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Abstract. By using the residual implication on a frame L, we develop a theory of separation axioms in
the category of stratified L-generalized convergence spaces in the spirit of Lowen, i.e., we define for each
space some degrees of fulfilling Ty, T1, T» and regularity axioms from a logical aspect. These degrees of
separation axioms generalize the theory of separation axioms in the sense of Jager.

1. Introduction

Separation is certainly one of the most important properties of topological spaces. Usually, separation
axioms are defined by separating different points with open sets, or separating point and open set with open
sets. As we all know, axiomatic filter convergence spaces (convergence spaces, in short) have more general
sense than topological spaces. Convergence spaces not only possess desirable categorical properties, such
as Cartesian-closedness, but also have close relations with topological spaces from a categorical aspect [26].
Moreover, separation axioms in topological spaces can also be characterized by its induced convergence
structures. Actually, for convergence spaces, where axiom schemes based on convergence of filters are used,
we can use the nice characterization of separation axioms by filter convergence as definitions of separation
axioms.

With the development of lattice-valued topology, many researchers extended convergence structures
to the lattice-valued case and studied its categorical properties and topological properties, such as Jager
[8-10], Fang [2, 3, 28], Yao [29, 30], Li [14, 15], Pang [20-25]. In the situation of stratified L-topology, Min
[19] proposed the concept of fuzzy convergence structures (called fuzzy limit structures in [19]) by using
fuzzy prefilters and proved that the resulting category is Cartesian closed and can contain the category of
stratified I-topological spaces as a reflective subcategory. Later, Lowen et al. [17, 18] introduced the concept
of fuzzy convergence structures by means of fuzzy prime filters. Afterwards, Lee [11-13] defined a kind of
fuzzy convergence structures by relaxing the axiomatic conditions of fuzzy convergence structures in the
sense of Min and investigated the separation axioms in the resulting fuzzy convergence spaces. In 1997,
Jager gave a new definition of fuzzy convergence structures [6] and discussed separation axioms in the
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corresponding fuzzy convergence spaces [7]. Based on stratified L-filters, Jager [8] proposed a new kind of
fuzzy convergence structures, which is called stratified L-generalized convergence structures (also called
lattice-valued convergence structures in [9]). Later, in [10], Jager introduced T4, T> and regularity axioms in
stratified L-generalized convergence spaces and showed T7 and T, axioms in this case are compatible with
those in stratified L-topological spaces [5].

This paper goes in a more general direction and is in the spirit of Lowen [16], i.e., we do not only ask if
a stratified L-generalized convergence space satisfies Tq, T, and regularity axioms or not, but we measure
the degree to which it fulfils these properties by using the residual implication on the lattice background.
These separation degrees for stratified L-generalized convergence space cover as special case the separation
axioms in the sense of Jager [10] from a logical aspect.

2. Preliminaries

We consider in this paper complete lattice L where finite meets distributive over arbitrary joins, i.e.,
aAVjebj = Viganbj)holds foralla, b; (j € ]). These lattices are called frames (or complete Heyting algebras).
The smallest element and the largest element in L are denoted by L and T, respectively. We can then define
a residual implication by

a—>b=\/{ceL:a/\c<b}.
We will often use, without explicitly mentioning, the following properties of the residual implication.

Lemma 2.1. ([5]) Let L be a complete Heyting algebra. The following statements hold:
HD)T —>a=a
H2)a<bifandonlyifa—b=T.
(H3)(@—b)—>b>a.
(H4) anb) > (@anc)zb—c.
H5)@@a—>b—->@—>c)=2b—-c
(H6)a — /\j€] aj = /\]-E](a — aj), hencea — b < a — c whenever b < c.
(H7) Vieyaj — b= N\jeaj — b), hencea — ¢ > b — c whenever a < b.

For a nonempty set X, LX denotes the set of all L-subsets on X. The smallest element and the largest
element in LX are denoted by L and T, respectively. For each a € L, a denotes the constant map X — L,
X a.

Definition 2.2. ([1, 2])The map S(—, -) : LX X LX — L defined by

VC, DeL¥X, S(CD)= A (C) - D))

xeX

is called the fuzzy inclusion order of L-subsets.

Definition 2.3. ([4])A map ¥ : LX — L is called a stratified L-filter on X if it satisfies
FHFL)=LF(@D=T,
(F2) AKB= F(A) < F(B);
(F3) F(AAB)>F(A)ANF(B);
(Fs) anF(A) < TF(anA).

The family of all stratified L-filters on X will be denoted by ¥(X). For every x € X, [x] € ¥(X) is defined
by [x](A) = A(x) for all A € LX.

Let f : X — Y be a map and ¥ be a stratified L-filter on X. Define f~ : LX — LY and < : LY — L[
(see [27]) by f7(A)Y) = V py=y Alx) for A € [Xand y € Y,and f=(B) = Bo f for B € LY, respectively. Then
the map f=(F) : LY — L defined by f=(F)(A) = F(f~(A)) for A € LY, is a stratified L-filter on Y, which is
called the image of ¥ under f (see [5]).
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On the set #/(X) of all stratified L-filters on X, an order < defined by # < G if and only if ¥ (A) < G(A)
for all A € LX, was introduced in [5]. For a nonempty family {F1}iea of stratified L-filters, the infimum
Area Fa is given by (A rea Fa)(A) = Ajea Fa(A) for all A € LX. In order to guarantee the least upper bound
for a family {2} ea, Hohle and Sostak presented the following lemma.

Lemma 2.4. ([5]) For a family {2} 1en of stratified L-filters on X, there exists a stratified L-filter ¥ such that ¥, < F
(YA € A), if and only if

Fr (A1) A AF,(An) = L whenever Ay A+ NA, = L,

forneN, Ay,--- A, € LX, {A1, -+, A} C A. In the case of existence, the supremum \/ yex F1 of a family {F)}ren
of stratified L-filters is given by

v

AeA

(A):\/\/{ﬂl(Al)/\"'/\ﬂ”(An)|A1/\.../\An<A}

neN
forall A € LX.

In [8], Jager also proved that given a map f : X — Y and a stratified L-filter # on Y, the map
fE(F) : LX — L defined by
vAelX, SN = \/ FB)
fo®B<A
is a stratified L-filter if and only if #(B) = L whenever f~(B) = L forall B € L. In the case f<(¥) € F(X),
it is called the inverse image of # under f.

In [8], Jager proposed that the product [ ] .5 2 of a family of stratified L-filters {,}1ea, where for each
A € A, X, is anonempty set and ) € F(Xy), is defined as follows:

T

AeA

4

[17=\/rrFnes;

AeA AeA

where for each A € A, py : [1,ep Xy — X is the projection map.

Lemma 2.5. ([8]) Let {X)}aea be a family of nonempty sets, p,, : [1yea Xa — X, the projection map, F, € F7(Xy)
(YA € A)and F € F; (I1ren Xa). Then the following statements hold:

M) [Teapy (F)<F.

@) p7 (TLiea Fa) = Fu, Y € A

G ry (H/\eA PT(T)) =p.(F) Vp e A

Definition 2.6. ([8])A map lim : F/(X) — L¥ is called a stratified L-generalized convergence structure on
X if it satisfies:

(LGC1) Yx € X, lim[x](x) = T;

(LGC2) VF,G € F/(X), ¥ < G implies imF <limG.
The pair (X, lim) is called a stratified L-generalized convergence space.

A map f: (X limx) — (Y,limy) between stratified L-generalized convergence spaces is called continuous
provided that for all ¥ € F(X), x € X, limx¥ (x) < limy f= (F)(f (x)).

Definition 2.7. ([8]) Let (fi : X — (X,,lim,)),ea be a source. Then

Init(im)F = [\ fi (imf(F)) (F € (X))

AeN
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is the initial stratified L-generalized convergence structure on X. Especially, if X = [] ., Xj and p, : X —
X, are the projections onto X, then we denote 7t-(lim,), defined by

VF € F7(X), Y(xa) € X, m-(lim)F ((x2)) = /\ limapy” (F)(xa),
AeA

the product structure and call (X, 7t-(lim,)) the product space. In the case (14 : A — (X, lim)) we call the
initial construction (4, lim |4) a subspace of (X, lim), where A € X and 14 : A — X is the inclusion map.

3. Degrees of Ty and Ty
In this section, we define the degrees of Ty and T;. Then we study their relations and properties.

Definition 3.1. For a stratified L-generalized convergence space (X, lim), define the degree Ty(X, lim) to
which (X, lim) is T as follows:

To(X, lim) = /\(lim[y](x) — 1)V (lim[x](y) — L).
X#Y

Definition 3.2. For a stratified L-generalized convergence space (X, lim), define the degree T7(X, lim) to
which (X, lim) is T; as follows:

Ty(X, lim) = /\(lim[y](x) — 1) A (lim[x](y) — L).
X#Y

Remark 3.3. For a stratified L-generalized convergence space (X, lim), Jager [10] defined T; separation
axiom as follows:

(T1) Vx,y € X : lim[y](x) = T implies x = y.
It is easy to see that the definition of Ty in the sense of Jdger is exactly the case that T1(X,lim) = T in
Definition 3.2.

Obviously, the following theorem holds.
Theorem 3.4. For a stratified L-generalized convergence space (X, lim), T1(X, lim) < To(X, lim).
The degrees of T and T are productive and inherited by subspaces:

Theorem 3.5. If all (X,,1im,) (A € A) are stratified L-generalized convergence spaces and if the family of maps
(fa : X — X)) separates points (i.e. for x # y there is A € A such that fy(x) # fa(y)), then

(1) Apea To(Xy, limy) < To(X, Init(limy)).

(2) Ajea TH(Xp, limy) < T1(X, Init(lim,)).

Proof. The verifications of (1) and (2) are similar. We only prove (1).
Let m = Ajea To(Xa,limy) and n = To(X, Init(lim,)). By Definitions 2.7 and 3.1, we have

m=/\ /\ Gimalyalee) = L)V {imaaly) - 1)

AEA X #FYa

=\ [[A EmA[ A1 () = L] v [ A\ EmALA@IA @) - J_]]

x#y \\AeA AEA

and

In order to show m < n, take any x # y. Then there exists A9 € A such that f,,(x) # fi,(y). Hence,
mo < (limp [fa, (DI (0) = 1) v (lima, [£2, ()], () = 1)

< [ A LA @) - L] v [ A A@IA ) - L]

AeA AEA

By the arbitrariness of x and y, we obtain m < 1, as desired. [
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Corollary 3.6. If(A,lim|4) isasubspace of (X, lim), then To(X, lim) < To(A,lim |4) and T1(X, lim) < T1(A, lim [4).

Theorem 3.7. Ifall (X,,lim,) (A € A) are stratified L-generalized convergence spaces, then
(1) Anea To(Xa, limy) = To(ITxen Xa, 7-(lima)).
(2) Anea T1(Xa, limy) = T1(ITxea Xa, 7-(limy)).

Proof. We only prove (1). The verification of (2) is similar.
By Theorem 3.5, it follows that A e To(X), limy) < To(I T en Xa, m-(limy)).
In order to prove the inverse, put m = A 5 To(X), lim,) and n = To([] e Xa, 7-(limy)). Then we have

m=/\ /\ Gimalyalee) = 1)V dimabal) - 1)

AEA XA #Y2

and

n= /\([ A\ lmalpa )1 (pa() — J_] v [ A\ Timu [pA@Ipay) — L]]

x#y \\leA AeA

For each Ap € A and x,,, ), € Xy, with x, # ya,, take x, ¥ € J] e Xa such that pa,(x) = xa,, P2, (¥) = Y2,
and p(x) = pa(y) (YA # Ag). Then for each A # Ay, it follows that

lim [pr(1)](pa(x)) = lima[pr(0)](pa(y)) = lima[pr(0)](pa(x)) = T.

This implies that

=
VAN

[ /\ lima [pA (D () — L] v [ A\ limapa (91pa() = L]

AeA AeA
(limy, [pa, (12, () = L) V (Lima, [pa, ()] (pa,(y) = L)
(hm/\o []//\U](XAU) - J—) \ (lim?\o [x/\o](y/\o) - J—) .

By the arbitrariness of A¢ and x,,, ¥,,, we obtain n < m, as desired. O

Definition 3.8. A map f : (X, limx) — (Y;limy) between stratified L-generalized convergence spaces is
called a homomorphism provided that f and f~! are bijective and continuous.

Lemma 3.9. Let f : (X,limyx) — (Y, limy) be a homomorphism. Then for each ¥ € F/(X) and x € X, limx¥ (x) =
limy = (F)(f (x)).

Proof. Since f : (X,limx) — (Y, limy) and f‘1 : (Y, limy) — (X, limy) are both continuous, we have

limy £ (F)(f(x))

limx (f )7 (FZ (FNS T (F(0))
limx(f ™ o /)7 (F)(x)
hl’nx?’-(X)/

limXT(x)

NN

as desired. O

Theorem 3.10. If f : (X,limx) — (Y,limy) is a homomorphism, then
(1) To(X, limx) = To(Y, limy).
(2) T1(X, limx) = T1(Y, limy).
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Proof. (1) By Lemma 3.9, we have

To(X, limy)

N\ Gimxlxl(n) = 1)V (limxx1(x) - L)

X1#X2

= /\ (limy [f(x2)](f(x1)) = L) V (limy [f(x1)](f(x2)) = 1)
fer)#f(x2)

=\ (imylyal(yn) - ) V (limy[ya](y2) = 1)
n#y2
= To(Y, limy).

(2) The verification is similar and we omit it. [

4. Degrees of T,

In this section, we generalize the T, separation axiom in the sense of Jager [10] to more general case and
then investigate its properties.

Definition 4.1. For a stratified L-generalized convergence space (X, lim), define the degree T>(X, lim) to
which (X, lim) is T, as follows:

To(X, lim) = A A lim F(x) - L) A lim F(y) — L).

x#Y FeF (X)

Remark 4.2. For a stratified L-generalized convergence space (X, lim), Jager [10] defined T, separation
axiom in the following form:

(T2) VF € F/(X),Vx,y € X : im ¥ (x) = lim F (y) = T implies x = y.
Observe that if T»(X, lim) = T, where T5(X, lim) is defined as in Definition 4.1, then it is exactly the definition
of T in the sense of Jager.

Theorem 4.3. For a stratified L-generalized convergence space (X, lim), T»(X, lim) < T1(X, lim).
Proof. By Definition 4.1, we have

L lim) = /A /\ (@mFE) - 0 A GmFE) - 1)
XY FeF (X)

A\ ((Qim[y1() - 1) A (lim[yl(y) - 1))

X#Y

N

A ((imfx](x) = 1) A (lim[x](y) = 1))
= /\im[y](x) - 1) A (lim[x](y) — 1)
= xTiy(X lim),
as desired. [
Corollary 4.4. If (X, lim) is a stratified L-generalized convergence space, then
T5(X,lim) < T1(X, lim) < To(X, lim).

The degree of T, are productive and inherited by subspaces:
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Theorem 4.5. If all (X,,lim,) (A € A) are stratified L-generalized convergence spaces and if the family of maps
(fa : X — X)) separates points (i.e. for x # y there is A € A such that f)(x) # fi(y)), then

/\ To(X, limy) < To(X, Init(lim,)).
AeA

Proof. For convenience, put m = A cp T2(X3,1im,) and n = To(X, Init(lim,)). Then

m= A\ N\ N\ GmFa) - 1) v EmFi ) - 1)

AEA X2 #Yr FLeF (X0)

and

n= /\ /\ [[/\ lim, f7 (F)(fa(x)) = J_] % (/\ lima £ (F)(fr(y) = J_]]

x#y FefF (X) \\1eA AeA

Take any x # y. Then there exists Ay € A such that f,,(x) # f1,(y). Hence

mo< N\ imyFa(fuy () > D)V Eim Fa (F, (1) = 1)
Fag€F1 Xag)

< A (lima £ P ) = 1) v (lima £ F)f () = L)

FEeF;(X)

< A ([/\lim/\ff(f)(f)t(x))—)J_]V[/\limAf/\:’(T)(fA(y))—) l]]

Feri(x) \\eA AeA
By the arbitrariness of x and y, we obtain m < 1, as desired. [
Corollary 4.6. If (A, 1im |4) is a subspace of (X, lim), then T»(X, lim) < T>(A, lim |4).

Theorem 4.7. Ifall (X,,lim,) (A € A) are stratified L-generalized convergence spaces, then

H Xy, n—(lim;\)] .
AeA

/\ T>(X3,limy) = T,
AEA

Proof. By Theorem 4.5, it follows that

/\ T>(X3,limy) < T
AEA

H Xy, n-(lim;\)] .
AeA

Conversely, put m = A\ cp T2(X3,1imy) and n = T (JTjep Xa, 7-(lim,)) . Then

m= AN\ N\ GmFae) - L) v EmFi ) - 1)

AEA X2 #Yr FreF  (Xn)
and

n=
XY FeFF(X)

[ N\ limap? (F)(pa(x) - L] v ( A\ limup? (F)pa) - L]] .

AeA AeA

For each Ay € A, x), # Y3, € Xy, and F, € F7(Xy,), take x, y € [[ e Xa such that py,(x) = xa,, p2,(¥) = Y1,
and p(x) = pa(y) for all A # Ay. Also, let F) = F, for A = Ag and ¥, = [pa(x)] = [pa(y)] for A # Ay. Define
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T* = HAEA%' Then

no< [ Ahmwf(ff*)(m(x»ﬁL]v[AlimAp7<¢*><pA<y)>—>L]

AEA AeA

N

{/\ lim/\TA(pA(X)) - J_] \% [/\ hmAPf(ﬂ)(P/\(y)) - J—]

AEA AEA

By the arbitrariness of Ay, x,,, ¥4, and ), we obtain n < m, as desired. O

Theorem 4.8. If f : (X, limx) — (Y, limy) between stratified L-generalized convergence spaces is a homomorphism,
then To(X, limy) = To(Y, limy).

Proof. By Lemma 3.9, it is obvious and we omitit. [J

5. Degrees of Regularity

In this section, we endow each stratified L-generalized convergence space with some degrees of fulfilling
regularity and then investigate its relations with T; and T5.

Definition 5.1. ([10])Let ] be a set, G € ¥(]) and for all j € ], F; € F/(X), we define for A € L%,

— L
{2,

i.e., F()(A) € L. Then the map G(¥(,) defined by
GF)A) = G(F»(A) (AeL¥)
is a stratified L-filter on X. It is called the stratified L-diagonal filter of (G, (¥))jej)-

Definition 5.2. For a stratified L-generalized convergence space (X, lim), define the degree Reg(X,lim) to
which (X, lim) is regular as follows:

Regx im)= A A AN\ |\ EmF@6) - StimG(@), limy=(@G)) |,

I GeF0) j& Fiefp )\ je
where | is any set and i : ] — X is any map.

Remark 5.3. For a stratified L-generalized convergence space (X, lim), if Reg(X,lim) = T, then we can in-
terpret it as follows:

VI VY : ] — X, VG e F()), VF € FL(X) (€],

A lmF() < StimG(Fo) limp=(©) = A\ im GTF,)@) - my=(G)(w),

j€l xeX

ie,VxeX,

A\ M) A lim GF)@) < lim y=(@)).
J€J

It is exactly the definition of regularity in the sense of Jager [10].
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Lemma 5.4. ([10]) Let ] be aset, G € F(X) and f : X — Y be a map. Then

G(f~(Fo) = fFGFW)-
Theorem 5.5. Ifall (X,,lim,) (A € A) are stratified L-generalized convergence spaces, then
/\ Reg(X,limy) < Reg(X, Init(lim,)).
AEA

Proof. For convenience, put m = A cp Reg(X),limy) and n = Reg(X, Init(lim,)). By Definition 5.2, we have

m=AAN AN A A [Ahmﬂ?w]’» - SUmiGA(F), hmwﬂgm]

AeN Ja Ya GeF7(Ja) jeln 9‘7‘67’5()(,\) IS
and

n= AA A A A ( /\Init(limA)(ﬁ(ll)(j))—>S(Init(limA)Q(T(.)),Init(limA)¢=>(g)))
I

GeF () jel FieF (X)  je]

Take each ]r llb : ] — X/g € 7:5(])/ 7:] € 7:LS(}() (v] € ]) For each A € A/ PUt ])\ = ]/ 11b/\ = f)\ © I;br g/\ = gr
(F].A = f(F)). Then by Lemma 5.4, we have

m < A[A}limuﬂfjxﬂ(w(i») — SUMG(f (Fiy)), limy ff(ﬁ(g»]
eA\ je
< /} A lim, f7 (F (@) — A/\A SUHMAG(fT (Fy), lim, £ (0™ (G))
JEJ A€ €
= Ajmtmm)g@g» - AAAS(limAG(f?(%)), limaf (=(9)
IS €
<

N\ Init(im)F () - S{ N lmaG (6 Fo), [\ hmff(tﬁ(g))]

j€J AeA AeA

=\ Init(lim)Fw () - S [ J\ imf7 (G(F), Init(hmA)(lﬁ(g))]

j€J AeA

= )\ Init(lim)F () — S (Init(lim))GF)), Init(lim, )= (G)).
j€l
By the arbitrariness of ], i, G and ¥, we obtain m < n, as desired. [J

Corollary 5.6. If (A, lim |4) is a subspace of (X, lim), then
Reg(X, lim) < Reg(A, lim |4).
Corollary 5.7. Ifall (X,,lim,) (A € A) are stratified L-generalized convergence spaces, then

H X1, n—(lim/\)J .

AeA

A Reg(X,, lim;) < Reg
AEA

In classical convergence theory, regularity can also be characterized by closures of filters. In the lattice-
valued context, Jager [10] generalized this concept and obtained so called a-closures of stratified L-filters.
Moreover, he introduced the regularity axiom with this concept. However, the lattice must be required to
be a complete Boolean algebra. The reason that we need this requirement is the following result.
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Lemma 5.8. ([10]) Let L be a complete Boolean algebra. For F € ¥(X), a € Land A € LX, let

7_"a(A) = \/{T(B) : B € LX such that forall G € F; (X)with lim G(x) > a, we have G(B) < B(x)}.

Then & € F3(X).

In this case, we call 7" he a-closure of F. In the sequel, we will require that L be a complete Boolean
algebra.

The next theorem shows that Reg(X, lim) can be characterized by %a.

Theorem 5.9. Let (X, lim) be a stratified L-generalized convergence space. Then

Reg(X,lim) = /\ /\ /\ (@AB)— lim F (x))

a,BeL xeX lim F (x)>p

Proof. For convenience, put = A\ ger. Axex Ntim 7> ((a A B) = lim ?a(x)) and m = Reg(X, lim).
Firstly, we show m < n. Takeany o, f € L, x € X and ¥ € ¥(X) such that lim #(x) > . Then we define

J={G,y): G € F{(X), imG(y) > a}.

For j = (G, y) € ], we define F(g,) = Gand ¢ : | — X by ¢((G,y)) = y. Then lim Fg,,»(G, ) =
lim G(y) > a. We define a stratified L-filter k € (]) by

x(a) = \/ F(a) @el)).
GA)<a(G V(G yE]

Then ¥ < x(F(y) and P~ (k) = 7—:11’ which can be found in Lemma 7.2 [10]. Hence, lim «(F))(x) > lim # (x) >
B. Then it follows that

N

m /\ lim G(y) — Slim (%)), im 1= (x))

Gyel
/\ lim G(y) — (Um x(F(y)(x) = Im P~ (k)(x))

a<lim G(y)
a— (- lim’f:a(x))
(@AB)— lim?a(x).

N

N

By the arbitrariness of a, §, x and #, we obtain m < n.
Secondly, we show n < m. Take any set |, ¢ : | — X, G € F/(]), F; € F/(X) for all j € ]. Then let
a = N jg im F;(¢(j)) and By = lim G(F(,)(x) for each x € X. We first show

G <y 6.

If now B € LX such that for all H € ¥ (X) with lim H(y) > a, we have H(B) < A(y), then for all F; € F(X),
it follows from a < lim F;(¢(j)) that 7;(B) < A(Y(j)) < ¢ (A)(j). Therefore,

G(F)B) = G(F(B) < G (A) = ¢~ (G)(A).
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From this we conclude g(?‘-‘(.))“(A) < P~ (G)(A). Hence we have

n

N

N

\@ABo) = imGF) ()

xeX

N\ a = (B = ImGF) )

xeX

J\ @ = (e = lim = (G)(x))

xeX

a— /\(B: > limyp=(G)(x)

xeX

a = N (lim G(F)(x) > lim = (G)(x))

xeX

a — S(lim G(F(y), lim P~ (G))
A lim F(¢(j)) — S(lim G(F,), im ¢~ (G)).

j€l

6303

By the arbitrariness of ], i, G and ¥}, we have n < m. As a consequence, we obtain m = n, as desired. [J

Theorem 5.10. Lef (X, lim) be a stratified L-generalized convergence space. Then

Reg(X, lim) A Ty(X, lim) < T(X, lim).

Proof. Take any a € J(L) with a £ T»(X, lim). Then there existx # y and ¥ € ¥(X) such that @ £ lim ¥ (x) —
L and a £ lim¥F (y) — L. Since L is a complete Boolean algebra, we have @ < lim ¥ (x) and a < lim F (y).

Put

Jh={G e F(X):a<lim7F(y)}.

We define Tgl =G, ¢ : 1 — X : G+ y. Then it follows from a < lim # (y) that ¥ € J;. For the point
filter [F] € ¥(J1), we have

YT (FD@A) = [F1WT (A) = Y1 (A)F) = AT (F)) = Aly) = [yl(4)

forall A € L*, ie., 7 ([F]) = [y]. Further,

[FIFHA) = [FUFHA) = Fr(A) = F(A).

This shows [F ](?ﬂ(,l)) =F.
Similarly, put

o ={H € F7(X) : a < lim H(x)}.

We define 7{2{ =H, s : J» — X :H + x. Then we obtain [F] € F(]2), ¥7°([F]) = [x] and [7"](7"(?)) =F.
By the definition of Reg(X,lim), we have

N

Reg(X, lim)

N\ Hm FE(6)) — SUm[FNFL), lim 7 (F1)

Gel

A\ i FZ (a(H)) - SUmFIFR), lim 3 (F])
He]r

/\ lim G(y) — S(lim 7, lim[y]) A A lim H(x) — Slim 7, lim[x])
Gel He,
(@ = (im 7 (x) = Im[y](x)) A (@ = (im F (y) — Lim[x](y))

(a Alim F (x)) = m[y](x)) A (@ A Im F (y)) — Lim[x](y)).
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With T1(X, lim) = A, .., (lim[z2](z1) — 1) A (lim[z1](z2) — 1), we further obtain
Reg(X, lim) A T1(X, lim)

< Reg(X,lim) A ((lim[y](x) > 1) A (tim[x](y) - 1))

= (Reg(X,lim) A (lim[y](x) = 1)) A (Reg(X, lim) A (im[x](y) — L))

< (a AlImF(x)) — lIim[y](x)) A (im[y](x) = L) A (@ Alim F(y)) = Im[x](y) A (im[x](y) — 1)
< (@AlImF(x)) > L)A(@ AlimF(y)) - L)

a— 1.

Hence, a < (Reg(X, lim) A T7(X,lim)) — L. Since L is a complete Boolean algebra, it follows that
a £ Reg(X,lim) A T7(X, lim).

By the arbitrariness of a, we obtain Reg(X, lim) A T7(X, lim) < T»(X,lim). O

6. Conclusions

In this paper, we endowed each stratified L-generalized convergence space with some degrees of
fulfilling T;, T, and regularity axioms. Based on the definitions by degrees, we presented the lattice-
valued forms of several important conclusions. This theory generalizes the separation theory in the sense
of Jager [10]. However, in Theorems 5.9 and 5.10, we required that L should be a complete Boolean algebra.
In the future, we will consider whether it can be generalized to more general lattice.
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