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Abstract. Let G be a finite group of order pgr where p > g > r > 2 are prime numbers. In this paper, we
find the spectrum of Cayley graph Cay(G, S) where S C G \ {¢} is a normal symmetric generating subset.

1. Introduction

Arthur Cayley in 1878 introduced the concept of Cayley graphs in terms of a group to explain the
algebraic structures of abstract groups which are described by a set of generators. Recently, this theory has
grown into an important branch in algebraic graph theory. The theory of Cayley graphs has some relations
with many well-known problems in pure algebra such as classification, isomorphism and enumeration of
Cayley graphs, (see for instance [11, 16]) and practical problems which are considered by graph and group
theorists. Recently, many authors have studied Cayley graphs and there are a lot of results concerning
spectrum of Cayley graphs. Babai was the first mathematician who considered the spectrum of Cayley
graphs and in one of his papers [1], he explained how we can determine the eigenvalues of Cayley graphs.
This exciting research topic is received increasing attention in recent years, see for example [3, 13]. Babai in
that paper employed algebraic graph theory techniques, but computing the eigenvalues of Cayley graphs
via the character table of related group is considered by Diaconis et al. in [7], for the first time. Following
their method, we compute the spectrum of Cayley graphs of order pqr where p > g > r > 2 are prime
numbers. In other words, let G be a group of order pgr, this note is concerned the construction of Cayley
graph I' = Cay(G,S), where S C G\ {1} is a normal symmetric generating subset. We accomplish the
computation of eigenvalues of I, in three main steps. First, we compute the presentation of groups of order
pqr. The second observation is to compute the character table of related groups. In section three, by using
Theorem 2.4, we compute the spectrum of these Cayley graphs. Here our notation is standard and mainly
taken from the standard books of graph theory and representation theory such as [2, 6, 9, 10, 15] as well as
[3,4,12].

2. Definitions and Preliminaries

In this section, we introduce some basic notation and terminology used throughout the paper. A
Frobenius group of order pq where p is prime and gl|p — 1 has the following presentation:

Fpg={a,b: a’ =b"=1,b""ab =a"), @

2010 Mathematics Subject Classification. Primary 05C10; Secondary 05C25, 20B25

Keywords. spectrum of graph, character table, Cayley graph.

Received: 30 April 2016; Accepted: 23 May 2017

Communicated by Francesco Belardo

Email addresses: mghorbani@srttu.edu (Modjtaba Ghorbani), fnowroozi@srttu.edu (Farzaneh Nowroozi-Larki)



M. Ghorbani, F. Nowroozi-Larki / Filomat 31:20 (2017), 6419-6429 6420

where u is an element of order ¢ in multiplicative group Z;,.

Let also G and H be two finite groups and G X H be direct product of G and H. Holder in [8] introduced
the presentation of groups of order pqr. By using his results, we can prove that all groups of order pqr where
p > g > r > 2 are isomorphic with exactly one of the following structures:

L4 Gl = qur/

* G2 =27, XFpy(qlp - 1),
o G3=2Z;XF,,(rlp-1),
® Gy=Fpp(qrip-1),

o Gs=2Z,xF(rlg-1),

e Giys={abc:a’ =b1=c"=1,ab = ba,c‘lbc = b, clac = a”‘)l where r|P _ Lq — 1,0(1,[) =7in Z; and
ow)=rinZ,(1<i<r-1).

Let I be a simple graph with the adjacency matrix A(I'). The characteristic polynomial x(I', A) of A(T) is
defined as x(I', A) = |AI — Al and the roots of this polynomial are called the spectrum of graph I, see [5]. By
a circulant matrix, we mean a square n X n matrix whose rows are a cyclic permutation of the first row. A
circulant matrix with the first row [co, c1,¢2,- -+ , cu—1] is denoted by [[co, c1,¢2, - -+ , c4—1]]. In other words, if

X(T,A) = (A= A)™ - (A =A™,

then the spectrum of graph I' is Spec(I') = {[A1]™, - -+, [As]™ ).

By a circulant graph, we mean a graph whose adjacency matrix is circulant. Since the spectrum of
circulant matrices plays a significant role in the study of spectrum of Cayley graphs of order pqr, we recall
some definition that will be used in the paper. For a = e’ (the n-th root of unity) all eigenvalues of circulant
matrix [[co, c1,¢2,- -, cu-1]] are given by

Aj=co+cn1dd +cpoa +-+ ™V, 0<j<n-1 )

The Cartesian product I'10OI"; of two graphs I'; and I'; is a graph with vertex set V(I'1) X V(I';) and two
vertices (u,v), (x,y) € V(I'10I) are adjacent if and only if either # = x and (v, y) € E(I';) or (1, x) € E(I'1) and

v=y.

Theorem 2.1. [5] Let Ty and T, be two graphs with eigenvalues A1, -+ , Ay and pq,- -+, Um, respectively. Then for
1<i<nand1 < j<m,all eigenvalues of 110l are A; + ;.

A symmetric subset of group G is a subset S C G, where 1 ¢ S and S = S7!. The Cayley graph
I' = Cay(G, S) on G with respect to S is a graph with vertex set V(I') = G and two vertices x,y € V(I) are
adjacent if and only if y = xs for an element s € S. It is a well-known fact that Cay(G, S) is connected if and
only if S generates the group G, see [17].

Proposition 2.2. [5]. Let I'1 = Cay(G, Aq) and T, = Cay(H, Ay) be two Cayley graphs. Then the Cartesian product
I'1arl, is the Cayley graph Cay(G X H, S), where

S= {(X, 1),(1, y) X E Al,]/ € Ny} = (Al,l) U (1,A2)

Let V be a vector space, a general linear group GL(V) of V is the set of all A € End(V) where A is
invertible. A representation of a group G is a homomorphism p : G — GL(V) and the degree of p is equal
to the dimension of V. The representation p : G — C" is trivial if and only if for all g € G, p(g) = 1. Let
¢ : G — GL(V) be a representation with ¢(g) = ¢, the character x, : G — C* afforded by ¢ is defined
by setting x,(g9) = tr(¢,). An irreducible character is the character of an irreducible representation and the
character y is linear, if (1) = 1. The set of all irreducible characters of G is denoted by Irr(G). It is a
well-known fact that the number of irreducible characters of G is equal to the number of conjugacy classes
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of G and the number of linear characters of finite group G is [G : G'] where G denotes the derivative
subgroup of G.

A character table is a matrix whose rows are correspond to the irreducible characters, whereas the
columns correspond to the conjugacy classes of G. The study of spectrum of Cayley graphs is closely
related to irreducible characters of G. If G is abelian, the eigenvalues of the Cayley graph are easily
determined as follows.

Theorem 2.3. Let G be a finite abelian group and S be a symmetric subset of G. Then the eigenvalues of the adjacency
matrix of I = Cay(G, S) are given by

Ao =) 906)

seS

where @ € Irr(G).

Let G be a finite group with symmetric subset S. We recall that S is normal subset if and only if
S7 = g71Sg = S, for all g € G. The following theorem is implicitly contained in [7, 14].

Theorem 2.4. Let G be a finite group with a normal symmetric subset S. Let A be the adjacency matrix of the graph
I' = Cay(G, S). Then the eigenvalues of A are given by

1
Y= om Y 00)

seS
where @ € Irr(G). Moreover, the multiplicity of A, is p(1)2.

Proposition 2.5. [10] Let G and H be two finite groups with irreducible characters @1, @2, -+, @rand 1,102, , s,
respectively. Let M(G) and M(H) be character tables of G and H, respectively. Then the direct product group G X H
has exactly rs irreducible characters @;n;, where 1 <i <rand 1 < j <s. In particular, the character table of group
GxHis

M(G x H) = M(G) ® M(H),

where ® denotes the Kronecker product.

Before computing the spectrum of Cayley graphs of order pqr, we need to study the spectrum of
Cay(G, S) where G is isomorphic to one of the following groups that will serve as basic building blocks in
the considered Cayley graphs in Section 3.3: the cyclic group Z,, Dihedral group D,, and Frobenius group
F, 4. In what follows, assume that

o= 3 458

For g € G, let g© denotes the conjugacy class of gin G and C, = g° U (97'). It is clear that every normal
subset of G is a union of its conjugacy classes. In other words, if S is a symmetric normal generating subset

of G, then S C U C, and all eigenvalues of Cayley graph Cay(G, S) are as follows:
g€G

1
A= =5 2, ) 8, OIG 6]

g€G seCy

where x € Irr(G).
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Example 2.6. Consider the cyclic group Z, in two following cases:
Case 1. nis odd, thus Cy = {1} and C; = {x', x7'} (1 <i < "T‘l) are non-trivial symmetric subsets of Z.,, so

SC D C;.
i=1

For0<j<n—1,x(x') = &' are all irreducible characters of Z,, where x is a generator of Z,, and @ = e’+". Hence

n=1
2

Ae = Y ¢ (S) (@ + ™).

]
i=1

Case 2. n is even, hence all non-trivial symmetric subsets are

Co={l}, C;={x’,x"} (1 <i< 7 —2)and Cy_y = {x"?}.

N

Therefore,

N
|
—_

I
—_

Similar to the last case, we have

)
2

Ay = ), 6c(8)@ + @)+ (=1)dc, ().
i=1

Example 2.7. Here we determine the spectrum of Cay(Dyy, S) where S is normal symmetric subset. In finding the
number of conjugacy classes of dihedral group, it is convenient to consider two separately cases:
Case 1. n is odd, then D, has precisely 1(n + 3) conjugacy classes:

1G = {1}1 (ai)G = {ai/ a_i} (1 <i< (7’1 - 1)/2)/ bG = {bl bal T rban_l}‘
Hence the non-trivial symmetric subsets of Dy, are

ngl)ananzl = 1°.

Ci=@@)°, 1<i<

This implies that S C U C; and so by using Table 1, we have
i=1

n=1

2
Ay = nécn%—l S)+2 Z oc.(S),
i=1

%
M = e, (9)+2),6¢(5),
i=1

n-1
2

Ao = Yol +eyasj< 0,
i=1

.
wheree = e’
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Case 2. n is even, then Dy, has precisely 5 + 3 conjugacy classes (0 < j <n —1):
16 = (1}, (@$)C, (@")C, (ba®)C, (ba®*1)C.
So the non-trivial symmetric subsets of D, are:
Ci=@)C, (1<i< g —1),Cy = @), Cyyy = bC and Cy,, = (ba)C.

g+2
Hence S C U C; and by using Table 2, we have
i=1

11

n
M = 0cy(S)+ 50y, (5) + 8¢, () +2 ) 5c,(S),
i=1

11

n
M = 0cy(8) = 5(cy,,(5) +0c, ,(S) +2 ) 5c,(S),
i=1

511
2

n n .

Mo = (FD20cy (5) + 5(0c, ,(5) = 0c, ,(5)) +2 E‘—1 oc,(S)(-1Y,

11

b = (D80c,(9) = 5(0cy ., (8) = 0c, () +2 ), 0c(S)(-1),
i=1

11

Ay = (CDocy(9)+ Y O +e) (1 <j< T -1).

i=1

As a special case, one of the minimal symmetric normal generating subset of group Doy, is

. e Ufa,al) 2n
1 ¢ 2 m

Hence the spectrum of Cayley graph T = Cay(Day, S) when 2 4 n is {[-n]*, [n]', [0]*"~2} and when 2|n is as follows:
([£n/2 = 2], [0]" )

g |1 a b
1 i 1
Y| 1 1 1
Y |2 e+el 0

Table 1. The character table of Dy, where nisodd and 1 <r,j < %

g |1 a: a b ba
xi |1 1 1 1 1
X2 | 1 1 1 -1 -1
xs | 1 (=D (-1 L -1
Xa | 1 -Df 1) -1 1
Y |2 2(-1y €+e 0 0

Table 2. The character table of Dy, where nis even and 1 <r,j < 5 — 1.
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Since all eigenvalues of I' = Cay(Dy, S) are symmetric with respect to the origin, according to [5, Theorem 3.2.3] T
is bipartite.

Example 2.8. For the Frobenius group Fyq introduced in section one, let L be the subgroup of Z,, consisting of the
powers of u. Write t = (p—1)/q, and choose coset representatives vy, - - -, v; for L in Z,,. By applying [11, Proposition
25.91, the conjugacy classes of F,, 5 are

{1},

@) =1{a"":lel}(1<i<t)

@) ={@a"": 0<m<p-1(1<n<q-1).
It follows that the Frobenius group F, , has precisely

1. q linear characters x,(0 < n < g — 1), where x,(a"bY) = 0", w = ¥™/1,0 <x <p-1and0<y < g-—1.
2. t characters of degree q given by

pj@b’) = 0, 1<y<g-1
pia) = Z“”flx' l<x<p-1
leL

where a = e7', 1 < j<t1<x<p-landviL,---,vL are the cosets in Z, of the subgroup L.
The non-trivial symmetric subsets of F,,, are
Co=0")CU®G™, 1<n<(q-1)/2)and Cpyi = @)U @, 1<i<t).
@+t-1)/2

Hence S € U Ci and so all eigenvalues of T = Cay(F,,, S) are as follows:
i=1

(g-1)/2 £/2
N = P Y. 0@+ +29) 66,5 0 <m<q-1),
n=1 i=1
t/2
Ry = Y 60, (9)) (@ +a ) (1< f <),
i=1 leL

Here we determine a minimal normal symmetric generating subset S of F,, such that F,, = (S). Since
b¢ = {a"b : 0 < m < p— 1}, by putting m = 0, it follows that b € (b®) and consequently a € (b°). Hence
F,q = (a,b) C (b°) and thus F,, = (b®). Since S™ = S, then necessarily S = b® U (b1)°. According to Theorem
2.4, we have: . e ) ) -

- - + (b
A= LZX(S) _ D%x(®) +107H)"Ix (™) _ px(®) + X))
x(@) x(@) x()

for all x € Irr(F, ). Hence the spectrum of F,, is {[p(w’ + @]}, [0]7°} where (0 < j < g —1).

3. Main Results and Discussions

Following Example 2.8, the aim of this section is to compute the spectrum of Cayley graphs of order pgr
where p > g > r > 2 are prime numbers. To do this, at first we determine the character tables of all groups
of order pgr.

3.1. Character table of groups G1 — Gs

Let G be a cyclic group of order 7, then all irreducible characters of G are linear and for 1 <i,j < n, we
have y; : G — C with yi(a/) = €/ where € = ¢, This implies that in this case, all irreducible characters
of G; can be computed by putting n = pgr. By using Proposition 2.5 and Example 2.6, the character table
of groups Z, X Fy4, Z; X F,, and Z,, X F, . are CT(Z,) ® CT(F, ), CT(Z,) ® CT(F;,,) and CT(Z,,) ® CT(F,,),
respectively. Finally, the character table of G4 can be computed directly from Example 2.8.
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3.2. Character table of Giy5(1 <i<r—1)

Here we compute the character table of group G¢ and the others can be computed similarly. Let G = Gg,
first we compute the conjugacy classes of G. Let U = (1) and V' = (v) be the subgroups of order r of Z;; and
Z,, respectively.

Lemma 3.1. The conjugacy classes of G are
{1}, @)C, ©")C, (c)C, (b a®)C

where u; is a coset representative of U in Z;, v; is a coset representative of V in Z;, and (u;,v;) is a coset representative
of {(u,v)) in Zi; X Zy,.

Proof. It is easy to see that for 1 < k < r — 1, c™*bc* = b and so b*’s are conjugate and so |b°| > . On the
other hand, (ba) < Cs(b) and hence |Cs(b)| > pg. This implies that [b°| < r and thus [b®| = r. Further, one can

prove that (b")¢(1 <i < @) and (@)°(1<j< #) are conjugacy classes of G. We can prove that

© = {(bd|0<i<qg-1,0<j<p-1},

(Cr_l)G = {cr_lbiaj|0 < ZSq—lros]Sp_l}’

;o b Pt
b"ia® )G = {ba%, bhiahiv, .. ,buiu7 1aviv’ 1}

where (u;., v;) is a coset representative of {(u, v)) in Z,x7Z, and [((u,v))| = r.

It follows from Lemma 3.1 that G has p%l + ? + &V(q_l) +r conjugacy classes and then the same number

of irreducible characters. On the other hand, G/G" = (c|c" = 1) = Z,. Hence G has r linear characters lifted
from linear characters of G/G'. These characters are as i, : G/G — C* with {,(c"G') = €"" where € = e
andm,ne{0,1,--- ,r—1}

According to [11, Theorem 17.11], all linear characters of G are as x, : G — C* with x,(g) = )Zn(gG/).
Hence

Xu(a®”) Tn(@°G) = tu(G) = xu(1) = 1,
Xn%) = 1a°G) = n(G) = xa(1) =1,
Xn(BPa™) = gu(b°a"G) = 7u(G) = xa(1) =1,
Xn(ch G)=e"O0<n<r—-1land1<t<r-1),

where (vg, wy) is a coset representative of ((u,v)) in VAR
Here we determine all non-linear irreducible characters of G. First notice that H = (1) is a normal
subgroup of G and if " = 1(mod g), then

G/H = (b,c|b7=c" =1,c""bc = b") = F,.

According to [11, Theorem 25.10], the Frobenius group F,, has r linear characters and # irreducible
characters of degree . Let us denote the non-linear characters by @,,. Then we have:

(pm(H) = 7
r—1 ) -1
(pm(be) — ZAumxu’(l <m< q p ,1 <x< q _ 1),
i=0
Pn*c?H) = 0(1<y<r-1),
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where A = e% and uy, -+, uy, are distinct coset representative of U = (u) in Z;. By lifting these characters,
we can compute g irreducible characters of G of degree r denoted by ¢,,(1 < m < #), e.g.
@) = r(0<x<p-1),
r—1

Y Ammo<x<p-1,1<y<q-1),
i=0

0(1<k<r-1).

Om (b¥a")

Pm (Ck)

Similarly, for the normal subgroup K = (b) of G, we have:
G/K = {a,cla’ =c =1,c'ac = a°) = Fyr.

Consequently, this group has g irreducible characters of degree r denoted by 0;(1 < I < @). Similar to
the last discussion, the irreducible characters of G lifted from 0, are as follows:

r—1
Oa) = Ob'a") =)y,
i=0
oY) = r,
o) = 0(1<k<r-1),

2mi

wherey =e» and vy, -, v are distinct coset representative of V = (v) in Z;.
Finally, by considering subgroup G = (ba) = Z, X Z,,, its irreducible characters are of the form ¢;&;(0 <

i<g-1,0<j<p-1)and ' .
Yi(bY) = AV, Eia*) =y
This leads us to conclude that o
i&j(b¥a") = i(b)E(a") = AYyT.
Letnow m € Z; and n € Z;, then

Ymén T G)D) = S @nén)(1) =

I(b )I
On the other hand,
ICc (@)

ICq (b")] = |C(a*)| = |ICq (@")] = |Co(b¥a”)]
|Cq (b¥a")| = pq

and so

|
—_

(leén T G)(a") = xv) = Z anv

() = Z A

l,llm(by” )CS ( xv) — Z Amyu nxvt

T
»—-O

(Ymén T G)(BY)

o

i=

[y

r—

(Ymén T G)(ba)

gl

Il
o

WYmén 1 G)()

|
—

k=1,---,r—1).

Since

Ymén TG =i TG
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wegetz = irreducible characters of G. There still remains the question as to whether such characters

are distinct irreducible. Assume (u;, v;) be a coset representative of subgroup {(1,1), (u,v), -+, ('™}, 0" 1)} of

Z,x7Z;and n; = gbu; év; T G. According to Frobenius Reciprocity Theorem, for H = G' = (ba) we verify:
LBy pcqoin = My éy TGl

= mjnje-
Therefore, we can observe that

(r-Dg-1)
r

r—1
nj lH= <T]]’ 77]>G(Z‘ lpu;u"év;'(/) X
i=0

where x = 0 or it is a character of H. Hence 1;(1) > r(n;, 11j)c. Finally, n;(1) = r implies that (n;, 17)¢ = 1 and
so 7; is irreducible. On the other hand, for (u;, v;.) € Z,xXZ,, all Y, &, ’s are linearly independent and thus
] ]

alln; |[H(1<j< (’H)#) are distinct. Consequently, the irreducible characters 7, - - - 1, are distinct. We
summarize the character table of G in the following theorem.

Theorem 3.2. Let p > q > r > 2 be prime numbers, | = (p_l)rﬂ,lz =2l = @ and € = ¢’ Then the group

G has l1 + I + I3 + v irreducible characters as reported in Table 3: '

g 1 a’ bt b a ck
1<i<lh 1<i<gl, 1<i<lz 1<k<r-1

Xn 1 1 1 1 ekn
O<n<r-1

UL r E F G 0
1<s<l3

0, r C r D 0
1<1<]

Om r r A B 0
1<m<l,

Table 3. The character table of group G.

2mi

where A = e 1 ,uy,--- ,u;, aredistinct coset representative of U = (u) in Z;, vy, -+, Uy, aredistinct coset representative
of V={v)inZ,, (u;., U;) are coset representative of ((u, v)) in Z, X7, and

r r r r
2 r i " 2 j ol ol
A tmthitt , B = Z Athmit; , C= yv,v,v , D= Z 7/vzviv ,

j=1 j=1 j=1

j=1

r r r
Z yvsviz;]lp — Z Ausui”],G — Z st uf,yvsvl.v/.
j=1 j=1 j=1

and1<I<h,1<m<h 1<s<h,1<n<r-1

A

E

3.3. Spectrum of Cayley graphs via their character tables

In this section, we introduce one of the major applications of Tables 1-3: computing the spectrum of
Cayley graphs on groups of orders pgr. First, we compute the normal symmetric generating subset of G
and then, by applying Theorem 2.4, we compute the spectrum of Cay(G, S) in terms of minimal normal

=1 e
rr3 = r

symmetric generating subset S. Let [; = p%l, I = ) and [ = Iy + I, + I3, then the non-trivial

symmetric subsets of G = G4 are
G = @U@ A<i<h/2), Cuuj= ") VE™)° (1<j<h/2),

e U B, (1 < k< 1/2),
r—1
).

Cll +lz+k

Cl+t

uEhHa<t<
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I
Hence S C U C; and so we have

i=1

1/2 (r-1)/2

Ao = 2r) 6c(S)+pg Y dc () +e™) (O<n<r-1),
i=1 i=0
/2 /2 I3/2

Apw = 2r Y 0c(S)+ ) dc, (SNA+A)+ ) oc,,, (HB+B) (1 <msh),
i=1 j=1 j=1

/2 L /2 13/2

Ao, = Y 0c(SNC+C)+2rY dc, (S)+ ) dc,., (SD+D) (1<k<h),

i=1 =1 i=1
L2 L/2 I/2

Ay = Y Oc(S)E+E)+ ) dc, (SE+P+Y 6c,,,.,(SG+0E),
i=1 =1 =1

wherea =e?', T =(ryand 1T, - ,v; T are coset representatives in Zp.

Theorem 3.3. The minimal normal symmetric generating subset of groups Gs.; (1 <i<r—1)is S=cC U(c

6428

—1)G'

Proof. By using Lemma 3.1, it is easy to see that (a%)C, (b")° and (b”: , v )¢ do not generate G4. We show
S = cC U (") satisfies in conditions of the theorem. Since ¢,cb € S, then b € (S) and then a € (S). This
implies that S is a generating set. On the other hand, S is the union of two conjugacy classes and so it is
normal. Also, ¢! € S implies that S is symmetric. This completes the proof.

Corollary 3.4. LetT'; = Cay(G;, S;))(1 <i<r+4) Gy,

symmetric generating subset of G;. Then

1.

All eigenvalues of 'y are . '
{lo + ™1

where = err and 0 < j<pqr-1

. All eigenvalues of T'y are

([T + p(a/ +a )T, [CT7)
wheret:(p—l)/q,a:e%ﬂ,c:eZTW,OSqu—landOSiSr—l.

. All eigenvalues of I's are

{[E"+ plad + a H], [E1]7)

wheretz(p—l)/r,a=627m,5=e?,0Ser—1and0§iSq—l.

. All eigenvalues of T'y are

{Ip( + a™NIL, [0]7°7),

wheret = (p — 1)/rq, o = e and 0 <j<rg-1.

. All eigenvalues of I's are

(" + g + a DL ['T7)

wheretz(q—l)/r,a=esz,g=e%,0sj3r—1andOSiSp—1.
For 0 <m < (g —1)/r, the spectrum of graphs I's,;(1 < i < r — 1) are as follows:

{[pg(e" + eI, [017°),

; -1
wheree = 2", t =P gnd 0 <n <r-1.

, G4 introduced in Section 1 and S; be a minimal normal
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Proof. Let Z,;, = (x) and S = {x,x™'} where (o(x),pgr) = 1. Clearly, S is a minimal normal symmetric
generating subset and so I'y = Cay(Z,, S). One can easily prove that I'y = C,;, where C, denotes a cycle on
n vertices. This implies that the adjacency matrix of I'; is a circulant matrix with first row [0,1,0,---,0,1].
Now all eigenvalues of I'y can be computed directly from Eq.(2). By using Theorem 2.1 and Example 2.6, we
can compute eigenvalues of group I';, I'; and I's. By using Example 2.8, the eigenvalues of I’y is computed.
Finally, by using Proposition 2.2 and Theorems 2.4 and 3.2 all eigenvalues of I's are as computed.

Corollary 3.5. Let p > g > r > 2 are prime numbers. There are infinite family of co-spectral Cayley graphs of order
pqr by the following spectrum

{pqe” + ™14, [017)

; -1
wheree = 2", t =P gnd 0 <n <r-1.
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