approximation algorithms and obtained the convergence of
moments in the almost sure central limit theorem.

Based on the above works, in the present paper, we shall consider the almost sure central limit theorem
of the m-dependent sequence. Recall that for a given non-negative integer m, a sequence {X},>1 of strictly
stationary random variables is called m-dependent if for every k > 1, the following two collections

{Xl/ Tty Xk} and {Xk+m+1/ Xk+m+2/ T }

are independent. Hence, an i.i.d. random variables sequence is 0-dependent and for any non-negative
integers m; < my, my-dependence implies my-dependence. The study in m-dependence context has its
own interest in the applications. For example, the additive functional of a recurrent Markov chain with the
general state space can be approximated in a certain way by the sums of an 1-dependent sequence which may
notbe independent (cf. [16]). Some nonlinear functionals of moving average processes can be approximated
by m-dependent sequence (cf. [9, 14, 15]). Témadcs [20] studied the m-dependent random fields and got
the almost sure central limit theorem. Giuliano [10] obtained the almost sure central limit theorem of the
m-dependent sequence by proving a new bound for the Rosenblatt coefficient of the normalized partial
sums of a sequence of m-dependent random variables.

2. Main Results

The following theorem is our main results.

Theorem 2.1. Let {X,},>1 be a sequence of strictly stationary m-dependent random variables with EX; = 0,
EX? < co. Then for any x € R, we have
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where S, = Xy + -+ + X, denotes the partial sums and

m+1
o2 = EX? +2 Z EX,X;.
k=2
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Remark 2.2. Giuliano [10] also studied the almost sure central limit theorem of the m-dependent random variables
with the condition
sup EX?* < oo
n

for a suitable 6 € (0,1]. His method is firstly to prove the following Rosenblatt coefficient of m-dependent random
variables: There exists an absolute constant H such that, for every pair of integers p, q with p < g, the following bound
holds:

1

fv
sup |[P(U, € A, U, < x) —P(U, € A)P(U,; < x)| < H[ 4 V_P n q_a]
Ax q
where the sup is taken over A € B(R) and x € R. Here
Sn:EZthn:VWSQ,Uﬁ:jinlmnﬂé%>0,a:5@5+&4_

= Vou

The second step is to prove that

1y 1 v 1
E;lA(sz) and @ Zl ?IA(UI-), n>1

have the same limit point as n — oo. From this result, the almost sure central limit theorem for the m-dependent

sequence can be established.

Remark 2.3. Comparing Theorem 2.1 with the works of Giuliano [10], we weaken the moment condition of Giuliano
[10] from (2 + b)-order moment to 2-order moment, but add the stationarity of the m-dependent sequence. In addition,
the approach in the paper which is from Berkes and Csiki [2], is more direct.

Proof. Given the integer p > 1 and for any n > 1, we can write
n=mly +ty, L, =pk,+qy

where I, k, 74, 9, are nonnegative integers with0 <r, <m—-1,0<¢g, <p—1. Fori > 1, define

m—1 p-l
=1 =

then it is easy to see that {Y;} is a 1-dependent random sequence and {Z;} is an i.i.d. sequence. Hence we
have

Ln

kn kl‘l
i=1 i=1 i=1

i=pk,+1 i=ml,+1
=: Sl,n + SZ,n + Sg,” + 54/,1.

Next we shall show that for any x € R and any ¢ > 0, the following claims hold:
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S4n

1
li = S.
Nt logN Z { } O e ©
where 02 = Var(Zy).
Throughout the following proof, C denotes a positive constant, which may take different values when-
ever it appears in different expressions.
Step 1. Proof of (3). From the definition of Z;, we have [EZ; = 0 and
p-2
0% :=Var(Zy) = (p — ))Var(Yy) +2 Z Cov(Yi, Yir1)
i=1
m=1

=m(p —1)Var(Xy) + 2(p = 1) Y (m = ))Cov(X], Xi11)
i=1

+2(p - 2) Z iCov(XT, Xis1)

i=1

=m(p ~1) | Var(X1) +2 ) Coo(Xa, Xiun)
i=1

m
-2 Z iCov(X1, Xis1) — 2mCov(X1, Xpms1).
i=1

Since {Z;} is an i.i.d. random sequence, we have

S 2> N(O,1). )
oz \/_
Let f be a bounded Lipschitz function. From (7), we know
IEf( ) Ef(N(0,1)) as n — oo. (8)
oz «/_

Note that (3) is equivalent to (cf. [4, Theorem 7.1], [12, Section 2] and [17, Section 2])

N
. 1 1 Sln)

lim —— — . =Ef(N(@O,1)) as.
chx,logN;_lnf(OZ o)~ B/ Vo)

Hence it suffices to prove as N — oo,

log i %( (ale\;E) B ]Ef(ale\,}%n))

It is easy to see

1 [, 1 1
EG?, = o SET, + 22 FEDT)| =l + o]
p

Since f is a bounded Lipschitz function, we have

logzN Al log NZ log N

n=1
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Moreover, for 1 <n < j < N, we have

o 1(2e) A2

_lcos Sin S1j | [S1i=Sn
Vs
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[ET,Tjl =
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< E|S; | <

From the definition of k,, it follows that mpk, ~ n, so we have

(Eis1.P)"” < C

1 C 1 C 1 C
AVIES ET,T;| < . 10
logle ! 1og2NnZ<;Jn| = lgzNZ]3/2\/_ log N 10
From (9) and (10), we have
C
2
EGiy = logN’

Let p > 1 and Ny = ¢/, then we have
Gin, — 0 as.

For Ny < N < Ni,1, we obtain

Nk Nk+1
1 1 1 1
Ginl <—— |} 2T+ —— )
G log Ny ;n "| log Ny e "‘
Nk+1
< +— = .
<G log N: 2 -0 as
=Nk

Step 2. Proof of (4). From the definition of Y;, we have EY; = 0 and

m—1
02 = Var(Yy) = mEX? +2 Z(m — ) EX; Xi41.
i=1

For any ¢ > 0, let g be a real valued function such that

Hx > e} <g(x) <I{x>¢/2} and sup |g’(x)| < 00, (11)
then we have
et Bl v e P e v R v
First we shall prove
N
1 1 Son Son
Con = logN ; n (g(a n) ]Eg(o n)) -0 as (12)
It is easy to see
N
1 1 Son 1 San 52
g e ) <L denb 52
o logzN[; w2 o) T\ o) TG

< + —Cov — 1,9l —=1|.
log” N logzNZZ nl 7 on 7 oVl
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Since for p > 1, {Yjp}i>1 is an i.i.d. random sequence, we have
STERE
on ' oVl
b (ol [2552)
ovVn Vi
S So1—Son
<CIE‘ ( 2, ) ( 2,1 = 92, )

1/2
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From the definition of k,,, we have

ewlol )23
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Similar to the proof of Gy — 0 a.s., we obtain

z
i gl

log

C
<
log” N

(13)
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From (11), we get

S s Sou o2k
IE( 2 ) IP( Z ZE/Z)SC o C

o\n p
which yields

Son C
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Step 3. Proofs of (5) and (6). Here we only give the proof of (5) and the proof of (6) is similar. Let

then we have
C 2 1
EG:\ S—— + ——— —]P(
N log’N  log’N ”Zd‘

< C2 + 22 Zl]l’(
log"N logNn<l

Since E|S; | < pmE|X4], it follows
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)

(14)

By (14), we get



Y. Miao, X. Y. Xu / Filomat 31:18 (2017), 5581-5590 5587
Similar to the proof of Gy — 0 a.s., we obtain
Gsn — 0, as.

Step 4. Continuation of proving Theorem 2.1. Putting V,, = S5, + 53, + S4, it is not difficult to check
the following relations: for ¢ > 0 and x € R,

SI{ S <x, [Vl <€}+I{|V"| 28}
o\n ovVn on (15)
Sn n
sz{ L Sx+e}+1{|v| zé}
oVn on
Sia S Szt San
SI{ L Sx+&}+[{|2'|26/2} 1{'3 anl /2}
oVn on on
and
S,
I <x
{0\/17 }
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v R R b R =
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oVn on
SVI Sn S S
21{ L Sx—e}—l{l 2"25/2}—1{| 3 ¥ Sanl /z}
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and

1 &1.(S
. . - n <
h{;‘ll!i‘flogN Z_l nl{g\/ﬁ = x}
"~ (18)

Furthermore, since
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for any 0 < r < 1, for all n and p large enough, we have
on

(1-r?< <(1+7r)2
02kn
Hence for all n and p large enough, it is easy to check
Sll’l S n S
I < (1—1’)}SI{ }<I{ _y(1+r)} y=0 (19)
{GZ ‘/_ o ‘/_ oz \/_
and
Sll’l S n S
I _y(1+r)} { }<I{ _y(l—r)} y <0. (20)
{GZ ‘/_ o ‘/_ oz \/_

Next we shall divide the proof into three cases: x > 0, x <0, x = 0.
For the case x > 0, we can choose ¢ > 0 enough small, such that x + £ > 0 and x — ¢ > 0. So from (17) and

(19), we can obtain
{ : }
<x
N—ooo 1 N \/7_1

1 1 (S,
<limsup logN;_l{gZ\/_ s(x+s)(1+r)}

=0 ((x+e)(1+7r)+ %

and from (18) and (19), we have

=0 ((x—e)(1-1) -

For the case x < 0, we can choose € > 0 enough small, such that x + ¢ <0and x — ¢ < 0. So from (17) and

(20), we can obtain
logN Z { }

{6251‘/_ < (v +e)(l- r)}

hm sup

<limsup

N—oco

lo N
=0 ((x +e)(1 - 1) + %

and from (18) and (20), we have

IA

N
. . 1 1 Sl,n
> liminf g Y EI{OZ\/E (x—e)(1+ 1')} _<

=O((x—e)1+7)) -
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For the case x = 0, from (17) and (19), we can obtain

hmsuplogNZ { _}

N—oo

N
1 1 Sin C
<li —E =1 Z_<e(l+1)p+—
im sup TogN 2 7 {Gz = &( )} 7

N—oco
C

=P (e(1 =
(e( +T))+p

and from (18) and (20), we have

1
vt Lt o

n=1

2

1 w1 (S
> z it -
hZ\IIILILSf].OgN _171[{02\/__ s(1+r)}

ﬁ

) 1 - =
(-e(1+7) b

At last, for the above three cases, letting ¥ — 0, ¢ = 0 and p — oo, we can obtain the desired result. [
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