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Abstract. The purpose of this article is to prove some coincidence point and approximate solution
method for generalized weak contraction mapping in b—metric spaces by using the concept of b-generalized
pseudodistance. Also, we give some examples to illustrate our main results.

1. Introduction

In 1993, Bakhtin[5], (see also Czerwik [8]) was introduced the concept b-metric space and show that
the class of b-metric spaces contains the class of metric spaces. Later, in 1996 Kada, Suzuki and Takahashi
[11] defined the concept of w-distance in a metric space which is a generalized distance difference way
from b-metric spaces. In 2010, Wlodarczyk and Plebaniak [20] introduced the concept of generalized
pseudodistance which is generalized w-distance. Recently, in 2014, Plebaniak [14] introduce the concept
of b-generalized pseudodistance which is an extension of the b-metric and generalized pseudodistances.
They are also gave the sufficient conditions that as certain the existence of an optimal solution and fixed
point problem. On the other hand, the concept of weak contraction was introduced by Alber and Guerre -
Delabriere [3] in 1997 in Hilbert spaces. Later, in 2001 Rhoades [16] has show that the result which Alber
et al. is also valid in complete metric spaces. In 2008 Dutta and Choudhury [10] extended the notion of
weak contraction by using the concept of two altering distance functions. Afterward, Dori¢ [9] (see also [1])
replaced the continuity of ¢ by “lower semi-continuous” and proved fixed point theorems for such mapping.
In 2014 Aghajani et al. [2] proved some common fixed point results for four mappings satisfying generalized
weak contractive condition in partially ordered complete b-metric spaces. In the same year, Roshan et al.
[17] presented some coincidence point results for four mappings satisfying generalized weak contraction
mapping in ordered b-metric spaces. Fixed point results involving weak contraction and generalized weak
contraction mappings have extensively been studied in the literature (see, e.g., [4, 7, 13, 15, 19, 21] and
references therein).
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From above mentioned, the main purpose of this article is to prove the existence of coincidence points
theorem for generalized weak contraction in b-metric spaces via b-generalized pseudodistance. Further-
more, we also give some examples to illustrate our main results.

2. Preliminaries

In this section, we give some notations and basic knowledge for our consideration. Throughout this
paper, we denote by IN, R; and R the sets of positive integers, non-negative real numbers and real numbers,
respectively.

2.1. b-metric Spaces
Definition 2.1 ([5, 8]). Let X be a nonempty set and a b—metric is a function d : X X X — [0, 00) satisfying

(bM1) d(x,y) =0ifand only ifx =y
(bM2) d(x,y) = d(y, x)
(DM3) there exists a real number s > 1 such that d(x, y) < s[d(x, z) + d(z, y)],

forall x,y,z € X. Then (X, d) is called b—metric space with coefficient s.

It is obvious that the class of b-metric spaces is effectively larger than that of metric spaces since any
metric space is a b-metric space with s = 1. The following examples show that, in general, a b-metric space
need not necessarily be a metric space.

Example 2.2. Let X = R and the mapping d : X X X — R, be defined by
d(x,y) = (x—y)* forallx,yeX.
Then (X, d) is a b-metric space with coefficient s = 2.
Example 2.3. ([18]) Let (X, d) be a metric space and the mapping o4 : X X X — R, be defined by
ogi(x,y) =dx, y)P  forallx,y e X,
where p > 1 is a fixed real number. Then (X, 0,4) is a b-metric space with coefficient s = 271,

Next, we recall the concepts of b-convergence, b-Cauchy sequence, b-continuity and b-completeness in
a b-metric spaces.

Definition 2.4 ([6]). Let (X, d) be a b-metric space. Then a sequence {x,} in X is called:
(@) b-convergent if there exists x € X such that d(x,,x) — 0 asn — oo. In this case, we write limx, = x.
(b) b-Cauchy if d(x,,, xy) = 0as n,m — oo.

Each b-convergent sequence in b-metric spaces has a unique limit and it is also a b-Cauchy sequence.
Moreover, in general, a b-metric is not continuous.

Lemma 2.5 ([2]). Let (X, d) be a b-metric space with coefficient s > 1 and let {x,} and {y,} be b-convergent to points

x,y € X, respectively. Then we have

Slzd(x, y) < H};Ilglf d(xy, yn) < limsup d(x,, y,) < s2d(x, y).

n—oo

In particular, if x = y, then we have limd(x,, y,) = 0. Moreover, for each z € X, we have
n—oo

%d(x, z) < liminf d(x,, z) < limsup d(x,, z) < sd(x, z).

n—oo
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Definition 2.6 ([6]). Let (X, dx) and (Y, dy) be two b-metric spaces.

1. The space (X, dx) is b-complete if every b-Cauchy sequence in X b-converges.
2. Afunction f : X — Y is b-continuous at a point x € X if it is b-sequentially continuous at x, that is, whenever
{xn} is b-convergent to x, { fx,} is b-convergent to fx.

Definition 2.7 ([6]). Let Y be a nonempty subset of a b-metric space (X,d). The closure of Y is denoted by Y and it
is the set of limits of all convergent sequences of pointsin Y, i.e.,

Y :={x € X : there exists a sequence {x,} in Y such that limx,, = x}.
n—oo

Definition 2.8 ([6]). A subset Y of a b-metric space (X, d) is called closed if and only if for each sequence {x,} in Y
which b-converges to an element x € X, we havex € Y (i.e. Y =Y).

2.2. b-generalized Pseudodistance Function

In the rest of the paper we assume that the b-metric d : X X X — [0, ) is continuous on X*. Now, we
recal the concept of a generalized pseudodistance and b-generalized pseudodistance as follow.

Definition 2.9 ([14]). Let X be a b-metric space (with constant s > 1. The map | : X X X — [0, 00) is said to be a
b-generalized pseudodistance on X if the following two conditions hold:

(JD J(x,y) <slJ(x,z) + J(z, y)] forall x,y,z € X,
(J2) for any sequences {x,,} and {y,,} in X such that

]}1_1)210 sup J(x, Xm) =0 1)
m>n
and
Bim e, y) = 0 (2)
we have
lim d(xn, Ym) = 0. @3)

In definition 2.9, if s = 1, then | is called generalized pseudodistance which defined by Wlodarczyk and
Plebaniak [20]. Now, we give some examples of b-generalized pseudodistance.

Example 2.10. ([15]) Let X be a b-metric space (with a constant s > 1) equipped in b-metricd : R X R — R, Let
the closed set E C X, containing at least two different points, be arbitrary and fixed. Let ¢ > 0 be such that c > 6(E),
where 8(E) = supld(x, y) : x, y € X} is arbitrary and fixed. Define [ : X x X — [0, o0) by

J(x, y) ={ f(x'y) Entxy)

Then | is b-generalized pseudodistance in X.
Example 2.11. Let X = [0,2] and d(x, y) = (x — y)* . Defined ] : X X X — [0, o) by

0, X — y = —2
J,y) =1 dx,y), -2<x-y<0
x+22, 0<x-y<2
We will show that ] is b-generalized pseudodistance wit s = 2. Suppose that x,y,z € X, We consider the following
cases.
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case I If x —y = =2, then it is clear that J(x,y) = 0 < 2](x,z) + 2J(z,y) forall z € X.
case II Suppose that -2 < x —y < 0.
Ifx <zandz <y, then

J(x,y) =d(x,y) < 2d(x,z) + 2d(z, y) = 2](x,z) + 2](z, y).

Ifx <zandz >y, then

x? = 2xy + y?

x% = 2xy + 2% + 2xz — 2xz
(x —2)? + 2xz — 2xy

2(x —z)> + 2(z + 2%)
2](x,2) + 2] (z, y)-

J(x,y) = d(x, y)

A 1A

Ifx>zand z < y then

Jaoy) =d@y) < 4-2yz+y?
< x+22+4(22-2yz+ 1P
< 2(x+2%)+2(z-y)?
= 2J(x,2) +2]J(z,v).
case III Suppose that 0 < x —y < 2.
Ifx > zand z < y then
Jr,y)=x+22 < (x+2)+(@z-y)?

< 2J(x,2) +2](z, y).
Ifx > zand z > y then
Je,y)=x+22 < (x+2)+(z+22)
< 2J(x,2) +2](z, y).
Ifx <zandz > y then
Je,y)=x+22 < (x—22+(z+2%)
< 2J(x,z)+2](z,y).
There fore the condition (J1) hold. Next we will show that | is satisfies (J2). Let {x,} and {y,} be sequence in X such
that
lim sup J(x,, x) =0 and lim J(xp, Ym) = 0.

n—oo m>n

Since J(x,y) > 22 for all x > y and limy,—e [(Xm, Ym) = 0, then we have lim,,_,o d(x,, y,) = 0 and thus (J2) hold.
Therefore | is b-generalized pseudodistance wit s = 2. Further, since ](0,0) = 0 = J(0,2), but 0 # 2 and hence | is
not a b-metric.

Remark 2.12. Let (X, d) be a complete b-metric space (with s > 1) and | is a b-generalized pseudodistance on X.

(A) d is a b-generalized pseudodistance on X. However, there exists a b-generalized pseudodistance on X which is
not b-metric.

(B) Let X(; ={xreX:J(x,x) =0} and Xj = {x € X : J(x,x) > O}, then X = X? U X7
(C) Foreach x,y € X with x # y, then [(x,y) > 0V J(y, x) > O(for more detail see ([14]).

Definition 2.13 ([15]). Let X be a b-metric space (with constant s > 1). The map ] : X x X — [0,00) is a

b-generalized pseudodistance on X. We call that X is J-complete if for all sequence {x,} in X such that

lim sup J(x, x,y) =0

=00 s

there exists x € X such that
lim J(x,, x) = lim J(x,x,,) = 0.
m—oo m—oo

Remark 2.14. If we take | = d, then the definitions of J-completeness and completeness are identical.
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Lemma 2.15 ([14]). Let | : X X X — [0, 00) be a b-generalized pseudodistance on b-metric space X (with s > 1) and
let {x,,} be the sequence in X. If
lim supJ(x,, xn) =0,

=00 s

then {x,} is a Cauchy sequence on X.

2.3. Some History of Various Types of Weak Contraction
In 1984, Khan et al. [12] introduced the concept of an altering distance function as follows.

Definition 2.16 ([12]). A function 1 : [0,00) — [0, 00) is called an altering distance function if the following
properties are satisfied:

1. 1 is continuous and monotone nondecreasing;
2. Y(t) =0 ifand only if t = 0.

Here, we recall some examples of an altering distance function given in [18] as follow.
Example 2.17. Let @; : [0,00) — [0, 00),7 € {1,2, ..., 5} be defined by

(1) @1(t) = kt, where k > 0,

(p2) @at) = t*, where k > 0,

£2, te[0,1]
1+ Vt—1, te(l,).

(pa) @a(t) =a' —1, wherea >0anda # 1,

(p3) @s3(t) = {

(ps5) @s(t) = log(kt + 1), where k > 0.
Then @; is an altering distance function for eachi € {1,2, ...,5}.

In 1997 Alber and Guerre-Delabriere [3]( see also [16]) using the concept of altering distance function
established the notion weak contraction as follow.

Definition 2.18 ([3, 16]). A mapping T : X — X is said to be weak contraction, if for each x, y € X,

d(Tx, Ty) < d(x, y) - p(d(x, y)), (4)

where 1 : [0,00) — [0, o0) is a altering distance functions and lim,_,., P(f) = oo. If X is bounded, then the infinity
condition can be omitted (see [3, 16]).

If we take ¢(t) = (1 — k)t, then the inequality (4), reduce to Banach contraction mapping.

In 2008, Dutta and Choudhury [10] extended the concept of weak contraction by using the concept of
two altering distance functions and proved the fixed point results for such contractions as follow.

Theorem 2.19. Let (X, d) be a complete metric space and T : X — X be a mapping satisfying the inequality
YTy, Ty) < 9@ y) - e, y) )

forall x,y € X, where , @ : [0, 00) — [0, o0) are two altering distance functions. Then T has a unique fixed point.

Clearly, if we take ¢ is identity mapping, then the inequality (5), reduce to (4).

Afterward, Dori¢ [9] (see also [1]) replaced the continuity of ¢ by “lower semi-continuous” which is
include the classes in (4) and (5). Also, they are proved the following theorem.
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Theorem 2.20 ([9]). Let (X, d) be a complete metric space and T : X — X be a mapping satisfying the inequality

P(Tx, Ty) < (N, y) - p(N(x, y)) (6)

forall x,y € X, where N is given by

N(x, y) := max {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty) +d(y, Tx) } /

2

Y : [0,00) — [0, 00) is an altering distance function and ¢ : [0, 00) — [0, 00) is a lower semi-continuous function
with o(t) = 0 if and only if t = 0. Then T has a unique fixed point.

3. Main Results

In this section, we establish the existence theorems of coincidence points for generalized weak contrac-
tion mapping in b—metric spaces via b-generalized pseudodistance function. First, we give some useful
lemmas for consideration of our main result as follow.

Lemma 3.1. Let X be b-metric space (withs > 1) and let themap | : XXX — [0, 00) be a b-generalized pseudodistance
onX. Let f,9,T,S : X = Xis a four mappings such that f(X) C T(X), g(X) € S(X) with f(X) C X? and g(X) C X‘])
Assume that there exist altering distance function \ and ¢ such that for all x, y € X satisfies

V(s M(fx, gy)) < pML(x, y) — p(ML(x, 1)), )

where
M(fx, gy) = max{J(fx, gy), J(gy, fx)}

and
Mi(x, ) = maxtminlJ(Sx, Ty), J(Ty, S0, (5%, £2), Ty, gy), Lot TV,
Then
Lim J(yu, Yns1) = 0 )
and
tim J(ye1,42) = 0 ©)

when, the sequence {y,} generated by xo € X such that

Yons1 = fxon = Txops1r  and  Yopso 1= gXons1 = Sxopso  foralln 2 0.

Proof. Let xo € X be an arbitrary and fixed. Since f(X) C T(X) and g(X) € S(X). We can define inductively
the sequences {x,} and {y,} by

Yonst = fxon = Txops1 and  Yous 1= gxons1 = Sxousp  foralln > 0.
From (7) and property of ¢ implies that

J(fx, gy) < ¥(*T(fx, gy) < pML(x, ) — p(ML(x, y)), (10)

and

Jgy, fx) < $(*T(gy, fx)) < P, ) = p(ML(x, y). (11)
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First, let us to show (8) hold, by prove that
I}I_T}; J(W2ns1, Yons2) = 0 and 31_{{)10 J(W2n, Y2n+1) = 0. (12)

Putting x := xp, and y := Xx2,41 in (10), we have

VW21, Yone2)) < P (Yaner, Yone2))
= lP(SALI(fXZn/!735271-%—1)) (13)
< PML (o, X2041) = PML(X20, X2041)),
where
Mg(XZn/ Xop+1) = max{min{](stn/ Txon+1), J(TXon41, SX2n)},
S ns n+ T n+1, n
S, Ftn) N T i), e Pr) * e [ )

= max{min{J(y2n, Y2n+1), J(Y2n+1, Y2u)),
JWon, Yous2) + J(Yons1, y2n+1)}
2s )

JWon, Yon1), J(Yone1, Yons2),

Let us consider the following three cases.

casel.If
M (xo, X0001) = max{min{J(yan, Yon+1), J(Yon+1, You)b, JY2n, Yone1))
= J(y2n, Yous1)-
By (13), we get

V(J(W2n+1, Yone2)) < O(J(W2n, Yous1)) — YU W2n, Yous1)) < Y (W2n, Y2us1))-

From fact that ¢ is non-decreasing, we have J(y2n+1, Y2n+2) < J(Y2n, Y2n+1)- This mean that the sequence
{J(¥2n+1, Y2n+2)} is non-increasing and converges to some j > 0. Again, by (13) which give

V() < () = () < ¢(j)

and hence j = 0.

case IL If ML(x2,, X2n41) = J(Yans1, Y2us2), then by (13), we get

Y(J(Yan+1, Yans2)) < YU 2041, Yons2)) — YU W2n41, Y2us2)) < YU (Yan+1, You+2))-

for all n > 0. Then, we must have J(y2,+1, Y2n+2) = 0 forall n > 0.

case III. If
](yan y2n+2) + J(Y2n+1, y2n+1)
2s ’

M. (X2, X2n31) =

In fact that f(X) C X?, we have

J(Wan, Yon+2)

Mi(x2nr x2n+1) = 25

(15)
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Hence, by (13) we get

J(Won, Yons2) J(Y2n, Yous2)

Eb(](yZnH/ ]/2n+2)) < IP( 2% ) - (P( 25 ) (16)
J(2n, Yous2)
< Y=
It follow from the property of i and (J1), we have
](yZn/ Yon 2)
JWons1, Yons2) < T+
5](]/211/ y2n+1) + S](]/2n+1, ]/2n+2) (17)

2s
J(Won, Yons1) + J(Yans1, Yons2)
5 s

Consequently, we obtain that J(y2u+1, Yone2) < J(Yan, Y2n+1).- That is the sequence {J(y2n, Y2u+1)} is non-
increasing and converges to some nonnegative real number j’. By (10), (15), (17) and ¢, { are non-decreasing
function, we have

J(2n, Yous2) J(2n, Y2us2)

n+1ls n+. S -
Pt ll}(](y2n,2;2n+1))+ ]((p]/(2n+1,y225n+2) ) (18)
< Y( > ) — ©(J(Y2n41, Y2ns2))-
Letting n — oo in (18) we obtain that
. i+ . .
V(i) < () —e() < ()
and hence j* = 0. Now, letting x := x, and y := x2,,—1 in (11), then we have
Qb(](]ﬁn/ y2n+1)) < ll1(54](y2n/ y2n+1))
= Y(*](gx2u-1, fxon)) (19)
< ML, X21-1)) — QML (X2, X20-1)),
where

MUz x201) = max { min{J(Sxan, Tz, J(Tézact, Sx20),

S, Fn) N Ty, ), e Prt) N [ 0)
= maX{min{](yzn, yZn—l)r ](]/Zrtfl/ y2n)}/
J(W2n, You) + J(Yon-1, ]/2n+1)}
2s ’

J(Won, Yons1), J(Yon-1, You),

We distinguish three cases.
caseI.If

Ms{(x2nr X2n-1)

max{min{](]ﬁm ]/21471)1 ](y2n71/ yzn)}, ](erzfl/ y2n)}
J(Y2n-1, Y2n)-

By (19), we get
YJW2n, Y2ne1)) < YU (Yan-1,Y20)) — @UY2n-1,Y20)) < YU W20-1, Yan))-
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It follow from the property of i, we have [(y2n, Y2u+1) < J(Y2u-1,Y2,). This mean that the sequence
{J(¥2n, Y2n+1)} is non-increasing and converges to some j; > 0. Letting n — oo in (19), which give

Y1) < P(1) — () < P().

So, we have must j; = 0.

case II. If Mi (%21, X2n-1) = J(Y2n, Youn+1), then by (19), we get
Y(J(Yan, Yon+1)) < YU (WYan, Yons1)) = U (Yan, Yous1)) < YU (Yan, Yon+1))

which implies that J(y24, Y2n+1) = 0 for all n > 0.

case III. If
JW2n, Yon) + J(Y2n-1, Y2n+1)
2s ’

Mg (20, Xon-1) =

In fact that g(X) C X?, we have

M ) = L2 2) e
s
Hence, by (19) we get
J(W2n-1, Yon+1) J(2n-1, Yon+1)
V(J(Won, Yone1)) < P( s ) — @( o ) @)
J(W2n-1, Yous2)
< IP(T)
it follow that
J(Y2n-1, Yon+1)
I(yzn, y2n+1) = 2—s+
S](erlfl/ y2‘rl) + 5](}/2;1, y2n+1) (23)

2s
](]/211—1/ ]/Zn) + ](]/211/ y2n+1)
5 .

Consequently, we obtain that [ (2., Y2n+1) < J(Y2u-1, Y2n). Thatis the sequence {J (124, Y2n+1)} is non-increasing
and converges to some nonnegative real number j;. By (11), (21) and (23) with ¢ and 1) are non-decreasing
function, we have

WU o vorst)) < ll)(](yZn—;,syznu))_(p(](}/zn—;,symu)) o
n—1, n + nrs n+
< gl TG, i, )

Letting n — oo in (24) we obtain that

v <)~ o) < wi)

and hence j; = 0. Therefore (12) hold and consequently (8) hold
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Next, we will show that (9) hold, by prove that
1}1_{2 J(W2n+1,Y24) =0 and ,}1_{{)10 J(Y2n+2, Yon+1) = 0. (25)
Given x := xp, and y := x3,-1 in (10), we have

¢(I(y2n+1/ ]/Zn)) < l#(54](]/211+1/ ]/Zn))
= ¢(54](fx2n, gxon-1)) (26)
< PML(xan, X2-1)) — QML (X2n, X20-1)),

where M£ (21, x2n—1) satisfies (20). We distinguish three cases.

casel . If

Mg(xZ;fu x2n—1)

max{min{[(y2n, Y21-1), J(Y2n-1, Y2u)}, J(Y2u-1, Y2u)}
J(Y2n-1, Yan)-
By (11) and property of ¢, we have

JWans1,Y20) < J(Wan-1, Yon)- (27)
case IL If M!(x2,, X21-1) = J(Y2u, Y2ns1), then by (13), we get
YJ(W2ne1, Yon)) < P (Y2n, Yone1)) = YU (2n, Y2ne1)) < P (Y2n, Y2na1),
then
J(2ne1, Yon) < J(Y2n, Yon+1) (28)

case III. If
JW2n, Yan) + J(Y2n-1, Youe1) — J(Y2n-1, Yone1)
2s h 2s

M (x, X20-1) =

By the same argument as case 1II of step I, we get
JW2n+1, Y2n) < J(Yan-1, Yan)- (29)
Letting n — o0 in (27), (28) and (29), by using (8), we have
Lim J(y2n+1, Y20) = 0.
Similarly, by given x := xp, and y := xp,+1 in (10), we can see that
]}1_1){)10 ](y2n+2, y2n+1) =0.
This complete the proof. [

Lemma 3.2. Let X be b-metric space (withs > 1) and let themap | : XXX — [0, 00) be a b-generalized pseudodistance
on X. Assume that f,g,T,S : X — X is a four mappings such that f(X) € T(X), g(X) € S(X) with f(X) C X? and

g9(X) C X(]) Assume that, the mappings f, g, T and S satisfies (7) and for xo € X defined the sequence {y,,} by
Yone1 = fxon = Txopyr  and  Yousz := gXous1 = SXony2  foralln > 0.

Then

lim sup J(Ym, ¥») = 0. (30)

m—0o0 n>m

That is, the sequence {y,} is Cauchy.
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Proof. Suppose the contrary, then there exist subsequences {y2x) and {y2x)} of {y.} such that 2n(k) >

2m(k) > k and
JWam@ys Yony) > 1

and n(k) is the smallest in such that (31) holds. From (31), we have
JWam@, Yonw—2) < 1.

By property (J1), (31) and (32), we get
1

A

J(Womm), Yono)
< sUU(Wammy, Yanw-2) + J(Yang—-2, Vo))
< s +85](Yant-2, Yant-1) + ST Yango-1, Yon(k)-

Letting limit supremum as k — oo in (33), by Lemma 3.1 we get

1 < lim supJ(Yomm), Yonm) < S-

—00

Again, by (J1), we obtain that

JWom@ys Vo)) < sUW2m@yr Yony+1) + J(Y2nmy+1, Yoni)]
and

JWommy, Vony+1) = J(Vamm), Yanw) + ] (Y2n@m), Yon+1)-

Taking limit supremum as k — oo in (35) and (36), by using Lemma 3.1 and (34), we get

1< s(lim supJ(Yome), y2n(k)+1))

—00

and
Lim supsJ(Yome), Yang+1) < s%.
k— o0

Thus

1 . 2

S < lim supJ(Yom), Yony+1) < 5°.

k—oo

By (31) and (J1), we have

1< JWamwy Yon) < SUW2mmy, Yant2) + J(Y2nr2s Yan)]
< sJ(Yam@)s Yony+2) +
] (Yan(o+2, Yany+1) + s’ (Yn@+1, Yonk)

and

JWom@, Vonwy+2) < SJ(Voam@), Yan@+1) + ST W2nm+1, Yanm+2)]-

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

Taking limit supremum as k — oo in (38) and (39), by using Lemma 3.1 and right hand side of (37), we

have

1< s(lim supJ(Yome), yzn(k)+2))
k—o0
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and

(ﬁm supJ(Yam), yZn(k)+2)) <s.

k—o0

Equivalently,

©®n |

< im supJ(Vamqy, Yang+2) < 5°-

k—o0

Again, by (31) and (J1), we have

s[T(Yam@m), Yonmy+1) + J(Y2nm+1, Yonw)]
sJ(Yam@ky, Yongo+1)
+82 ] (Yanoy+1, Yamm) + 52T Yoy, Yank)

1 < JWam@), Yanm)

INIA

it follow that

1-2s%
2

< lim supJ(y2ney+1, Y2m(k))-

k—o0

Since

JWonm+1, Yomy) < SJ(Y2n+1, Yany) + ST Y2y, Yom))-

and

IA

8J(Yan@), Yonw+1) + ST (Yanmy+1, Yam))
sT(Yany, Yanty+1) + S TYany+1, Yango) + ST Yango, Yamm),

JW2ng), Yomi)

IA

then

1- 52)] (yZn(k)/ ]/Zm(k)) <sJ (yZn(k), yzn(k)+1) + 52] (yZn(k)+1, yzn(k))-

which implies, by Lemma 3.1 and s > 1 that
gg] (Y2n@), Yam@) = 0.
Hence, by (41), (42), (43) and Lemma 3.1, we have

1-28%
2 < lim supJ(Yanwy+1, Yome)) < 0.

k—o0

Thus, by definition of | we can conclude that
Lim J (Y21, Yamao) = 0.
Further,

JWon@+1, Yam+1) < ST (Yango+1, Yomm) + ST Yam)s Yom+1)-

Also, we have

%13; J(Y2n@w+1, Yam@+1) = 0.
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(40)

(41)

(42)

(43)

(44)

(45)

(46)
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Since
U Yamon1, Yanw2) < YET(FXam@m), 9Xanm+1))
< ¢(S4M(X2m(k)r in(k)+1)) (47)
< PMLXamy, Xono+1)) — QLX) Xaugo+1))s
where

IA

Mg(XZm(k)r Xon(k)+1) max { min{J(Sxom), Tx2nm)+1), J(TX2n(0+1, SX2m@m)},

J(Sx2m@iy, fX2miy), J(TX2n@y+1, %20 +1),

J(Sx2mx), gX2nmy+1) + J(Tx2n)+1, - sz(k))}
2s

(48)
= max { min{J(Yom), Yany+1), JY2n@+1, Yam)}s

J (yZm(k), yzm(k)+1), J (yzn(k)+1, y2n(k)+2),

JWom), YVony+2) + J(Yon@+1, yzm(k)+1)}
25 ’

By taking limit supremum as k — oo in (48), by (37), (40), (44), (46) and Lemma 3.1 , we have

1
! { '{10)}005+0} < limsupM( )
— = max{ miny—, s Y Y, = lmsup X2m(k)r X2n(k)+1
52 . > e s\A2m(k)s A2n(k)+
s P +0
< max{min{s ,0)1,0,0, T}
2
Y
and
1 o1 1+0 T
57 max{mm{g,o)}, 0,0, F } < hgngs(xzm(k)/xZn(k)ﬂ)
340
< max { min{s?,0)},0,0, 52—5}
2

E.
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Therefore, by taking limit supremum as k — oo in (47), we have

s2 1
—_ = 4 _—
vy = ¥ ()
< 1/;(5411111 supJ(Xom@+1, xzn(k)+2)) (49)
k— o0
< lp(lim supM. (Xzu(e, xzn(k)+1)) - (P(likm infM (Xange, in(k)+1))
k_)oo — 00
s? 1
< —_— — —
< Y( 2) (P(ZSz)
$2
< 95 (50)

1 1
This implies that (P(@) = 0 and hence 7= 0 which is a contradiction. Therefore

Lim sup J(Ym, yn) = 0.
n>m
By Lemma 2.15, the sequence {y,} is Cauchy. This complete the proof. [

Theorem 3.3. Let X be a b-metric space (with s > 1) and let the map | : X X X — [0, c0) be a b-generalized
pseudodistance on X. Assume that f,g,T,S : X — X is a four mappings such that f(X) C T(X), g(X) € S(X) with
fX) c X(; and g(X) C X(; . Assume that the mappings f,g, T and S satisfies (7) and the images under mapping S or
T is J-complete. Then

(a) fand S have a coincidence point;
(b) gand T have a coincidence point.

Moreover, for each xy € X, the sequence {y,} defined by
Yonst = fxon = Txopsr  and - Yopso 1= gXons1 = Sxopso foralln 20,
converges to unique point y, € X with y, = fx, = Sx, = Tz, = gz, fore some x,z, € X.

Proof. As the proof of Lemma 3.1 and Lemma 3.2, we have two sequences {x,} and {y,}. Furthermore, {y,} is
a b-Cauchy sequence. Suppose that S(X) is a J-complete, then the sequence {y,,} converges to some element
Y« € S(X) and

Lim faz, = Hm Tz = limgazesr = M Sxauee = . (51)
with
Hm J(yn, y) = im J(yx, y) = 0. (52)

Moreover, v, € X‘]), i.e J(Y«, yx) = 0. Indeed,

0= J(ya, ya) < s(1lim [y, y)) + s(1im [y, y)) = 0.
First, we will show that y, is unique. Suppose that there exist y € X with y # v, such that

lim J(yu, y) = lim J(y, yu) = 0. (53)



C. Mongkolkeha, P. Kumam / Filomat 31:19 (2017), 6185-6203 6199

Let v, = y and u, = y, for all n € N. By (30), (52), (53) and property (J2), we have

limd(y,, y+) = limd(y,, u,) = 0 (54)
and
limd(y,, y) = limd(y,,v,) = 0. (55)

By (54), (65) and Remark 2.12 with y # y,, we get
0<d(y,ys) < gi_r)g(sd(y, Yn) + sd(yn,y*)) =0

which is a contradiction and hence y, is unique. Now, we will prove S and f have coincidence point. Let
Xy = S‘ly*, then Sx, = y,. Putting x := x, and v := x2,41 in (11), we have

YUz ) < Y6 G20, f20)) 56
< PMLe, Xa1)) = PMUXs, X2141)),
where
MU(a,22e1) < max{ min{(Sva, Trau), J(Txe, Sx) TS5, f5), J(Txzaet, Giame),
J(Sxx, gx2n+1) + J(Tx2n41, fx*)}
= maxX { min{](y*/ Txon11), J(Tx2n41, ]/*)}/ ](y*, fx*)r J(Tx2n41, JXon+1),
J(Yx, gxon+1) + J(Tx2n41, fx*)}
25 ’
Taking limit supremum as — oo in (57) and (56) by using (51) and y, € X?, we get
Lm M{(xa, x2001) = J(Yr, f20)- (58)
Then by (11), we have
llb(](y*/fx*)) S 1#(S[l](y*k/fx*))
< YUWw f20)) = U Wws fX))) (59)
< PYJWs fxy)
which implies that J(y, fx«) = 0. Further, by (7), (10) and (58) we have
YUJ(fxx, Yx) S YUY, f25)) = U (Yx, fX4))) < P(0) —p(0) =0
and hence [(fxx, yx) = 0. Therefore, from Remark 2.12, we obtain that
fxe = Sxy. (60)

Next, we will prove g and T have coincidence. Since, ¥y, = Sx4 = fx, and f(X) € T(X), then there exist
z4 € X such that y, = Tz,. Putting x := x, and y := z, in (10), we have

VWi, 924)) < Y(*(fxon, 924)) (61)
< OML(xa, 24)) = PML(x20, 24)),
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where
S ns * + T *7 n
Mz = max | minl] (S, T2a), (Tze, S320), S, fra), [Tz g20), Lo P20 2w S0
. J(Y2n, 924) + J(Yx, Y2n+1)
= max { min (v, ), e, y20b, 9 y2000), Ty, 920), )
(62)
Taking limit supremum as — oo in (62) and (61), by using Lemma 3.1 and y, € X?, we get
limMl(z4, X2141) = J (4, 924) (63)
and hence
11[)(](]/*/ gz*)) S 11[)(](]/*/ gz*)) - (P(I(]/*/ !]Z*))/ (64)
which implies that J(y, gz«) = 0. Further, by (61) and (63) we have
P{J(gzx, yx)) < P (Y, 92+)) = PU(Yx, 92x)) < P(0) = ¢(0) = 0
Therefore J(gzx, y«) = 0. Again, from Remark 2.12(C), we obtain that
Yu = Tzy = gzy. (65)

Furthermore, since Sx, = y. = Tz, then by (60) and (65), we obtain that
Vi = fXy = Sxy = Tzy = gz,
This complete the proof. [
Next, we give some consequence of our main result.

Corollary 3.4. Let X be a b-metric space (with s > 1). Assume that f,g,T,S : X — X is a four mappings such that
f(X) € T(X), g(X) € S(X). Assume that the mappings f, g, T and S satisfies.

Y(s*d(fx, gy) < PMs(x, y) — p(Ms(x, ), (66)

where
J(Sx, gy) + (Ty, fx)}
25 ’

M;(x, y) = max{J(Sx, Ty), J(Sx, fx), ](Ty, gy),
Then

(a) fand S have a coincidence point;
(b) gand T have a coincidence point.

Moreover, for each xy € X, the sequence {y,} defined by
Xon+1 = fXon = Txoup1  and  Yops2 := gXons1 = Sxonsa  foralln >0,
converges to unique point y € X with y, = fx, = Sxx = Tz, = gz, fore some x,,z, € X.

The following, we give some illustrative example for support our main result.
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Example 3.5. Let X = [0,5], E = [0,3] and d(x,y) = (x — y)?, then (X,d) is b-metric spaces wit s = 2. Define
J: XxX —[0,00)by
d(x,y) EN{x,y}={x,y)
JG.y) = { EN fx, v} # L, y)
By Example 2.10, ] is b-generalized pseudodistance. Let f,g,T,S : X — X is a four mappings define by

——sinh”~ () ifxeE,

otherwise

1
fx) = { 242
0,

2
0, otherwise

1
00 = { —\/Esinh_l(%‘), ifxeE,

5

1
_ sinhx, ifx€E,
0, otherwise

and

1 .
S(x) = 2\/§s1nh2x, ifxeE,
0 otherwise .
with altering distance functions 1, @ : [0,00) — [0, 00) by Y(t) = At and @(t) = (A — 1)t for all t € [0, o0), where
A € (1,2). Then we can see that f(X) € T(X), g(X) € S(X). Now we will show that f,g,T,S : X — X are satisfies

(7). Let x,y € X. In case, x,y & E, easy to see that f,g,T,S5 : X — X are satisfies (7).
Ifx,y € E, then fx,gy € E and [(gy, fx) = J(fx, gy). Furthermore

Y@*M(fx,gy) = 16A(fx - gy)*

1 X 1 y 2
= 16)\(—sir1h_1 - — sinh™ —)
212 4 242 8

2x v oV
< 16A -7
: (16\/5 16«5)
— /\ 2
= 32(2x y)
< ( nh?2 1 inh )2
= —\—= X — Sin y
4 \/_ 2V2
< ( ! inh 2 ! inh y)2
= 1n X — 1
2\/55 2x/§s Y
= J(Sx,Ty)
< M,y
< PMUx, ) — p(MLU(x, ).

IfxeEandy ¢ E, then g(y) =0 € Eand

(1 inh™1 <, 0) = J(0 !
]2\/§s1n 7 =] ,2\/5

J(Fx,gy) = sinh™' 5) = J(gy, f2).



Furthermore

P(2*M(fx, gy))

IN

IN I IA

IA
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16A(fx — gy)*

16)\( LIS o)2
—=SIn - —
22 4

2

X

61

(16«/5)
/\( 1
4°242
(1 inh 2x — 0)?
2\/5511’1 X
J(Sx, Ty)
M(x, )

PML(x, 1) — pML(x, ).

sinh 2x — 0)?

6202

Ifx ¢ Eand y € E, similarly we see that (7). Then the mapping f,g, T and S satisfies all conditions of Theorem 3.3.
Furthermore, 0 is coincidence point of f, g, T and S.

Now, we give the solution path in Example 3.5 as follow.

The value of solution

100

14 1 T 1
12 The solution path

i i
0.8} -
0.6 -
0.4 .
02 i

0 | | A 1 1 L Il ! !

0 10 20 30 40 50 60 70 80 90
Fig. 1. The value of the sequences {y,} with xo =1,
functions f, g, S and T at Example 3.5.
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