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Abstract. The aim of this paper is to construct a new braided T-category via the generalized Yetter-Drinfel’d
modules and Drinfel’d codouble over a Hopf algebra, an approach different from that proposed by Panaite
and Staic [1]. Moreover, in the case of finite dimensional, we will show that this category coincides with
the corepresentation of a certain coquasitriangular Turaev group algebra which we construct. Finally we
apply our theory to the case of group algebra.

1. Introduction

Braided T-categories introduced by Turaev [2] are of interest due to their applications in homotopy
quantum field theories, which are generalizations of ordinary topological quantum field theories. Braided T-
category gives rise to 3-dimensional homotopy quantum field theory and plays a key role in the construction
of Hennings-type invariants of flat group-bundles over complements of link in the 3-sphere, see [3]. As
such, they are interesting to different research communities in mathematical physics (see [4, 5]).

The quantum double of Drinfel’d [6] is one of the most celebrated Hopf constructions, which associates
to a Hopf algebra H a quasitriangular Hopf algebra D(H). Unlike the Hopf algebra axioms themselves, the
axioms of a dual quasitriangular (coquasitriangular) Hopf algebra are not self-dual. Thus the axioms and
ways of working with these coquasitriangular Hopf algebras look somewhat different in practice and so it
is surely worthwhile to study and write them out explicity in dual form. Moreover, the corepresentation
categories of coquasitriangular Hopf algebras can give rise to a braided monoidal category which is different
from one coming from the representation categories of quasitriangular Hopf algebras. It is these ideals
which many authors studied these notions (cf.[7-17]).

In [1], the authors found a wise method to construct braided T-category YD(H) over the group G =
Autryopr(H) X Autepr(H), where H is a Hopf algebra. This category Y D(H) is the disjoint union of all these
categories HyDH(a, B)(the categories of (a, f)-Yetter-Drinfel’d modules) over H for all &, € Autp,yr(H).
The authors also proved that, if H is finite dimensional, then YD(H) coincides with the representations of
a certain quasitriangular T-coalgebra DT(H).
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Our motivation is the following: Can we use (a, f)-Yetter-Drinfel’d modules and Drinfel’d codouble
to construct a new braided T-category? And in the case of H being finite dimensional, can we prove that
this new braided T-category is isomorphic to the corepresentation category of a certain coquasitriangular
Turaev group algebra?

In this paper, we give a positive answer to the above question. The paper is organized as follows:

In section 1, we recall the notions of braided T-category, Turaev group algebra and generalized Yetter-
Drinfel’d modules. In section 2, we introduce the diagonal crossed coproduct H*”? »« C, where H is a
Hopf algebra and C is an H-bimodule coalgebra. In section 3, we firstly recall the definition of («, f)-
Yetter-Drinfel’d module, then we construct braided T-category MEDE-I) over G whose multiplication is

(a,B)*(y,0) = (bad~ty,0p) forall a, B,y,06 € Autpoyr(H). We also prove that category yf)ﬁi) coincides with
the corepresentation category of a certain coquasitriangular crossed Turaev group algebra in the sense of
[18].

2. Preliminary

Throughout this paper, let k be a fixed field, and all vector spaces and tensor product are over k. All
vector spaces are assumed to be finite dimensional, although it should be clear when this restriction is not
necessary.

In this section we recall some basic definitions and results related to our paper.

2.1. Crossed T-category

Let G be a group with the unit 1. Recall from [19-21] that a crossed category C (over G) is given by the
following data:

e C is a strict monoidal category.

e A family of subcategory {C,}.cc such that C is a disjonit union of this family and that U® V € C,g for
any o, € G, U€eCyand V € Cg.

e A group homomorphism ¢ : G — aut(C), — ¢,, the conjugation, where aut(C) is the group of the
invertible strict tensor functors from C to itself, such that ¢, (Cs) = Cgap1 forany o, € G.

We will use the left index notation in Turaev: Given € G and an object V € C,, the functor ¢, will
be denoted by #(-) or V(-) and #”'(-) will be denoted by V(). Since V(") is a functor, for any object U € C
and any composition of morphism g o f in C, we obtain Vidy = idv;; and V(g o f) =Vg oV f. Since the
conjugation ¢ : © — aut(C) is a group homomorphism, for any V,W € C, we have V®W(:) = V("(,)) and
L) =Y(V()) =V(Y(-)) = idc. Since for any V € C, the functor V(-) is strict, we have V(f ® g) =V f ®"g for any
morphism f and gin C,and V(1) = 1.

A Turaev braided G-category is a crossed T-category C endowed with a braiding, i.e., a family of
isomorphisms

c= {Cu,v UV — VU® V}u/vq;

obeying the following conditions:
e For any morphism f € Homc, (U, U’) and g € Homg,(V,V’), we have

(ag ®f) o Cu,v = Cu’,v’ o (f®g)’
e Forall U V,W € C, we have

Cugvw = (Cu,Vw ® idy)(idy ® Cv,w)' (2.1)

Cuvew = (id”V ® Cu,w)(cu,v ® idW)' (2.2)

eForany U VeCanda€G, ¢ (c,,)=c

agay*
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2.2. Turaev Group Algebras

Let G be a group with unit 1. Recall from [18, 22] that a G-algebra is a family A = {A,}sec of k-spaces
together with a family of k-linear maps m = {m, g : Aa ® Ag = Auplapec (called multiplication) and a k-linear
map 1 : k = A (called unit) such that m is associative in the sense that, forall o, 8,y € G

Mg,y (Ma,p @ id) = My p), (id @ mg ),
Ma1(id ® ) = id = my ,(n ® id).

A Turaev G-algebra is a G-algebra H = {H,}.ec such that each H, is a coalgebra with comultiplication A,
and counit ¢,; the map 1 : k — H; and the maps m, g : Hy ® Hg — H,p are coalgebra maps, with a family of
k-linear maps S = {S, : Hy — H,-1}aec (called the antipode) such that for all « € G

My 01 (id ® Sa)Ay = €41 = my-1 ,(Sq ® id)A,.

Furthermore, a crossed Turaev G-algebra is a Turaev G-algebra with a family of coalgebra isomorphisms
Y = {¢pp : Hy = Hgap1}pec (called crossing), satistying the following conditions: forall a, 8,y € G

(i) ¢ is multiplicative, i.e., YaPp = Pag,
(i) ¢ is compatible with m, i.e., 4,1 8,1 (V) @ Py) = Pymmag,
(iii) 1 is compatible with 17,i.e., 1= 1,7,
(iv) ¥ preserves the antipode, i.e., PsSa = Sgag-11p-
We use the Sweedlers notation for a comultiplication A, on H,: for all i € H,,
Ay(h) = hy ® hy.

Recall from [18], a Turaev G-algebra H is called coquasitriangular if there exists a family of k-linear maps
0 = {04 : Ho ® Hg — k} such that 0, is convolution invertible for all &, § € G and the following conditions
are satisfied:

(TCT1) 0ap,y(xy,2) = Oa,y(x,22)08,(Y, 21),
(TCTZ) Ga,ﬁ)/(xi yz) = Ga,ﬁ(xll y)aﬁ’laﬁ,)/(IPﬁ” (x2)/ Z)r
(TCT3) 04ap(x1, y1)y2yp-1(x2) = X1Y104,4(x2, Y2),

(TCT4) Oap (X, y) = Oypay1,yy-1 (IIJ),(X), ll}V (]/)),

forallx € Hy,y € Hp,z € H,y,.
Note that if Turaev G-algebra H is coquasitriangular, then (H;, 01,1) is a coquasitriangular Hopf algebra.

2.3. Yetter-Drinfel’d module

Let H be a Hopf algebra and C an H-bimodule coalgebra, with module structures H®C — C, h®c + h-c
and C® H —» C, c®h — ¢ - h. Recall from [23], we can consider the Yetter-Drinfel’d datum (H, C, H) and
the Yetter-Drinfel’d category pY D, whose object M is a left H-module (with the action h ® m — h - m) and
right C-comodule (with the coaction m + m ) ® m(1)) such that forallh € H,m € M,

hy - mg) ® hy - myy = (ha - m)) ® (ha - M)y - hy,

or equivalently
(h- 1)) ® (- m)qy = ha - 1) ® hs - mqay - S ().
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3. Diagonal Crossed Coproduct
As the dual of diagonal crossed product (for details, see [1]), we have the following result.

Proposition 3.1. Let H be a Hopf algebra with a bijective antipode S, and C a bimodule coalgebra with the actions
H®C—->C h®c—h-candC®H — C, c®h + c-h. Then we have a coalgebra H*? ® C (denoted by H*P >« C)
with the comultiplication and counit

A(p ) = Z pro<h-ci- STV @ Hpahl b cy, (3.1)
7
&prac)=pe(o), (32)

forallp € H?,c € C, where {h;} and (W'} are basis and dual basis of H. H*P v« C is called diagonal crossed coproduct.

Proof. For all p € H'?,c € C, on one hand

(A®id)A(p = c) = Z A(py v hj - ¢ - ST () ® Wipahi b ¢y
ij
= Z pro<hs - (hj-cr - STH))IST () @ h'paht® < (hj - 1 - STH(y))2 @ Wipsh b< s
i,j,5,t
= Z p1 > hshjl C1 S_l(hthiz) ® htpzl’ls > I’ljz *Cp S_l(hﬂ) ® hlp3h] > C3.

i,jst

Evaluating the first, the third and the fifth factors at i1, /', i’ € H respectively, we have

Z p1(Whshjy - c1 - ST (ihip) ® W pah* (W )hjp - c2 - S™1 (i) ® Wpsh/ (W )3

i,j,5,t
= pr(WhGHY - c1 - STH I HY) @ pa(WyhE - ca - STH(HY) ® pa(Hy )es
= p(hhSHWGhY - o1 - ST KY) @ hY - cp - STH(HY) ® 3.

On the other hand
(id® A)A(pc) = Z p1o<hj-c- ST () @ AW pal < cz)
ij
= Z. pr o< - o1 - ST @ K pahl s b - o - STV () ® W Hyps LK e s
ijst
Evaluating the first, the third and the fifth factors at i, ', i”” € H respectively, we have

Y proh;- ey - SN 0) @ Hypalt (1 )hs - ca - ST (e) @ W hpshy (1 )es

ijst
= Y prly -1 - S7N(0) @ Iy (1 pa(s V() - ca - S7 () @ (g Ypa (3 )es
ij
= Y IR -1 - STNIY) @ Y - e STV ) @ .
ij
Thus A is coassociative. Easy to check that & is counit. The proof is completed. [

Remark 3.2. In particular when C = H and the module action is multiplication, we can recover the Drinfel’d

_—

codouble D(H) introduced in [12, Proposition 10.3.14].
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Proposition 3.3. Diagonal crossed coproduct HF v« C is a D(H)-bimodule coalgebra with structures

DH)®H »aC — H” > C, (p®h)> (goac) =gpsahi-c, (3.3)
H* =« C® D(H) — H'” > C, (grec)<(p®h)=pgrac-h, (3.4)

forallp,ge H?, he H,ce C.
Proof. Obviously H*” > C is a left D(H)-module. And for all p,qe H?,he Hce(C,

Apeh)e(geac) =A@gpeh-c)
= Y qupr e by - O - 7 ) © Hiqapahl = (1O
iy
= Z qip1>< hjhy - c1 - S~ (h) ®hi0]2P2hj >ahp - cp
0y
= Z qupr > Bl ST (ks - ¢1 - S () ® W Wipahi sy - ¢,
= (;]® 1> (g @ (p@h)>(qe<c).

Thus H*? v« C is a left D/(ﬁ)-module coalgebra. Similarly one can check that H*? » C is also a right

_——

D(H)-module coalgebra. The proof is completed. [

4. The Construction of Braided T-Category YDH)

Definition 4.1. [1, Definition 2.1] Let H be a Hopf algebra and a,B € Autyo,r(H). An (a,B)-Yetter-Drinfel'd
module over H is a vector space M such that M is a left H-module and right H-comodule with the following compatible
condition

hy - mgy ® B(h2)my = (hy - m)) ® (ha - m)pya(hy),

forallh € Hym € M. We denote by nY D (a, pB) the category of (a, p)-Yetter-Drinfel’d modules, morphisms being
the H-linear and H-colinear.

Example 4.2. For any Hopf algebra H and a, B € Autp,yr(H), define Hyp as follows: H,p = H with regular left
H-module structure and right H-comodule structure given by

p(h) = hy ® B(h3)S ™ a(hn),
forallh € H. Then Hy EHMZ)H(a, B).

Let a, B € Autp,pr(H). We define an H-bimodule coalgebra H(a, ) as follows: H(a,8) = H as coalgebra
with module structures

H®H(a,p) = H(a,p), heh' w— phH,
H(a,p)®H — H(a, ), W ®hwe Ha(h),

forallh, i’ € H.
Now consider the Yetter-Drinfel’d datum (H, H(«, B), H) and its Yetter-Drinfel’d category yY' DHEP,

Proposition 4.3. With the above notations, we have the relation:

Y DD =y DM (a, p).
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Consider now the diagonal crossed coproduct C(a, ) = H*? ® H(a, ) with the comultiplication
Apoah) =) pr o< fl)h S a(hy) @ Hipahl < I,
ij
forall p € H*?,h € H. Moreover C(a, ) is a D/(E)-bimodule coalgebra with module structures
D(H) ® H »< H(a, f) > H” @ H(a, ), p@h @ q o< I > gp >< B(h)I,
H*? = H(a, B) ® D/(H) - H?®H(a,B), gl ®@p®h  pgeal’a(h).
Since H is finite dimensional, we have a category isomorphism pY DB = AHT=H@H) hence YD (a, B) =

MHE=H@B) The correspondence is given as follows. If M € 5y Y D" (a, B), then M € MHP"=H@P) with structure

mo] ® my1) = Z h; - M) ® e ma).
i

Conversely if M € MH"=H@h) then M € 3 ¥ D" (a, p) with structures
h-m= m[O](h ® e)m[l],
My ® my = myo] ® (£® id)m[l].
Proposition 4.4. Let H be a Hopf algebra and a, ,y,0 € Autpyr(H). If M € HyDH(a, B), N e HY D! (y,0), then
M®N €Y D" (567 y, 5p) with the following structures:
h-m®n)=hy - m®hy -n,
(m®n)) ® (mn)qy = mp) np ® 5(771(1))(30((3_1(71(1)),
forallhe HmeM,neN.

Proof. Clearly M ® N is a left H-module and right H-comodule. We need only to verify the compatible
condition.

hy - (m ® n) ) ® 6B(h2)(m @ n)q)
= Iy - m) ® hy - gy ® 5(B(h3)m))dad™ (ng))
= (I3 - m)0) ® hy - (o) ® O((h3 - 1)(1))00 ™" (B(h2)nay)
= (h3 - m)o) ® (h2 - n)0) ® 8((h3 - m)1))dad ™" ((h2 - m) 1)y (h1))
= (h2 - (m®n))0) ® (h2 - (m ® n)) 1000~ 'y (hy).
The proof is completed. [

Note that if M € 5y ¥ D" (a, B), N e p¥D"(y,6) and P € y¥ D" (1, v), then (M@ N)®@ P = M® (N ® P) as an
object in ypY D" (voad 1 yv1 u, vop).
Denote G = Autpyyr(H) X Autpeyr(H), a group with multiplication
(@,B) * (y,0) = (6ad™"y, 6p).
The unit is (id, id) and (a, )™ = (B~'a71B, 7).
Proposition 4.5. Let N € HyDH()/, 6) and (@, B) € G. Define PN = N as vector space with structures

h—=n= a’lﬁ(h) -1,
Neos ® 1> = Ny ® B 0ad™ (ngy).

Then @PN € YD (B 1600 ya B, B16p) =Y D" ((, ) * (7, 0) * (@, f) ™).
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Proof. Basy to see that @“PN is a left H-module and right H-comodule. We check the compatible condition.
= 1> ® B B2
= a7 () - no) ® B~ 0()B " 60 ™ (ny)
= (a ' B(h2) - n)o) ® 1 6ad ™ [(a " Bli2) - n)qyyda " B(ha)]
= (a7'B(h) - )0 ® B~ 000 (a7 B(h2) - m)1y)B " Sad ™ ya ™! B(in)
= (@' Bll2) - n)<o> ® (a7 (h2) - M) <1~ 0000y f(ha)
= (hy = m)<0> ® (hy = M)<1=p71 60 ya™ ().
The proof is completed. O
Remark 4.6. Let M € yYD"(a,B), N € n¥Y D" (y,8) and (u,v) € G. We have
@B = @pON)
as an object in pYD (o, B) * (u,v) * (,0) * (1, v) ™ = (, p)™). and
EIMeN) =M N
as an object in pY D (1, v) * (, B) * (7, 6) * (1, v) ™).

Proposition 4.7. Let M € y¥ D" (a,B) and N € yY D" (y,6). Denote MN = @PN as an object in yY D" ((a, B) *
(7, 6) * (a, p)™Y). Define the map

cMN M®N -MNOM, men+— a‘l(m(l)) -1 ® m),

forallm € M,n € N. Then cypn is H-linear H-colinear and satisfies the relations (1.1) and (1.2). And ¢
Moreover cy N is bijective with inverse c;/},N(n ®m) = m) ® & 'S(mq)) - n.

PPN CMN-

Proof. We prove that ¢y is H-linear H-colinear. Indeed
cmN(h - (men)) =cyn(hy -m®hy - n)
= a”N((hy - m)pya(hy)) - n ® (I - m)(g)
= a Y (B(h)mqy) - n ® hy - m()
=h-cyn(m®n).
And
emN(m @ 1)) ® cmn(m ® n)q)
= (a Y (mq)) - n)<o> ® m)0) ® ﬁ((oc‘l(m(l)) . n)<1>)6a6_1ya_1(m(0)(1))
= (a Y (may) - n)o) ® M) ® dad ™ (@~ (may) - m)ayya™ (may))
= a  (may) - 1) ® m) ® S(may)dad™ (nay)
= cun((m @ n))) ® (m @ n)q).
Furthermore
(cpnp ®id)(id ® enp)(m ® n @ p)
= (cmpp ®id)(m @ Y™ (ny) - p ® (o))
= a” () = (" (n) - p) ® m) ® ng)
= y'oa” (mq)y ™ (nw) - p ® M) ® (o)
=y 1oa o7 (m® n)y) - p ® (m ® n))
= cmen,p(M ®n ® p).

Similarly we can prove (1.2). The proof is completed. [
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Define yf)ﬁi) as the disjoint union of all pY D (a, B) with (a, B) € G. If we endow Mf)ﬁ-l) with monoidal
structure given in Proposition 4.4, then it becomes a strict monoidal category with the unit k as an object in

1Y DM (with trivial structure).
The group homomorphism ¢ : G — Aut(YD(H)), (a, ) = (ap) is defined on components as

Vg :1YD"(y,8) — nY D" (@, ) * (y,6) * (@, p)7Y),
PapN) =“PN.

and the functor acts on morphisms as identity. The braiding in YD(H) is given by the family ¢ = {cyn}.
Hence we have

Proposition 4.8. Mm) is a braided T-category over G.

It is well known that for a Hopf algebra with a bijective antipode, the subcategory Y Z)?d of all finite

dimensional objects in ypY D" is rigid, i.e., every object has left and right dualities. For the category y?)ﬁ-]),
we have the following result.

Proposition 4.9. Let M € Y D" (a, B) and suppose that M is finite dimensional. Then M* = Hom(M, k) belongs to
rY D (B 11, p7Y) with

(- f)m) = f(ST () - m),

foym)fay = fme)B~ a™'S(mqy),
forallh € Hym € Mand f € M*. Then M is a left dual of M. Similarly we can define the right dual *M = Hom(M, k)
of M with

(h- f)(m) = f(S(h) - m),

foym)fay = fme)p~'a™'S™ (mq)).

Therefore the category YD(H) 4, the subcategory of YDH) consisting of finite dimensional objects, is rigid.

Proof. First of all, M is an object in Y D" (~'a"'B, 7). Indeed, obviously M is a left H-module and right
H-comodule. And

(h2 - oym)(hz - Py~ a Bh)

= (h2 - f)(m()S(ma)p~" ' k1)

= (S (ha) - m))B~ a S(mr))p~ ()

= f(S7 (h2) - me)S(B a (BS ™! (h1)mry))

= f((S7 () - m))SB (ST () - m)ay)B~ ST (ha))
= f((S7" () - m)@)B " (h2)S(B~ & (S~ (1) - m))))

= fo(S7 () - m)B~" (ha) fuy

= (I - fo)(m)B~"(h2) fay.,

as required. Define maps
k> MeM, 1Y men,

du:M"®M —k, fe®mm f(m),
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where {m;} and {m'} are basis and dual basis of M. We need to prove that by and dy are H-linear. We
compute

(- bu(1))(m) = (h - Z m; ® m')(m)
= (Z hy - m; ® hy - m')(m)
=Yl (7 () - m)
=S () - m
= e(M)bu(1)(m),
and
dy(h - (f ® m)) = dm(ha - f @ hy - m)
= (hy - f)(hq - m)
= f(S (ha)hy - m)

= e(h)f(m)
= h-du(f ® m).

They are also H-colinear. Indeed,
b (1)0)(m) @ by(Dery = Y oyl (m) @ B (mi) g~ nly)
i
= Z iy’ (M) ® B~ (miwy)p~ (S(mqw)))

= m) ® B~ (m)1)S(may)
=by()(m)®1,

and

du((f ® m))) ® (f ® m)y = dm(fio) ® M) ® P(fy)a ™ (mq))
= fo(me)B(fay)a" (mw)
= f(mg)a (S(may)may)
= dm(f ® m)) ® dm(f ® m)q).
It is straightforward to verify that

(IdM ® dM)(bM ® ZdM) = idp and (dM ® ZdM*)(ldM* ® bM) = idp-.
Similarly we can prove that *M is a right dual of M. The proof is completed. [

Now we are in a position to construct a coquasitriangular Turaev group algebra over G, denoted by
CT(H) such that the T-category Corep(CT(H)) of corepresentation of CT(H) is isomorphic to YD(H) as
braided T-categories.

For (a,p) € G, the (a, f)-component CT(H),p will be the diagonal crossed coproduct H*? >« H(a, f8).
Define multiplication by

M(a,p),(y,5) “HP > H(a, f) ® H*P < H(y, 0) — H*? »a H((a, B) * (7, 0)),

(p <) ® (< ) > qp = 6(1)dad ™ (). (4.1)

Then we have the following result.
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Proposition 4.10. CT(H) becomes a Turaev G-algebra under the diagonal crossed coproduct and multiplication (4.1).
The antipode is given by

St : H » H(a, f) — H*F >« H((a, B)1),
pohies Y KT (p)ST (W) s B ) S () a7 B,
ij

Proof. The multiplication is associative. For all f =« h € H*” v« H(a, ), p = I/ € H*P »a H(y,0),q > h" €
H*P v« H(u,v), we compute

[(f > I)(p < B))(g < 1) = (pf > 5(1)0ad™ (W'))(q > h")
= qpf pa vO(h)voad ™ (W )véad ™ yv (")
= (f s ) (gp »a v( yvyv=H (0"))
= (faW)(p <) (geh")],

as claimed. Next we prove that m, g) ;5 is a coalgebra map. Indeed,

M(a,p),,5) (P > 1)1 ® (> h')1) @ M(a )y, ((p > h)2 ® (q > 1')2)

= Z My ,0) (P1 >0 B aS™ (1) ® g1 o2 5(hs)nyy S~ (hy))
i,j,st

® m(a,ﬁ),(ylé)(hipzhj < fy ® htb]zhs > hé)

= Z q1p1 >< 0B(h))o(h1)6aS™ (hy)da(hs)dad™ (Hy)dad ™ y S~ (hy)
i,j,st

® h'goh*h'pal ba 8(hp)6ad™ (H5)

= Z q1p1 > 5B(h)0(h1)oad™ (Hy)oad ™ yS™ () ® h'qapah! > 6(h2)dad ™ (h5)
it

= (qp = 8(m)dad™ (W) ® (gp < 5()dad™ ()2

= M0 (P > R ® G oa ) @ a0 (p e h @ g o< I)y,

as required. Easy to see that (e 1)1 ® (e 1)y =e1®@e 1.
We now check that S is the antipode of CT(H).

Sp((p><h)1)(p><h)

= Z Stap(p1 > B aS™ (1)) palt < )
L]

= Y (ST (pn)STV () e B (ehi)B o ST S ()BT e B(e)) (Hipah > )
i,7,5,t

- ]Z HpahI 1 S™ (p1)S ™ () < yhiar ™ S(hy)a ' B(S (s (o)
i,7,5,t

= ]Z‘hipzhjs_l*(pl)s_l*(ht) >« o S(hy)a™ B(S(hinhia)a ™ (2)
it

= Z]: WpaS™(p1)S™ (') v< hihia ™' S(l)a™ (o)

= ;:é;)e(h)e >al.

Thus S(ap) * id(a,p) = €(ap)€ > 1. Similarly one can verify that id(, ) * S(ap) = €(a,p€ > 1. S is the antipode of
CT(H). The proof is completed. O
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Proposition 4.11. Moreover CT(H) is a crossed Turaev G-algebra with the crossing 1 given by
Yoy H = H(y,8) — H »< H((a, p)  (,0) * (e, p) ),
prahiopoa” e pioas”(h).
Proof. First of all ¢, p) is bijective and for allp € H*,h € H,
Vapp e ® Yap(p i)
= (poa™'prapoad™ (N @ (poa'fra f0as™ (1))
= Z p1oa B BOB(M)BT 6ad T ()BT das  ya T BSTH () @ Wi (pa 0 BN m< B0 (o)
i

= Z p1oa B ploa(h))B 000 ()BT 6ad ST () ® (Wpah) 0 a”' B < B0 (ha)
ij

= Y Pap(pr = S yS (1)) @ Yy (Hpaht! < ho)
ij
= Piap((p > 1)1) ® Yap)((p > h)2).
Thus (4, is a coalgebra isomorphism. And
(i) ¥ is multiplicative, since for h € H(u, v)
VapPoa P h) = Pagpp oy os s vyvT (1)
=po y‘léa_lﬁ > /3‘16_1v6a6_17/1/—1(h)
= Y(sas1y,0p(P > h)
= Y pria)(p o h).
Obviously ¢1,1)(CT(a, B)) = id(a,p)-
(ii) Forp,gq e H*and h € H(y,0),i’ € H(u,v),
Pap(p > W@ =) = (p o a” e 15057 ()(q 0 ™' =0 fvav™ 1)
=gpoaBraplvoad (W) woad  yv (1)
=gpoa B plvoad v (w(h)vyv (1))
= Yap(qp = vivyv (1)
= Pap((peah)(ge<n)).
(iil) Papleral) =e»al.
(iv)
PapSoa@h) = Y anis ™ p)S W) s 57 005"y (S0N6y 6(h)
ij

= Y (SRS (W) 0 a7 g oe p0 T ad(®7 ()67 y T (SN y o (k)
ij

= Y SRS () 0 @ e B allyy T (S 6(h))
ij

= Z HS™(p o a”'B)S ™ (W) e g5 BB 6 ey S()B 5 ay 5o B(y)
i,j

= Sty onapyi (P o a” B f0adT (1))

= S propapYap(p > h).
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The proof is completed. [
Proposition 4.12. CT(H) is coquasitriangular with the structure
TP > h,qea i) = p(6~ ()g(1)e(h).
Proof. Forall f,p,q € H,h € H(a,p), W € H(y,0),h"” € H(u,v),
For (TCT1):
(a0, ) (f 22 1) (P 22 1)), (@ 22 1)) = Gy, 0y (Pf 22 SO0 (), (g < 1))
= pf(v " ("")q()e(hh’)
= pv ) fv T (BY))g(De(h),

and
O uy)(f 2, (g > 1)2)0¢,5), (P > I, (g > B )1)
= Y O ol HqaT )00 (p < g1 e (Y pS ™ (1)
i)
= Y A6 g OH Qe pthyy™ (v S ()
i
= f T )P (1Y) el )g(1).
For (TCT2):
Ol 0)x(ur) (f 221, (0 52 )G 22 1)) = 0,00 (f 22 1, qp o v vyv ™ (B))
= f~ Wy (W) gp(e(h),
and

()00 (f 1)1, p > 1')0 3 ) 140 u(7,0), () Q01 ((f B h)2), g > B”)
= Z O(ap)0)(fi >< B aS™ (hy), p > 1)
i

07,6) (@ )+(y,0), (1) W (y,0)1 (' ol < hp), g o< 1)
= AO7 )P0y, 514000 (f2 © 071y 52 0y 0P (I2), g > )
= A 1)ap(1) o0 v (H)e ()
= @ W) v (B))gp(De ().
For (TCT3):
I (ap),0r,0)((f 2 )1, (p > ' )1)(p e )2y, 51 ((f > B)2)
= Z (e r0)(fr > P aS™ (), p1 > 0(h )y y S~ (he)) (' pah® > By, 1 (B folt) b i)

o
= Z il )67y S Be)pr (D p2h® s 1), o0+ (fa v )

- Z]fl<hsa-1<h;>6-1ys-1<ht>>p1<1><hfpzhs s 5)(fo 0 571y e 05~y 0p ()
= Z;f1(hsé‘1(hi)é‘lys—l(ht»(fz o 571y)h'ph® »< 56671 ()5 (h)

= Z,fz(él(h{))(f4 o 5 Y)(f3 067 yS T pfi »a 5O (y)S(h)

= 67 (H)pfi = 60 ()5 (h),
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and

(f > I (p > W' )10(a,p),00,5)((f >< )2, (p < ')2)

= Z(fl b< B aS™" (1)) (p1 > S(hs)nyyS™ ()0 @), (y,0) (1 foht < o, ' poh® o< 1))
i,j,st

= Z p1fi > 0B(h;)6(h1)daS ™ (h)da(hs)dad™ ()™ y S (k' folI (57" (Hy))e(ha)h'pah* (1)
i,j,st

= pfi > 00~ (Ho()dad™ S~ (Hy)oad ™ () (67" (H3))

= pfi > 0B0~  (H5)5(h) (57" (Y)).

For (TCT4):

O (a,8)4(y,0)(a,B) " (@) (P p) (P > W), Yap(qe<h’”))
= Ol (a0 a7 B e f10a071 (), g 0 a7 v fvarv (7))
= pv (H")g()e(n’)
= 0(y,0),un(p > h', g > h”).

The proof is completed. O
By the arguments after Proposition 4.3 we obtain the main result:
Theorem 4.13. Corep(CT(H)) and yf)@) are isomorphic as braided T-categories over G.

Example 4.14. Let 7 be a group, then we have a group algebra k(rt). It is well known that the group Autgp¢(k(1)) of
Hopf automorphisms of k(rt) is equal to the group Aut(m) of automorphisms of . Let a, B € Aut(m). An (a, B)-Yetter-
Drinfel’d module is a left m-module M with a decomposition M = @, M,, where M, = {m € Mlm®m) = m®a}.

Ifa,B,y,6 € Aut(nt), M €YD (a, p) and N €y ¥ D™ (y,0), then M®N €Y D™ (65a671y, 6B) with
actiona-m®n) =a-m®a-nforalla € n,m € M,n € N, and decomposition M® N = @Cen(@abzc Msa@p ®
Nia-1511))-

Ifa, B € Aut(nt) and N ek(n)yﬂk(”)(y, 5), then “PIN = N as vector space with action a — n = o' f(a) - n for all
a € n,n € N, and decomposition “PIN = (P, Nss1515(0)-

With the above notations, the braiding cyyn : M ® N —MN ® M acts on homogeneous elements m € My, n € Ny
as eyn(m ®n) = a~(a) - n ® my). Therefore My ® Ng is sent t0 Nso-1(aypya-1(at) ® Ma-

Now assume that M € k(n)yﬂk(“)(a, p) is finite dimensional. Since S = S™! for k(rt), we have M* =*M, and for
allaem,meM, f € M, (a- f)(m) = f(a~' - m) with decomposition M* = @aen(Mﬁqaq(g))".

Let 1 be a finite group and {p,}aen the dual of k(). For a, f € Aut(n), the component CT(k(m))(ax, B) = k(7t)*? >«
k(m) with comultiplication

Alpe > d) = Y pa > f)da(b™) @ py < d,

ab=c

forall c,d € m. Furthermore for a € k(r)(«t, B) and b € k(m)(y, 0),
(pe >< a)(pa »2 b) = Ocqpc > 5(a)dad ™ (b),
Loty d,idy = Z Pa®1,

acm

Y (Pe P2 d) = P ® fHoad (d),
Sap(peraa) = per s BB a @ B T,
0(,p),7,0)((Pec > a), (Pa »< b)) = Op,5(c)01,4-
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