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Centered Operators Via Moore-Penrose Inverse
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Abstract. In this paper, we obtain some characterizations of centered and binormal operators via Moore-
Penrose inverse and Aluthge transform.

1. Introduction and Preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert space H. We
write N(T) and R(T) for the null-space and the range of an operator T € B(H), respectively. Recall that for
T € B(‘H), there is a unique factorization T = U|T|, where N(T) = N(U) = N(|T|), U is a partial isometry, i.e.
UU*U = U and |T| = (T*T)"? is a positive operator. This factorization is called the polar decomposition of
T. As a consequence, U"U|T| = |T]. Also, itis a classical fact that the polar decomposition of T* is U*|T]|, and
so UU|T*| = |T7|.

In [8] Morrel and Muhly introduced the concept of a centered operator. An operator T on a Hilbert
space H is said to be centered if the doubly infinite sequence {T"T*", T*""T"™ : n,m > 0} consists of mutually
commuting operators. It is shown in [4] that if T = U|T| is an operator on H such that for each n € IN, T"
has polar decomposition U,|T"|, then T is centered if and only if U, = U" for each n € IN.

Associated with T € B(H) there is a useful related operator T= ITI% UITI%, called the Aluthge transform
of T as it has been studied by Aluthge in [1]. Binormality of operators was defined by Campbell in [3].
An operator T is said to be binormal or weakly centered [9], if [|T],|T*|] = 0, where [A, B] = AB — BA for
operators A and B. Let T € B(H) have closed range. Then the Moore-Penrose inverse of T, denoted by
T, is the unique operator T* € B(H) which satisfies TT'T = T, T'TT' = T', (TT")* = TT' = Pg() and
(T'T)* = T'T = Pg(r+), where the P means the orthogonal projection onto a closed subspace M.

In this paper, we study the centered and binormal bounded linear operators on a Hilbert space H via
Moore-Penrose inverse and Aluthge transformation. The work is organized as follows. In section 2, firstly,
we give the polar decomposition of TT, and then we show that T is centered if and only if T is centered.

Secondly, we introduce the notion t-Aluthge transformation T® of T by setting T = (THt. We show
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that if T is a closed range binormal operator, then the *-Aluthge and t-Aluthge transformations (see [11])
coincide. Also, we show that the reverse order law holds for |T| and |T*|; i.e. (|T||T*|)" = |T*|"|T|", whenever
T is a closed range binormal operator. Finally, we give the polar decomposition of powers of T and then
we find some conditions under which T be centered. Also we show that if T is quasinormal operator, then
T is centered.

2. On Some Characterizations of T*

Let CR(H) be the subset of all bounded linear operators on H with closed range. In the following
proposition we obtain the polar decomposition of T*. The following lemma is significant for amount of
consideration for the next results and computations.

Lemma 2.1. Let T € CR(H). Then the following assertions hold.

@ IfT >0, then T* > 0, N(T) = N(Tz), T2 € CR(H) and (T*)? = (Tz)*.
T =TT 1

(c) R(T)) = R(TIz) and R(T'|) = R(T*|) = R(T"|z).

(d) IfT = T*, then TPQ(T) =T.

(e) IT*|2 = (IT*|2)", IT"|2Prqr = IT*|2 and |T|2|T"|3 = Pryr.

Proof. (a) Let f € H. Then (T'f, f) = (T'TT'f, f) = (TT'f,T'f) > 0, and so (T'f, f) > 0. Also from
(Tf, fy = (T2f,Tzf) = ||T2f|| we deduce that Tz f = 0 if and only if Tf = 0. Now, from this and the
inequality ||Tf]| = IIT% (T%f)ll < IIT% ||||T%f||, we conclude that the range of T? is also closed. Finally, Since for
each n € N, (T")! = (T1)", we have (T2)}(T2)" = (T2)")? = (T?)) = T' = ((T)2)2.

(b) It is sufficient to show that (TT*)" = (T*)'T". Since R(T") = R(T*), so TT(T*)'T'TT* = TPg(r-)Prer)T* =
TT* and
(T*)‘I'T‘i'TT*(T*)‘I'T‘l' — (T*)+P‘R(T")P‘R(T*)T+ — (Tx—)‘l'T‘l"

Hence, [T'| = (T)'T")z = (TT")")? = (TT*)?)" = T"[".

(c) By part (a), N(IT7|) = N(IT*I%). Hence it follows that R(|T*|) = R(T*|2). By hypotheses R(TT"), R(IT*|)
and so R(|T*|2) are closed. Thus R(IT*|) = R(T*|2). The equality R(|TT|) = R(T*|) follows from (b).

(d) Since N(T) = N(T*) = R(T)*, hence H = R(T) & R(T)*. So for each f € H there exists a unique
g € R(T) and a unique h € R(T)* such that f = g + h. It follows that TPg(r)(f) = T(g9) = T(g + h) = T(f).

(e) It follows from the previous parts. [

Proposition 2.2. Let U|T| be the polar decomposition of an operator T € CR(H). Then Tt = U*|T*|" = U*|T"| is the
polar decomposition for Tt and hence the Aluthge transformation of T* is |Tt)2 LI*|T™|2.

Proof. Put S = IT**U. Since R(U) = R(T) = R(T*|) and R(T*)* = N(T*]), so R(S) = RU) = R(T*).
Moreover, we have

T*ST* = WT*|(IT"[fU)U| T"|
= UTITT|
= U =T,
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sT's = |Tfuur| Tt U
=TT T"U
=Tfu=s,
TS = W|TT"['U
= U'PrqryU
=uu
= Pr(r+),
and
ST = |T"['uU|T"|
= |T"["Prqr| Tl
=TT
= Pr(rpy = Prar) = Pres):
These equalities show that (TT)* = (T")" = S, and hence T" = §* = U'|T*[' = U*|T"| is the polar
decomposition for T*. Thus, the Aluthge transformation of T* is |T*|2 U*|TT|2. O
Corollary 2.3. Let T € CR(H). Then T is centered if and only if T is centered.

Proof. By Proposition 2.2, U,|T"| is the polar decomposition of T" if and only if l,l:l|(T*)"|Jr is the polar
decomposition of (T*)”, for each n € IN. Now, the desired conclusion follows from the Morrel-Muhly
Theorem [8]. O

Proposition 2.4. Let T = U|T| € B(H) and ITI%IT*I% = V||T|%|T*|%| be the polar decompositions. Suppose that
T € CR(H), then T' = U*V*|T*| = U*(IT*|2|T|2|)" is the polar decomposition.

Proof. 1t is sufficient to show that T = VU[T] is the polar decomposition. This has been proved in [7,
Theorem 2.1]. Here we give a new proof. Since UITI% = IT*I% U, we obtain (T)* = ITI% U*ITI% = U*IT*I% ITI% =
W VT T But [T'3(T1ER = (TRTTI? = (TI2UITIH)(TI2WITI:) = [(T)'P. Hence (T)" = U'V*I(T).
Also it is easy to check that (UFV*)(VU)(U*V*) = U*V* and N((T)") = N(U*V*). Hence T = VUI|T] is the
polar decomposition. By using Proposition 2.2, we have that Tt = VT = U*(IT*|2|T)2|) is the polar
decomposition. [

Theorem 2.5. If T € CR(H) is binormal, then T* = (|T|")2U*(IT|").
Proof. First, we note that by a modification of [5, Theorem 2] we obtain
PnqryPaqrs = Py Py
Since for each 0 < A € B(H), R(A) = N(A)*, this implies that
Prqr)Prqr) = Prar)Prar)-
Put S = (IT")2 U*(IT|")2. Then we have
STS = (T/*ur(TI2 T UIT (T U TI')?

= (ITI")2 U Pryry UPRgry U (T2

= (ITIN: U Pryry UL (ITTH?

= (ITI")2 U* Prry Pryry (ITI)?

= (T U Pryry Pramy (ITI")?

= (T ur(TTh? =S,
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TST = [T|=UIT|> (1T U (1T T2 UIT|2
= |T|> UPgqr) U" Prqry UIT|?
= |T|: UU" Prqr)UITI?
= [T|* Prqr-) Promy UITI?
= |T|> Prqr)Prqrp UITI?
=T UIT|> =T,

and

ST = (T[> U (Tf)? T2 UIT?
= (ITI": U Pryry UITI?
= ("> U' Py T"I2 U
= (|T|+)%U*|T*|%P‘R(|T|)u
= (T3 T U PryryU
= PrenyU PrqryU = U" Prqr)LL

By similar computation we have TS = Pgqr)Pr()). Hence TS and ST are self-adjoint operators. From the
uniqueness of Moore-Penrose inverse we have T' = S. [

In [11], Yamazaki introduce the notion of the *-Aluthge transform TO of T by setting T = T UIT|:.

With the motivation of this definition we define t-Aluthge transformation of T by setting T .= (ﬁ)*.
In the following theorem we show that if T € CR(H) is binormal, then the *-Aluthge and t-Aluthge
transformations coincide.

Theorem 2.6. If T € CR(H) is binormal, then T = |T*|2U|T*|2 = T®),
Proof. Since T is binormal, then we have

TOTITO = (T U )T W T T ) U T )
= T2 UIT |2 T U T T R U T
=T UPgqr)U* Pryr) uir 2
= |T** UPgqr-) U UIT"|2
= |T"|? UPR(\T*|)PR(|T|)|T*|%
= |T"[*UPgr) Prar|T"?
= |T"|2 UPgqr)|T"|2
= 72U = 19,
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and
THTOT = [THEWTE (T ) (T ) T u )
= |2 U* Pryry UPrqr) U T2
- it L
= T2 U UPggr U T"|2
1 it L
= |T"|2 Prgr Prar-) I T2
1 B
= |T"|2 Pgqrp Pryry U T2
= |2 Pryry |2
= [T = T
By similar computations we have THTE) = Pr(r)Prqr)) and TOTH = UPgqr-pU". Hence THT®) and TOT are
self-adjoint operators. Thus, T = (T")t = T®. O

The so-called reverse order law, which is one of the most important properties of the Moore-Penrose inverse
that has been deeply studied, states that under which condition the equation (T1T2)" = T} T holds (see [6]).
In the following theorem we show that the reverse order law holds for |T| and |T*| whenever T € CR(H) is
binormal.

Lemma 2.7. Let T € CR(H) be a binormal operator. Then (|T||T*)* = |T*[*|T]".

Proof. Since T is a binormal operator, so by a modification of [5, Theorem 2], Pr¢r+)Pr(1)) = PrT))PR(T))- Put
S = |T*[Y|T|*. Then we have,

[TIIT*|SITIIT*| = |TIPrqr) PRl T
= [TIPrqryPror|T"
=TT,

SITIT*|S = |T*[' Prqry PRyt | TI"
= [T*["PryryProry| TI
=5,

SITIT*| = |T*|" Pryry | T"|
= |T*["|T*|Prqm)
= Prqr)Pr(r),

and

ITIT*|S = |TIPrqrp)| TI"
= Prqr)| TITI"
= Prqr)Pr(r)-

Consequently, (IT|IT*) =S. O

Theorem 2.8. Let T € CR(H). Then T is binormal if and only if T* is so.
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Proof. Suppose TT* commutes with T*T. Then by Lemma 2.7, we have |T*['|T|' = |T|"|T*|". Since |T|" =
(Tt = |[(T1), it follows that |T||(T1)*| = [(T1)*||T"]. Conversely, since R(TH = R(T*) and (TH)" = T, then
Tt € CR(H) and so the converse also holds.

O

In [7], the authors obtained the polar decomposition of T = VUITl, when T = U|T| and |T|%|T*|% =
VIITI% IT*I% . In the following theorem we obtain the polar decomposition of the powers of T.

Theorem 2.9. Letn € Nand T € B(H). Then @n = [T|2 T"~1UIT|=. Moreover, if |T|2 T""|T*|* = W, 4||T|2T"|T*|3|
is the polar decomposition, then (T)" = W,_1U|(T)"| is the polar decomposition of (T)".
Proof. By direct computations we obtain that
Uiy = ulTy" U
= U(IT|2 U (T YT U|T|?) : U U
= (UIT U (T[T UIT|E U R U
= (TR YT T ) U
= (ITET" T2 )2
= I T T 3 UL
Also, by the polar decomposition [Tz T"1|T*|2 = W,,_4||T|2T""}|T*|2| we get that

W, UIT)"| = W,y UIT) UL
= W, ITIE T T2 (U
=TT T U
= T2 T 'U|T)2 U
= (T)".

Now, we show that the kernel condition N ((T)") = N(W,_1U) holds. Let f € N(W,_1U). Since by
hypothesis [T|2 T""YT*|2 = W,,_4||T|>T""}|T*|2| is the polar decomposition and N(W,_1) = N(IT|2T""!|T*[2),
we obtain that (T)*(f) = |T|2T" " T*|2U(f) = 0. Hence N(W,_1U) € N((T)"). Let f € N(T)"). Then
ITI%T”’llT*I%U(f) =0, and so W,_1U(f) = 0. Consequently, N((;f)”) CNW,1U). O

Corollary 2.10. Let n € N and T € B(H). Then T is centered if and only if for each positive integer n, W, U =
(Woll)*. In particular, if T is a centered operator, then T is centered if and only if W, U = U".

Proof. By the definition T is centered if and only if for each positive integer n, W,_1U = (Woll)". If

T is centered then T is binormal, and so Wy = I. Thus we conclude that T is centered if and only if
W, u=u". O

Lemma 2.11. Let T = U|T| € B(H) be a quasinormal operator. Then the following assertions hold.

(i) |TET = T|TJ3.

(ii) |T? = |T.

(iii) |T|"U|T| = U|T|"*!, for each n € N.

(i) |T'[3|TI? = |TI3| T2,

(v) T is centered so the partial isometry part in T" is U".
(vi) (T")*T" = (T*T)" and hence |T"| = |T|", for each n € IN.
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Proof. (i) From |TRT = T*TT = TT*T = T|T?, we deduce that |T|T = T|T| and hence |T|2 T = T|T]z.
(ii) Since T*T*TT = T*TT*T, so (T*)*T? = (T*T)? and hence |T?|* = (|T|*)>. Consequently, |T?| = |T|*.

(iii) For n = 2 we have |T|?U|T| = |TIITIU|T| = |T|U|T* = U|TP. Let for positive integer n, |T|"U|T| =
U|T|™*!. Then
[T UIT| = |T|ITI"UIT]
= |Tia|T”
— U|T|n+1.

(iv) SinceT*|T| = |T|T*, so TT*|T| = T|T|T* = |T|TT*. This means |T*[*|T| = |T||T*|> and hence |T*||T| = |T||T*.
Therefore, [T*||TP = |T||T*||ITI* = [TP|T*| and so |T*|2|T|2 = [T|3|T*|z. O

Theorem 2.12. Let T = U|T| € B(H) be a quasinormal operator. Suppose that for each n € N, |T|%T"|T*|% =
WnllTl%T”IT*I%I is the polar decomposition. Then W, = U".

Proof. By using Lemma 2.11, we have

IT*[3(T"YTIITIE T T2 = T3 (T TIT" T
= [T} (T T"|TIT|}
= |13 (T°T)"|T|IT"|2
— |T*|%|T|2n+1|T*|%
= [T

= (T2 |71 %)

|2

2n+1

This implies that ||T|2T"|T*|z| = |T|*" [T*|z. Also we have |T|2T"|T*|z = T"|T|2|T*|z = U"|T|"|T|2|T*|z =
2n+1 2n+1

U"|T)*7 |T*|2. Now, if [T|2T"[T*|2 = W,||T|2T"|T*|2| = W,|T|*|T*| is the polar decomposition, then we
obtain W, = U". O

Corollary 2.13. If T € B(H) is quasinormal, then T is centered.

Example 2.14. Let (X, L, u) be a o-finite measure space and let ¢ : X — X be a measurable transformation such
that o @' is absolutely continuous with respect to y. Put h = dy o @' /du. Let C, : f + f o ¢ be a bounded
composition operator on L*(X) with polar decomposition C, = U|Cy|. It is easy to see that U = M, \/’EC(‘D and

ICyl = M ;. It follows that for each f € L*(Z),

— 4’ h
C(p(f): ho(pfO(P.

Note that h o ¢ > 0 almost everywhere. Now, if C,, € CR(L*(X)) then it is easy to check that

Ch(f) = xomE(H) o™,  fe LX),

where E is the conditional expectation operator with respect to ¢~ 1(X). We can write CL = M0 Cj,, where
h

Cy(f) = hE(f) o @~L. For more details on composition and conditional expectation operators see [2] and references
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therein. Let IC(pl% |C(*P|% = VIIC(pI% |ij|%| be the polar decomposition of IC(Pl% IC;I%. Then straightforward calculations
show that

V= — g,
E(yho o)

ICI71C, 121(f) = Vo @ NE(VRE(S).

Hence by Proposition 2.4, E; = VUIIC(P|%|C;|%| is the polar decomposition of E; In [4], Embry-Wardrop and
Lambert proved that the composition operator C, € B(L*(X)) is centered if and only if h is Te-measurable, where
Yoo = N2, @7 (X). Now, by this fact and Corollary 2.3, C; is centered if and only if h is Y.o-measurable. Recall that

n=1

C, is quasinormal if and only if h = h o ¢ (see [10]). So for eachn € N, h = h o " and so h € L. In this case we
have C, = Cy, and hence C,, is centered.
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