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Abstract. It is known that the power function f(f) = # is not matrix monotone. Recently, it has been
shown that 2 preserves the order in some matrix inequalities. We prove that if A = (Aj,---,Ax) and
B = (B1,- -, Bx) are k-tuples of positive matrices with 0 < m < A;,B; <M (i = 1,...,k) for some positive
real numbers m < M, then

1+092\
cpz(A;l,...,A;l)s(( 4vk)) DA, Ay

and

(I)Z(A1+B1 Ak+Bk)< (1+Uk)2
2 7 ! 2 - 4ok

2
) @ (A1By, - - AiBr),

where @ is a unital positive multilinear mapping and v = % is the condition number of each A;.

1. Introduction

Throughout the paper, assume that M, := M,(C) is the algebra of all n X n complex matrices and
I denotes the identity matrix. A Hermitian matrix A is called positive (denoted by A > 0) if all of its
eigenvalues are nonnegative. If in addition A is invertible, then A is called strictly positive (denoted by
A > 0). For Hermitian matrices A, B € M,, the inequality A < B means that B — A > 0. If m is a real scalar,
then by m < A we mean that mI < A.

Let ] € R be an interval. A continuous real function f : | — R is called matrix monotone if A < B
implies that f(A) < f(B) for all Hermitian matrices A and B whose eigenvalues are in . A celebrated result
of Lowner-Heinz (see for example [9, 10]) asserts that f(¢) = " is matrix monotone for all 0 < r < 1. In fact
the converse is also true, if f(f) = t" is matrix monotone, then 0 < r < 1. This concludes that the power
function f(t) = t" does not preserve the matrix order in general except for 0 < r < 1. For example, A < B

does not imply A? < B2. To see this, it is enough to set A = ( (1) 8 ) and B = ( % i )
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However, there have recently been some works in which some operator inequalities are squared.
Moreover, it has been recently shown that the power function f(f) = t" preserves the order in some
matrix inequalities even if r > 1. In this section, we take a look at these works.

A linear mapping ® : M,, — M, is called positive if ® preserves the positivity, i.e., if A > 0 in M,, then
®(A) 2 0in M, and P is called unital if O(I) = I. Also @ is said to be strictly positive if ®(A) > 0 whenever
A>0.

A continuous real function f : ] = Ris said to be matrix convex if

fAA+(1=)B) < Af(A) + (1~ )f(B)

for all Hermitian matrices A, B with eigenvalues in | and all A € [0, 1]. Positive linear mappings have been
used to characterize matrix convex and matrix monotone functions. For example, it is well-known that a
continuous real function f : ] — IR is matrix convex if and only if the Choi-Davis—Jensen inequality [10]
f(D(A)) < D(f(A)) holds true for every unital positive linear mapping ® and every Hermitian matrix A
whose eigenvalues are in |. Two other special cases of this result are the Kadison inequality and the Choi
inequality, see [2, 10]:

Theorem 1.1. If ® : M, —» M, is a unital positive linear mapping, then

The Choi inequality ®(A)™" < ®(A™") (A >0). 1)
The Kadison inequality D(A)* < D (Az) .

In what follows, assume that m and M are positive real numbers such that 0 < m < M and A,B € M,

are matrices with 0 < m < A,B < M except where otherwise clearly indicated. Moreover, assume that
_ (M+m)?
&= i
A counterpart to the choi inequality (1) has been presented by Marshal and Olkin [15] as follows:

D(AT) < ED(A) )
A similar result for the Kadison inequality (see [16]) holds true:
D(A?) < & DA (3)

The constant £ is known as the Kantorovich constant. In addition, the inequalities of type (2) and (3), which
present reverse of some inequalities, are known as Kantorovich type inequalities. For a recent survey
concerning Kantorovich type inequalities the reader is referred to [17].

Regarding the possible squared version of (2), Lin [13] noticed that the inequality

D(A) + Mm® (A™) <M +m (4)

holds for every unital positive linear mapping ®. The inequality (4) turns out to be a tool for squaring
matrix inequalities. Using (4) Lin [13] showed that (2) can be squared:

Theorem 1.2. [13, Theorem 2.8] If ® : M,, — M, is a unital positive linear mapping, then
o(47) <& oAy ®)

As pointed out by Fu and He [5], the inequality (5) and the matrix monotonicity of f(f) = (0 < s < 1)
imply that

D (A1) <& o) (6)

for every 0 < r < 2. In the case where r > 2, it was shown in [5] that:
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Theorem 1.3. [5, Theorem 3] For every v > 2
2 r
o (a7 < (M) DAY %
"Mm

The matrix arithmetic-geometric mean inequality (the A-G mean inequality) (see for example [2, 10])
AfB < &8 implies that

D(AHB) < CD(A i B)

for every unital positive linear mapping ©.
A converse of this inequality reads as follows (see [8])

-1 -1 -1
@(A;B)s \/EqD(AﬁB)sétI)((f‘%B) ] (®)
Lin [14] has tried to obtain an square version of (8) and proved that
@ (230) < & o?(ap) ©)
A
a?(222) < & @)

In Section 2, we give an extension of (9) using positive multilinear mappings. As noticed in [5], utilizing
the Lowner-Heinz inequality, (9) can be extended as

o' (A ;r B) < & O(AYB) (10)

@ (22F) <& @@pom)y

for every 0 < r < 2. In the case where r > 2, Fu and He [5] showed that

Theorem 1.4. [5, Theorem 4] If r > 2, then

(A+B (M + m)?
® ( 2 )S( 47 Mm
o (250) < ((Mf m)z) (DAD(B))Y.

2 47 Mm

7

) D" (A#B) (1)

It is well-known that the arithmetic mean is the biggest and the harmonic mean is the smallest among
symmetric means (see [11]). Fu and Hoa in [6] extended the inequalities (10) and (11) to arbitrary means
between harmonic and arithmetic means. If g, T be two arbitrary means between harmonic and arithmetic
means, then for every positive unital linear mapping ® and 0 < r < 2 they proved that

@' (AoB) < & @'(A1B) (12)
D" (AoB) < & (D(A)TD(B)).

Also for r > 2 they showed that

(M + m)?
FMm

. (M+m)2)’ r
A —_— A .
& OB)S( ) @)

@' (AoB) < ( ) D'(ATB) (13)

2
r
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Similar results can be found in [18].

Let G(A1, - -+ , Ax) denote the Ando-Li-Mathias geometric mean of strictly positive A; € M, (i=1,...,k)
[1]. It is known that it satisfies in the arithmetic-geometric-Harmonic mean inequality:

+ o+ Ag

Al 4 AT
[#) SG(A1,-~~,Ak)SAlT. (14)

k

The converse of (14) is a Kantorovich type inequality (see [7]) which reads as

A+ -+ Ag

< £G4 and G(Al,---,Ak)g( (15)

— 1,1
ATl 4+ AT
k

where A; € M, withO<m <A; <M (i=1,...k).
Lin [14, Theorem 3.2] proved that (15) can be squared:

(A1+-~-+Ak

2
. ) <EG(Ay, - A

(16)

In almost all of the above results, the following two key lemmas have been utilized:

Lemma 1.5. [3] Let A,Be M,. IfA,B > 0, then
1 2
lAB|| < ZIIA + Bl

for every unitarily invariant norm || - || on M,,.
Lemma 1.6. [2, Theorem 1.6.9] Let A,Be M,. IfA,B>0and 1 <r < oo, then

A"+ Bl < [I(A + BY| (17)

for every unitarily invariant norm || - || on M,,.

2. Positive Multilinear Mapping Inequalities

A mapping ® : ME = My XX M, — M, is said to be multilinear if it is linear in each of its variable. A

multilinear mapping @ : M — M, is called positive if A; > 0 fori =1,--- , k implies that ®(Ay,--- ,A;) 2 0
and @ is called unital if (I, ...,I) = I. [4].

Recently, an extension of the Choi inequality (1) has been presented in [4] for positive multilinear
mappings:

Lemma 2.1. If ®: M{ — M, is a unital positive multilinear mapping, then

(A, A) T S @A, AL

for all strictly positive matrices A; € M, (i=1,...k).

Moreover, a multilinear version of (2), which is a Kantorovich type inequality for positive multilinear
mappings, has also been presented in [4] as

Lemma 2.2. [4, Corollary 5.3] If Ai € M,, (i = 1,...,k) are positive matrices with 0 < m < A; < M for some
positive real numbers m < M and @ : ME — M, is a unital positive multilinear mapping, then

(1+0)?
4v

DA, A < DAy, ..., A7, (18)

where v = % is the condition number of each A,.
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2
Unfortunately, there is an error in the above lemma. The Kantorovich constant % does not work in (18)

in general (see Remark 2.7). We give a correct form of (18) in the next lemma. The proof is quite similar to
that of [4, Corollary 5.3] and we omit the proof.

Lemma23. Let A; € M, (i = 1,--- k) with 0 < m < A; < M for some positive real numbers m < M. If
@ : ME — M, is a unital positive multilinear mapping, then

(1 + v%)?

AL A S

DA, -, Ar) (19)

where v = Y is the condition number of each A;.

The following key lemma which is a direct conclusion of [16, Theorem 2.1] has an important role in obtaining
our main results.

Lemma 2.4. Let f be a positive strictly convex twice differentiable function on [m, M] with 0 < m < M and let
Cie Mysuchthat Y1 C:C; =L If Ay € My withO<m < A; <M (i=1,--- k), then

k k k
Z Cf(ANC: <ap Z CIAC: + byl < af [Z c;A,-c,-], (20)
i=1 i=1 i=1
where ag = LI 4y MG gy o = max,,cpam {—”f;;)b - }

Lemma 2.5. Let A; € M, with 0 < m < A; < M for some positive real numbers m < M (i = 1,--- k). If
® : ME — M, is a unital positive multilinear mapping, then

DA, -+, AT) < g, DAy, -+, Ap) + by (21)
forallr > 1 and r < 0 in which

kr _ o kr k. kr kA fkr
MM —m p _ Mol — m"M
ar = k _ k7 r k — gk
MK —m M+ —m

Proof. Assume that A; = Z';zl AijPij (i = 1,--+ k) is the spectral decomposition of each A; € M, for which
1

Yy Py =L Put C(ji, -+, ji) = (®(Prjy, -+, Pry)) s0 that £y Xy X0y Cljt, o i) Clia, o+ i) = .

It is well known that f(t) =t is a positive strictly convex differentiable function on (0, c0). Then

DAL, A+ A = O Y APy, Y ALP
=1 j=1

YA Ay e A ©(Pyj,, e+, Pyg,) - (by multilinearity of @)
=l =1 =1

"ZC(]&/“' ,jk)()\ljl/\zjz "')\kjk)rC(jli"' i)

==l =1

g g

<a, Y Y Y Clin e jodu Asgy -+ Ak CGjn, -+, jo) + b] - (by Lemma 2.4)

h=1jp=1  jg=1

h=ljp=1 =1

= ar®(A1/ T /Ak) +b,l.
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Now we give our first main result which is an square version of (19).

Theorem 2.6. Let A; € M, with 0 < m < A; < M for some positive real numbers m < M (i =1,...,k). If
@ : Mt — M, is a unital positive multilinear mapping, then

(1 + 52
4ok

2
@2 (Afl,“‘ ,Alzl) < ( ) DAy, , AY) (22)

in which v = M is the condition number of each A;.

Proof. Assume that the convex function f is defined on (0, ) by f(t) = t!. Applying Lemma 2.5 for r = -1
we get

-1 _ MF 4t
= Mok "7 Mk
and ) .
-1 M +m
-1 -1
O(AT e AN) S S @A A+ ]
It follows that
(A, -+, Ap) + MmFD (AT, ALY) < MF + i, (23)
On the other hand Lemma 1.5 yields that
Mo ||0(As, -+, Aga (A7, A7)
1 k. k -1 -1 2
SL—LHGD(Al,---,Ak)+Mm<D(A1 e A )H . (24)

Combining (23) and (24) we obtain

k4 mk)? k2
||(I)(A1,... ,Ak)CD(AIl,... ,Alzl)” < (M4A/J1:<Zk) _a sz;) .

Therefore

1+ v9)?

2
cI)z(All,--.,Akl)s(( yo: )<I>2(A1,~-,Ak).

O

Remark 2.7. It should be remarked that the number k in the constant (1:;::)2 is the best possible in (19) and so in

(22). To see this, consider the bilinear mapping @ : M% — M, defined by ®(A, B) = (x, diag(A)diag(B)x)I,, where
x=[1/V2,1/V2]' € C2. If A = B = diag(1,2) so that v = 2, then

(1 +0%)?

o d(A,B)~.

® (A, B™) = 0.625], =

Let A; € M, with 0 < m < A; < M for some real numbers m <M (i=1,...,k). fD: Mﬁ — M, is a unital

positive multilinear mapping, then matrix monotonicity of f(t) = #° (0 < s < 1) and (22) imply that

(1+ )2
4ok

r
ol (A;1,~-- ,A,;l) < ( ) (A, -, Ax)

for every 0 < r < 2. By a similar technique used in the proof of Theorem 2.6 and Applying Lemma 1.6 one
can obtain the following result as a multilinear version of (7).
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Theorem 2.8. Let A; € M, with 0 < m < A; < M for some positive real numbers m < M (i =1,...,k). If
@ : ME — M, is a unital positive multilinear mapping and r > 2, then

2

1 ky2\"
@ (Al_ll"' /Azzl) < (ﬂ) D (A1, , Ap).
4ok

In [12] Lim and Pélfia established the notion of the matrix power means for k positive definite matrices
(k > 3). First we recall some basic properties of matrix power means.
Assume that A = (Ay,...,Ax) is a k-tuple of strictly positive matrices in M, and w = (w1, ..., wy) is a

k-tuple of positive scalars with Z;‘zl w; = 1. The matrix power mean of Ay, ..., A [12], denoted by Py(w; A),
is the unique positive invertible solution of the non-linear matrix equation

k
X =) wilX A,
i=1

where t € (0,1] and X # A = X2 (X‘%AX‘%)tX% is the t-weighted geometric mean of strictly positive
matrices X and A. If t € [-1,0), then put Py(w; A) := P_(w; A™")™, where A™! = (A]', ..., A;"). The matrix
power mean Py(w, A) interpolates between the weighted harmonic and arithmetic means. In particular, it
satisfies the inequality

71 k
< Pw,A) < Y i (te[-1,1]\ (0)). (25)

i=1

The Karcher mean of Ay, ..., Ay, denoted by G(w; A), is the unique positive invertible solution of the Karcher
equation

k
Y wilog(x12AX712) = 0.
i=1
It is known that the Karcher mean coincides with the limit of matrix power means as t — 0. For more
information on the matrix power mean the reader is referred to [12]. We are going to present an extension
of (9) for positive multilinear mappings.

Theorem 2.9. Let @ : MY — M, be a unital positive multilinear mapping and AY) = (A(li), .. .,Afj)) i=1,...,k,
where 0 <m < A;i) <Mforeveryi=1,...,kand every j =1,--- ,q and some positive real numbers m < M. Let
(@)

w® = (wf), ) ) be a weight vector of positive scalars with Z;?zl a)y) =1foreveryi=1,...,k Ift € (0,1], then

g
q q
v [Z A0 Y J
j=1 j=1
2
s (%) @ (P, (w0 AD), ..., P, (w; AV)), (26)

where v = X is the condition number of each A;i).

Proof. Utilizing Lemma 1.5 we have

Mk || Zq: wj.”Aj.”,--- ,Zq:wj.")A;“qul (Pt (a)m;A(l)),...,Pt (w<k>;A<k>))
=1 =1

2
1 (0] [i a);l)AE.l), cee, i a);k)AE.k)] + MmFo! (Pt (a)(l); A(l)) L., Py (a)(k); A(k)))

< Z
4

=1 =1



Moreover,

q q
@(Z oPAD ... § o A®
] ] ] ]
= =1

q q
< q)[ a)(l)A(l) . Z w(k)A(k)
= j i
j=1 j=1
q q
<® Z a)(l)A(l) . Z w(k)A(k)
- /A ’ I
j=1 j=1
q q
= Z ...Za,@ PG ((D(A(l)’..
I Tk JA
n=1 Jk=1
q q
<Y Y W M+ iy
I Tk
n=1 Jk=1
=M +m*
Therefore

q
(D[Z wMAD .
i
j=1
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(M* + m*)?

4Mrmk

7

which is equivalent to (26). O

Remark 2.10. Let ® : M, — M, be a unital positive linear mapping and let A = (Ay,--- ,Ay) is a g-tuple of
matrices in M, with 0 < m < A; < M for some positive real numbers m < M. If w = (w1, - -+ , w,) is a weight vector

such that w; > 0(i=1,...,q) with 27':1 w; =1, then it follows from Theorem 2.9 that

where v =

@2 Zq‘a)iAi

. Tending t to zero, we get

? Zq‘ w;A;

-1
7

+ Mo (P, (o A0)

+ M [Zq: of? (A",

j=1

LAY (A2

Y w;m;@] o1 (P, (a5 AD) .., Py (o A9))
j=1

2
< (%) O (P, (w; A)),

2
(L2 e cwan,

+ Mmoo~ (P, (a)(]) ; A“)) ... P, (a)(k> ; A(")))

P a0))

(by Lemma 2.1)

(by (25))

(by (23))

6480

27)

(28)

where G (w; A) is the Karcher mean of Ay, - -+, Ag. Inequality (28) is an extension of (9). Moreover, it follows from
(27) that the Kantorovich inequality

q
)

j=1

holds true.

Z w;A;

(M + m)?
- 4M

< —0 (P (w; A))
m

Remark 2.11. Define a linear mapping® : M, @---e M, > M, @---® M, by

A

0
(C)

0 --- 0
Ay -+ 0

0 - A

= [i CU,‘A,‘] ® Iq,
=1
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where I, is the identity matrix in M;. Then © is a unital positive linear mapping. Applying (5) to ® concludes that

A, 0 -+ 0 A0 -0

o 0 A - 0 <((M+m)2)2®_2 0 At -~ 0
S T SR
0 0 - A 0 0o - AS

That is

. 2 ) -1\2

Za)iA,- S((M+m)) Za}A

j=1

A special case of Theorem 2.9 gives an extension of (9) for multilinear mappings:

Corollary 2.12. Suppose that A;, B € M, with 0 < m < A;, Bi < M for some positive real numbers m < M
(i=1, k). If®: M — M, is a unital positive multilinear mapping, then

Ay +B Ay +B 1+ 02\’
@2( 12 L kz k)s(( 4vk))®2(A1ﬁBh'“AkﬁBk)'

where v = % is the condition number of each A; and B;.
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