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Abstract. In this paper, some random common fixed point and coincidence point results are proved with
PPF dependence for random operators in separable Banach spaces. Our results present stochastic versions
and extensions of recent results of Dhage [J. Nonlinear Sci. Appl. 5 (2012) and Differ. Equ. Appl. 2 (2012)],
Kaewcharoen [ ]. Inequal. Appl. 2013:287 ] and many others. We also establish results concerning iterative
approximation of PPF dependent random common fixed points. Moreover, an application to random
differential equations is given here to illustrate usability of the obtained results.

1. Introduction

The topic of common fixed point for pair or families of contractive mappings in metric and abstract
spaces is of great interest and has already been studied in the literature (see [2]-[27] and references therein).
Recently, Bernfield et al. [4] proved some fixed point theorems for nonlinear operators in Banach spaces,
where the domain and range of the operators are not same. The fixed point theorems of this kind are called
fixed point theorems with the PPF (past, present and future) dependence.

The study of random fixed point theorems in abstract spaces was initiated by Spacek [28] and Hans
[11] to get stochastic generalizations of the classical fixed point theorems in separable Banach spaces. The
research along this line gained momentum after the results of Bharucha-Reid [5] and since then several
random fixed point theorems have been proved in the literature. A common assumption among all these
operators in question to map an abstract space into itself, i.e. the domain and the range of the operators
are the same. The classical or deterministic fixed point theorems for the operators with respect to different
domain and range spaces were studied by Bernfield et al. [4], Drici et al. [9, 10] and Dhage [6]. These
results are useful for proving the existence of solutions for certain functional differential equations which
may depend upon the past, present and future consideration.

In the present paper, some random common fixed point theorems with PPF dependence are proved
for pair of operators in Banach spaces satisfying generalized random contractive conditions of Ciri¢ type.
Our results are new and generalize some known results of Dhage [7, 8] and Bernfield et al. [4] under more
general random contractive conditions.
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2. Preliminaries

Suppose that E is a Banach space with the norm ||.||r and given a closed interval I = [4,]] in R, we
consider the Banach space Ey = C (I, E) of continuous E-valued functions defined on I, equipped with the
supremum norm |[|-||g, defined by

llxllg, = sup,; llx (Bl

for all x € Ey. For a fixed c € I, the Razumikhin class of functions [4, 6] in Ej is defined as

Re={p ekl = lo@l)-

The class R, is algebraically closed with respect to difference if ¢ — C € R, whenever ¢, € R; similarly,
R is topologically closed if it is closed w.r.t. the topology on Ej generated by the norm [|-[|, .

LetT: Ey — E. A point C* € E is called a PPF fixed point of T if T (C*) = C* (c) for some c € I. It is known
that Razumikhin class of functions play a significant role in proving the existence of PPF fixed points with
different domain and range of the operators.

Definition 2.1. An operator T : Ey — E is called Banach type contraction if there is a real number 0 < o < 1 such
that

[T© -1, <alc-alL,
forall C,n € Ey.

The following definition is introduced in the literature on the lines of classical definition for contraction
mapping given by Kannan [22].

Definition 2.2. An operator T : Ey — E is called strong Kannan type contraction if
IT©-T, <allc©-TOle +[[n@© - T@m||,]

forall C,n € Eg and some c € I, where 0 < a0 < 1/2.

Definition 2.3. Let S, T : Ey — E be two operators. A point C* € Ey is called

(i) PPF dependent common fixed point of S and T if S(C*) = T(C*) = C*(c) for some c € I.
(ii) PPF dependent coincidence point of S and T if S(C*) = T (C* (c)) for some c € I.

Definition 2.4. [7]. Two operators S,T : Ey — E are said to satisfy a condition of strong Ciri¢ type generalized
contraction if there exists a real number 0 < A < 1 satisfying

Is@© - T ()|, < Amax{[[c© - 1@, 1) = SOz,
In@ -1, 3lc@ T, +[n© -S5O}

forall C,n € Eg and some c € I.

Definition 2.5. [7]. The operators A : Ey — E and S : Ey — E are said to satisfy a condition of strong Ciri¢ type
generalized contraction (C) if there exists a real number 0 < A < 1 satisfying

HA«: — A, < Amax{[|S € (©) = S (7 ©)||, /IS C ) = A,
SM©@) =AM, ISC@) =AM, +]IS 1 ©) - A©| ]

forall(,ne Eyandce L
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Definition 2.6. [7] The operators A : Eg — Eand S : Ey — E are said to satisfy a condition of Ciri¢ type generalized
contraction (C) if there exists a real number 0 < A < 1 satisfying

1A @ - A, < Amax{[|S © - S, IS €)= AQle,
Is @) =AW, 31Is €@~ A, + IS 1 ©) = A©| ]

forall(,ne€ Eyandc e L
Kaewcharoen [21] introduced the condition of Ciri¢ type generalized y-contraction as follows.

Definition 2.7. Let S, T : Ey — E. We say that S and T satisfy the condition of Ciri¢ type generalized 1-contraction
if

IS¢ = Tal, < p(maxj - o, , ¢ © = S|, v (@) = Talle, 5[} (€) = Tar]| + v (©) = Sb][ 1Y)

forall ,a € Ey and for some c € 1.

Theorem 2.8. [21] Suppose that S, T : Ey — E satisfy the condition of Ciri¢ type generalized \-contraction. Assume
that R is topologically closed with respect to norm topology and is algebraically closed with respect to the difference,
then S and T have a unique PPF dependent common fixed point in Re..

Definition 2.9. Let A: Ey — Eand S : Ey — Eo. Wesay that A and S satisfy the condition of Ciric type generalized
y-contraction (C) if

|A¢ - Aal|,. < ¢(max{||S¢ - Sa”EU ,

|5 (c) - Ag|

o N1Sa(e) = Aallg, 1[|S¢ (o) — A, + |Sa (¢) — Ag|.1).

Using the above definition Kaewcharoen proved some results under weaker condition than the condition
of Ciri¢ type generalized contraction (C). We shall prove stochastic versions of recently established PPF
dependence fixed and common fixed point results with their application to iterative approximation and
stochastic differential equations.

3. Main Results

Let (Q, X) be a measurable space and let E be a separable Banach space with norm ||-||z. We equip the
Banach space E with a g-algebra , B¢ of Borel subsets of E so that (E, Br) becomes a measurable space. A
mapping T : QO — E is called measurable if

T'B)={weQ|T(w)eBleX

for all Borel sets B € .

Given two Banach spaces E; and E,, amapping T : QX E; — E; is called a random operator if T (w, x) is
measurable in w for all x € E;. We also denote a random operator T on E; by T (w)x = T (w, x). A random
operator T (w) is called continuous on E if T (w, x) is continuous in x for each w € Q. Similarly, T is called
compact on Q X E; if T (Q x E;) is relatively compact subset of E;. We say T (w) is compact on E; if T (w, E1)
is relatively compact subset of E,. Finally, T (w) is called compact on E; if T (w, E;) is a relatively compact
subset of E, for each w € Q.

Let T : QX Ey — E be arandom operator. A measurable function C* : O — Ej is called a PPF dependent
random fixed point of the random operator T (w) if

T(w,C (@) =T (c,w)

for somec e L.
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Definition 3.1. A random operator S : Q X Ey — E is called a random contraction if for each w € Q,
”S (@,€) =S (w, 77)”15 <A HC - ’7”50
forall C,n € Ey, where A : QO — R, is a measurable function satisfying 0 < A (w) <1 forall w € Q.

Definition 3.2. Two random operators S,T : Q x Ey — E are called a strong Cirié¢ type generalized random
contraction if for a given ¢ € I and for each w € (),

IS (@, Q) = T (@, ),
< A(w) max{”C (c,w)—1n(c, w)|

(¢, @) = T (w,n)|

IE (e w) =S (@, Ol (1)
23l @) = T (@, 0|, +[n (@) = S (@, Q|1

forall C,n € Eoy, where A : Q) — IR, is a measurable function satisfying 0 < A (w) <1 for all w € Q.

Definition 3.3. Two random operators S, T : Q X Eg — E are called a Ciri¢ type generalized random contraction if
for a given c € I and for each w € Q,

IS (@,0) = T (@, 1)
SAQQHMXMC—anHC@mﬂ—SOMCNB )
In e, @) =T (@), 31l1C (¢, @) = T (@], + |1 (¢, ) = S @, O] .1

forall C,n € Ey, where A : QO — R, is a measurable function satisfying 0 < A (w) <1 forall w € Q.

It is easy to see that every strong Ciri¢ type generalized random contraction is Ciri¢ type generalized
random contraction. However, the converse is not necessarily true.

Theorem 3.4. Let (QO,N) be a measurable space and let E be a separable Banach space. If two random operators
S, T : QX Ey — E satisfy the condition of Ciri¢ type generalized contraction, then the following statements hold in E.

(a) If R is algebraically closed with respect to difference, then for a given y € Ej and ¢ € I, every
sequence {C, (w)} of measurable functions satisfying

S(w, Con (@) = Conv1 (¢, ), T (w, Conv1 (@) = Con2 (¢, ) 3)
and
IC (@) = Cus1 (@)llg, = lIC (€, @) = Cy1 (¢, )l (4)

forn=0,1,2,--- converges to a PPF dependent random common fixed point of S and T.
(b) If Co, no € Eg and {C, (w)}, {nx ()} are sequences defined by (3) and (4), then

180 @) = 1 @), < iz 111G (@) = T (@)l + [[10 (@) = m (@), + [0 (@) =m0 @), -
If, in particular {y = 19 and {C,} # {1}, then
G (@) = (@), < [ 1180 (@) = & (@)l -

(c) If R, is topologically closed, then for a given (y € E, every sequence {C, (w)} of iterates of S and T
constructed as in (a), converges to a unique PPF dependent random fixed point C* (w) of S and T.
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Proof. Let Cy € Eg be arbitrary. By hypothesis, S(w,y) € E. Suppose that S(w, (o) = x1 (w), where the
function x; : Q — E is measurable. Choose a measurable function {; : Q — Ej such that x1 (w) = {; (¢, w)
and that

IC1 (¢, ) = Co (@)l = 11C1 (@) = Collg, -

Again, by hypothesis, T (w, (1) € E. Suppose that T (w, (1) = x2 (). Choose {; € Ej such that x, (w) = C; (¢, w)
and

IC2 (¢, @) = G (¢, )l = [1C2 (@) = G (@), -
Continuing in this way, by induction, we obtain

S (w, Con (@) = Cons1 (€, @), T(@, Cons1 (@) = Canaz (¢, w)
and

G (@) = Cua1 (@), = 11Cn (¢, @) = T (¢, )l

forallwe Qandn=0,1,2,---.
We claim that the sequence {C, (w)} of measurable functions is Cauchy in Ey. For for n = 0, we have

IC1 () = C2 (@)llg, = lIC1 (¢, @) = Ca (¢, )l = IS (w, Co (@) = T (w, Ty ()]
< Aw) max{|Co () — C1 (@)llg, , lICo (¢, @) = S (@, Co (@),
G (¢, ) = T (w, G (@)l , 3[11Co (¢, ) = T (@, Tt (@)l + 1T (¢, ) = S (@, Co (@))IIE]}
< Aw) max{|Co (@) = C1 (@)llg, , lICo (¢, @) = C1 (¢, W)l ,
IC1 (¢, @) = G2 (¢, g, 3L11Co (¢, ) = G (¢, )l + 111 (¢, @) — G (¢, g}
< A (w) max{||Co (@) — G (@)llg, , ICo (@) = Ca(@)llg, , 1Tt (@) = C2 (@)l » 3110 (@) — G2 (@), + 1181 (@) = C(@)IIE, 1}
< A(w) max{||Co (@) = C1 (W)llg, , 1C1 (@) = Ca(@)llg, , 3 11Co (@) = Ca (@), }
< A (w) max{||Co (@) — C1 ()llg, » 31Co (@) = Cr()llg, + 11C1 (@) = Co (@)IIg, I}

< A(w)max||Cp (w) = 1 (@)ll, -
Similarly,

1C2 (@) = G3 (W)llg, = 11C2 (¢, ) = C3 (¢, )llg = IS (@, &2 (@) = T (@, C1 (@)
< Aw) max{]|Cz (w) — C1 (W)llg, , NIC2 (¢, ) = S (@, C2 (W),
11 (¢, @) = T (@, G (@))llg, 51182 (€, @) = T (@, & (@)l + 118 (6, @) = S (@, T2 (@)D}
< Aw) max{[|Cz (@) — C1 (@)llg, , NIC2 (¢, ) = Cale, g,
G (¢, ) = Ca (e, )l , 311G (€, @) = o (c, @)l + 1IC1 (¢, @) = Cale, @)ll])
< AMw)max{[I&z (@) = G (@), , 18 (@) = Gl@)llg, , IG (@) = & (@)Ilg, , 311G (@) = G (@)l + 16 (@) = Gl@)llg, ]
< AMw) max{[|G (@) = G (@), , 1162 (@) = C(@)llg, , 3 181 (@) = 8 (@)lIg, }
< Mw)max{[|G (@) = & (@), , 31181 (@) = (@), + 182 (@) = G (@), 1}

< Aw) max (|G (@) = G2 (@)l -
Proceeding in this way, by induction, we obtain
ICn (@) = Cus1 (@)llg, < A (@) [ICr1 (@) = Cu (@),
forallm=1,2,3,---.

Hence, by repeated application of the above inequality, we have

I (@) = Cusa (@), < A™ (@) 1o (@) = Ci (@),
foralln =1,2,3,---. If m > n, then by triangle inequality,

“Cn (w) - Cm (a))“Eo
< |G (@) = Cusa (w)”EO +1Cus1 (@) = o2 (a))HEO
+ o+ G (@) = G (@), < [A" (@) + A" (@) + -+ + A" (@)]IGo (@) = G (@),

< [ 11C (@) = G (@)lg, = 0 asn — oo,
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Hence, [|C;, (@) — G (w)llg, — 0. This shows that {C, (w)} is a Cauchy sequence of measurable functions on (2
into Ey. Since Ey is complete and separable Banach space, there is a measurable function C* : {3 — Ej such
that lim , (w) = C* (w) for all w € Q. Now, We prove that (" is a random fixed point with PPF dependence

of the random operators S and T on E,. By inequality (2)

IS (@, T (@) = T (¢, w)llg

< IS (w, T (w)) = Canva (€, )llg + [ICan42 (¢, @) = T (¢, W)l

<|IS (@, C (@) = T (, Cons1 (@)l + [1Cns2 (@) = T (@)l

< Aw) max{[|C* (@) = Cans1 (@)l , 1T (¢, @) = S (@, T (@)l , ICan+1 (¢, @) = T (@, Cans1 (@)l ,
1T (¢, ) = T (w, Const (@)l + 1241 (¢, @) = S (@, T (@))IIE]} + ICons2 (@) = T (),

< Aw) max{[IC* (@) = Cans1 (@)llg, , IC° (6, @) = S (@, T (@)l [1C2n+1 (¢, @) = Causa (¢, )l ,
31T (6, @) = Consz (6, )l + 1Cans1 (€, @) = S (@, C (@]} + [1Cansz (@) = T (@), -

Taking limit superior as n — oo in the above inequality, yields,
IS (@, T (w)) = T (¢, )llg < A @) [IS (@, T (w)) = T (¢, W)l -

Hence, it follows that S (w, C* (w)) = C* (¢, w).Similarly, we can prove that T (v, C* (w)) = C* (c, w).
(b) Let {Cy (w)} and {1, (w)} be two sequences of measurable functions as constructed in (a). Then for
each w € Q,

G (@) = 1 (@), < 18 (@) = Tt (@Il + [[Ci-1 (@) = 1 @), + [[Cm1 (@) = 1 (@),
< A" (@) 11Go @) = C1 @), + [|Cim1 (@) = e @), + A" (@) [0 (@) = 1 (@),
< A" (@) [0 (@) = & (@)llg, + [0 (@) = 1 @)][, 1+ |Gt (@) = a1 @),
< A" (@) + -+ + DIIICo (@) = T @)llg, + [[10 (@) = m @) ]
+|Co (@) =m0 @), +[Co (@) =m0 @),
< g 180 @) = & @), + [[no (@) =1 @)]| 1+ [0 (@) = 10 (@) ., -

In particular, if (o (w) = 1o (@), then (y(c,w) = 1o (c,w) so that S(w,ly) = S(w,no) which implies that
Ci1 (¢, w) = 1 (c, w). Hence, from inequality (4) it follows that

181 @) = 1 @), < =35 10 @) = 1 @),
(c) By part (a) above, the sequence {C, (w)} of measurable functions as constructed in (a) converges to a

random fixed point C* (w) with PPF dependence. As R, is topologically closed, C* (w) € R.. Suppose that
' (w) # ¢ (w), w € Q, be another random fixed point of T. Then

C (@) =1 @), =[IE € @) =7 (e )

< @, T (@) = T (@, 7 (@),

< A(@) max{[[T* (@) = 7 @), IT* (€, @) = S (@, T @)l ,
H|IC (@) = T (@, 7 @))||, + [|n" (€, @) = S (@, T (@))||, ]
< @) max(|[¢ @) = 17 @], 0,0, 1{|c" ) = 7 0, +
< A (@) max{[|C (@) = 1 @), 0,0, [|C" (@) = 7 (@)}

T (¢, @) = T (@, 17" (@))|

E’

7' (c, @) = T (c, )|

yields that {* (w) = 7" (w),as 0 < A(w) < 1forallw € Q. O
On taking S = T in (2), we obtain following corollary.

Corollary 3.5. Suppose that T : Ey — E is a generalized random contraction. Then the following statements hold in
E.
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(a) If R is algebraically closed with respect to difference, then for a given (o € Eg and ¢ € I, every sequence
{Cn (@)} of measurable function satisfying

T (w/ Cn (0))) = Cut1 (C/ w) (6)

and

ICh (@) = C1 (@), = 11Cn (¢, @) = T (¢, w)llg (7)

forn=0,1,2,--- converges to a PPF dependent random fixed point of T.
(b) If R, is algebraically and topologically closed, then for a given Cy € Ey, every sequence {C, (w)} of iterates
constructed as in (a), converges to a unique PPF dependent random fixed point C* (w) of T.

Remark 3.6. We note that operators in Theorem 3.4 and Corollary 3.5 are not required to satisfy any continuity
condition on the domains of their definition.

Now, we prove the existence of PPF dependent random fixed point theorems for mapping satisfying
the contractive condition which is weaker than the condition of Ciri¢ type generalized contraction.

Let W be the set of all functions ) where 1 : [0, +00) — [0, +00) is a continuous nondecreasing function
with ¢ () < fforall t € (0, +o0) and ¢ (0) = 0. If ip € ¥, then v is called a W-map.

Definition 3.7. Let S, T : Q X Eg — E be two random operators. We say that S and T satisfy the condition of Ciri¢
type generalized random -contraction if for a given ¢ € I and for each w € (),

IS (@, ©) = T (@, m)|| < wimaxif[c = 1||,, , I @) = S (@, DI,

Ine,w) =T @, 2 (e @) = T (@, )], + [In c,0) = S @, 0,1y ®

forall C,n € Ey.

Theorem 3.8. Let (Q, X) be a measurable space and let E be a separable Banach space. If two random operators
S,T : QxEy — E satisfy the condition of Ciri¢ type generalized random -contarction and suppose that R is
topologically closed with respect to norm topology and is algebraically closed with respect to the difference, then S and
T have a PPF dependent random fixed point in R..

Proof. Let Cy € Ey be arbitrary. Since S (w, () € E, there exists a measurable function x; : Q — E such that
S (w, o) = x1 (w). Choose a measurable function {; : Q — Ej such that

x1 () = C1 (c,w) and [|C; = Collg, = IC1 (¢, w) = Co (¢, )| -

By assumption, T (w, (1) € E. This implies that there exists x, : QO — E such that T (w, (1) = x2 (w). Therefore,
we can choose (, € Ej such that

X2 () = G2 (c,w) and [|C2 = Cillg, = 1C2 (¢, w) = Ci (¢, )l -

Proceeding in this way, by induction, we have

S(w, Con () = Cong (6, ), T(, Cong1 (@) = Congz (¢, @) )
IC (@) = Cur1 (0)llg, = lICu (€, @) = Cy1 (¢, )l

forall w € Qand n € N U {0}.
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Now, we show that the sequence {C, (w)} is a Cauchy sequence in Ej. Assume that Cy—1 = Cy for some
N € IN. If N is even, then we have N = 2m for some m € IN. Therefore from (8) and (9), we have

(1Com (@) = Comsr (w)”ED = |ICom (¢, @) = Coms1 (c, w)llg = IS (@, Com () = T (w, Com—1 (w))HE

< l;b(maX{HCZ;n (a)) — Com-1 (w)”EU ’ ”CZm (C/ w) -5 (C‘)/ Com (w))”E ’ ”CZm—l (C/ w) - T(w/ Com—1 (a)))HE ’
31Con (€, @) = T (@, Com-1 (@)l + ICam-1 (€, @) = S (@, Cam (@))II]})

< Q[}(maX{”sz (CU) - CZm—l (a))”EO ’ ”CZm (C/ w) - C2m+1 (C/ w)”E ’ “CZm—l (Cr CU) - CZm (Cr w)“E ’
211Cam (¢, @) = Com (¢, )l + Cam—1 (¢, @) = Cama (¢, @)IIEDY)

< P(max{||Cam (@) = Cam-1 (w)”EU NCom (@) = Comar (C‘))”EO ’ % lIC2m-1 (@) = Com+1 (a))”EO})

< P(max{l|Con (@) = Cam—-1 ()llg,  1C2m (@) = Came1 (W), ,
2 1C2m-1 (@) = Com (@)l + 1Cam (@) = Camat (@)lIg, 1)

< Y(max{||Com (@) = Com-1 (w)”EO NCom (@) = Comar (C‘))“EO})

< (max (ICan (@) = G @), )) -

This implies that [|Com (@) — Coms1 (@)llg, = 0 and so Co (W) = Comsr (w). Similarly, we can prove that
Com+1 (@) = Comez (w). Therefore Cn (w) = Cn+1(w). By mathematical induction, we can conclude that
Cn-1 (w) = Cn+k (w) for all k > 0. If N is odd, then by the same argument we also obtain that {y-1 (w) =
Cn+k (w) for all k > 0. Therefore {C, (w)} is a constant sequence for all n > N — 1. This implies that {C, (w)} is
a Cauchy sequence in Ey. Now, suppose that (-1 (w) # C, (w) for all n € N. For each n € IN, we obtain that

[1C2n (@) = Cons1 (@), = 11Can (¢, @) = Conv1 (¢, @)lIg = IS (@, Con (@) = T (@, Can-1 (w))llg

< P(max{[|C2y (@) = Con-1 (w)”EO NCon (6, w) = S (@, Con (@), [1C2n-1 (¢, @) = T (@, Con-1 (@))llE,
HlIC2n (¢, @) = T (@, Can-1 (@)l + 1201 (¢, ) = S (@, Can (@))IIE]D)

< Y(max{||Can (@) = Con-1 (@)IIg, , 1C2n (¢, @) = Consr (¢, @I, 1C2n-1 (6, @) = Cou (c, )|,
211Can (¢, ) = Can (¢, )l + IC2n-1 (¢, @) = Cans (¢, )]

< P(max{||Can (@) = Con-1 (@)l , 1C2n (@) = Const (@), 5 3 1C2n-1 (@) = Consr (@)IIE, })

< Pp(max{||Cau () — Can-1 (@)llg, , 1C2n () = Cans1 (@)llg,
3l1C2n-1 (@) = Can (@)l + 11Con (@) = Caner (@), 1)

< P(max{l|Con () = Can-1 (@)llg, , 1C2n (@) = Cans1 (@)lIg, D)-

If max{|C2, (@) — Con-1 (a))”En NCan (@) = Const (CU)”EO} = [|Con (@) = Cans1 (CU)”EO/ then

1Con (@) = Cansa (@)llg, < ¥ (1IC2n (@) = Cons @), )

< ”CZn (w) - C2n+1 (a))“EU

a contrdiction, therefore

1C2n (@) = Cansr (@)l < ¥ (11C2n (@) = Conr (@)l )

< |IC2n (@) = Cons1 (@)II, -

Similarly, we can prove that
1C20+1 (@) = Cans2 (@I, < lIC2n (@) = Cons1 (@), -

It follows that [|C, () = Cuv1 (@), < 11Ci-1 (@) — Cu (w)llg, for all IN. Since the sequence {IIC,, (w) = Cua1 (a))IIEO}
is a nonincreasing sequence of nonnegative real numbers, we obtain that it is a convergent sequence.
Suppose that

I}I_I)TOL ICn (@) = Cua (a))“EO =T
for some real number t. We will prove that T = 0. Assume contrary that t > 0. Since

1Cn (@) = Canst (@)llg, < ¥ (IC2n (@) = Con1 (@), )
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for all n € N and the continuity of ¢, we have
T<P(r) <,

which leads a contradiction. This implies that T = 0. Now, we prove that the sequence {C, (w)} is a Cauchy
sequence. For this, we have to prove that the sequence {(,, (w)} is a Cauchy sequence. Assume that {Cy, (w)}
is not a Cauchy sequence. It follows that there exist € > 0 and two sequences of even positive integers {21}
and {2ny} satisfying 2my > 2ny > k for each k € IN and

1Com, (@) = Can, @)[, Z €. (10)

Let {2m;} be the sequence of least positive integers exceeding {21} which satisfies (10) and
[Com2 (@) = Ca @), <€ (11)

We will prove that I}l_)rg “szk () = Con, (CU)” Ey

Since “Cka (W) — Cop, (a))”EO > € for all k € N, we have

limsco [|Cam, (@) = Cane (@), =
For each k € IN, we obtain that

”Cka (a)) Can (w “ HCka (a) Cka 1 (a))H
+{|Cam—1 (@) = Com- 2(60 H + || Cam—2 (@) = Con, (CU)H

< ”Cka CU) Cka—l (w)”E + ”Cka 1 (w) Cka 2 (w)”E te€.

This implies that %im HCka (W) = Cap, ( a))” E, < €. Therefore

lim |[Ca, (@) = Can, (@), =
Similarly, we can prove that

I!l—g; “C2mk+l (a)) - Can (a))”EU =&

}}1_)1'1; HCka () = Can—1 (a))“Eg =€

and

1im |G 1 (@) = Con 1 (@), = €
For each k € IN, we obtain that

||C2mk+1 (@) = Cony (W) “ HCkaH (¢, w) = Con, (C,CU)HE
ww%mnnwmmm
«mmﬂMWW)QWMMM|pmcm S (@, Com, (@))||,. [|C2n-1 (€, @) = T (@, Canmt (@) .
|G, (¢, @) = T (@, Conr (@))|, + HCan 1(6, @) = S (@, G, (@))|| 1D
< l,b(max (| Com () - (¢, ) = Comer1 (6, @ “E [ C2n1 (6, @) = o,
H||am, (€ @) - @mwm+mmmw)@mcdh

< P(max{||Com, (@) — Con 1(CU)H ||Com, (@) = Comyn € a))” NCan—1 (@) = Can, (w)”
2[||C2mk (w) Can (w “ + ”Can 1 (w Can+1 (a))“ ]
< P(max{||Com, (@) - Can 1(0))H |ICom, (@) = Comyn € a))” NCan—1 (@) = Can, (w)”

2[||C2mk (w) Can (C‘) “ + ”Can 1 (C‘) Can a))“ + HCan a)) Can+1 (a))H ]
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By taking limit of both sides, we have
e<yY(e) <e

which is a contradiction. It follows that the sequence {(;, (w)} is a Cauchy sequence and so {C, (w)} is
a Cauchy sequence. Since Ej is complete, therefore {C, (w)} is a convergent sequence. Suppose that
lim C, (w) = C(w) for some C(w) € Ey. Since R. is algebraically closed with respect to the norm topology,

we have ( (w) € R.. Moreover, we also obtain that
Im Copir (@) = Clw) = lim Conea (@)
Now, we will prove that C (w) is a PPF dependent random fixed point of S. Using (8), we obtain that

IS (C(w)) = Cle, )l

< NIS(C (@) = Canvz (€, @)l + lIC2ns2 (¢, @) + C (e, g

< IS C(w)) = T (Cons1 (@)l + lIC2ns2 (@) + C(@)lE,

< Yp(max{[IC (@) = Cus1 (W)llg, 1T (¢, @) = S (C(@Dlg, 1Con+1 (€, @) = T (Consr (@D,
311 (6, @) = T (G (@D + 1C2n1 (€, @) = S (CDIIED) + 1Cans2 (@) + T (@),

< P(max{l|C (@) — Cans1 (@)IIg, , 1T (¢, @) = S(C(@DIE , IC2n+1 (¢, @) = Consz (¢, W)IE,
311 (e, @) = Cansa (¢, @)l + ICans1 (¢, @) = S (C(@DIED) + [1C2ns2 (@) + C(@)lE,

< Yp(max{lIC (@) = Cns1 (@)llg, , IC(c, @) = S (C(@)lE , [1Cons1 (@) = Consz (W), ,
31T (@) = Cnaz (@)llg, + ICans1 (€, @) = S (@D + ICans2 (@) + C(@)IIg, -

Letting n — oo, we obtain that ||S (C(w)) — C(c, w)llg = 0. Therefore S(C(w)) = C(c, w). Similarly, we can
prove that T (C (w)) = C(c, w). This implies that C (w) is a PPF dependent random fixed pointof Sand T. O

Remark 3.9. Define a function 1 : [0, +00) — [0, 4+00) by ¢ (t) = At forall t € [0, +00) and 0 < A < 1. Therefore
Y is a continuous nondecreasing function and P (t) < t for all t € [0, +0c0) and 1 (0) = 0. Then, Theorem 3.4. is a
special case of Theorem 3.8.

4. Random Coincidence Points with PPF Dependence

Definition 4.1. Let A: QX Ey — Eand S : Q X Ey — Eg be two random operators. A point C* (w) € Ey is called
a PPF dependent random coincidence point of A and S if A (w, C* (w)) = S(w, C* (¢, w)) for some ¢ € I and w € Q.
Any statement that quarantees the existence of such a random coincidence point is called a random coincidence point
theorem with PPF dependence.

Definition 4.2. The random operators A : QX Eq — Eand S : QX Eg — Eq are said to satisfy a condition of strong
Ciri¢ type generalized random contraction (C) if for a given c € I and for each w € Q,

A (@,0) = A(w, )|, <A (@) max{||S (@, T (e, )) = S (@, (c, )|
IS (@, 71 (c, @) = A (@, 7 (@)

£’ ”S (a)/ C (C/ a))) -A (wl C (a)))“E 7

IS @, 26 @) = A @, n @), + ]IS @, nc0) - A @

forall C,n € Ey, where A : Q) — R, is a measurable function satisfying 0 < A (w) <1 for all w € Q.

Definition 4.3. The random operators A : Q x Eg — E and S : Q x Eq — Ey are said to satisfy a condition of Ciri¢
type generalized random contraction (C) if for a given c € I and for each w € Q,

A (@,0) = A(w,n)||, < A (@) max{[|S (@, L (@)) = S (@, 7 (@), IS (@, C(c, ) = A @, L@,

0 13
IS (@, 16 0)) - A @, @), 25 @, (c,0)) = A @, @], + ]IS @1, ) A @, L@

forall C,n € Ey, where A : QO — R, is a measurable function satisfying 0 < A (w) <1 forall w € Q.
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Theorem 4.4. Let A : QxEy — Eand S : Qx Ey — Eg be two random operators satisfying a Ciri¢ type generalized
random contraction (C). Further suppose that

(a) A(QX Eg) c S(QXEp)(c)

(b) S (Eo) is complete, and

(c) S (w,-) is continuous.

If R is algebraically and topologically closed with respect to the difference, then A and S have a PPF dependent
random coincidence point in Re.

Proof. Let pg € Eg be arbitrary. By hypothesis, A(w, o) € E. Suppose that A(w, o) = x1 (w), where
the function x; : Q — E is measurable. Since A (Q X Eg) € S(Q X Ep) (c), choose a measurable function
p1 : Q — Eg such that x1 (w) = S (w, p1 (¢, w)) = (1 (¢, w) and

[IC1 (¢, @) = Co (Ol = 11C1 (@) = Collg, -

Again, by hypothesis, A (w, y1) € E. Suppose that A (w, 1) = x2 (w). Again since A (QQ X Ep) C S(Q X Ep) (c),
choose a measurable function y; € Eg such that x; (w) = S (w, p2 (¢, w)) = G2 (¢, w) and

2 (¢, @) = G (Ol = 11C2 (@) = G (@), -
Continuing in this way, by induction, we obtain

A(w, tin (@) = S (@, pus1 (¢, @), S (@, 1 (@)) = Cuia (@) (14)
and

G (¢, @) = Cua1 (Ol = NICh (@) = Cusallg, - (15)

forallm=0,1,2,---.
We claim that {C, (w)} is a Cauchy sequence in Ey. Now for n = 0, we have

181 (@) = G2 (@)llg, = 1121 (6, @) = G Ol = [|A (@, o (@) = A (w, i1 (@),
< A (@) max{[$ (@, po (@) = S (@, 1 @),/ [|S (@, 10 (€, @)) = A (@, o (@),
(IS (@, 11 (¢, @) = A (@, 1 @))|,.. 31| (@, po (€, @)) = A, 1 (@), + || (@, w1 (e, @) = A (@, o (@))]| .1}
< A (@) max{[iCo (@) = & (@), , 100 (€, ) = T (¢, )l |1 (€, @) = 2 (e, )| .
3ICo (e, @) = G (6 @)l + 18 (¢, @) = G (c, @)IIT)
< A w) max{[[o (@) = & (@)l , 1Co (@) = C1 (@)llg, , 11 (@) = G (@)llg, ,
LlICo (@) = G (@)llg, + 11T (@) = & (@)llg, ]}
< A (w) max{||Co (@) — C1 ()llg, , Gt (@) = G (@)l 5 3 1Co (@) = G2 (@)lIg,}
< A (@) max{[|C (@) = & (@)llg, , 111G (@) = T @)llg, + 1181 (@) = G (@), ]}
< M) 1o (@) = & (@)l -

Similarly,

G2 (@) = G @), = [|S (@, 2 (¢, @) = S (@, pa (¢, @))

< A w) max{”S (w, p2 (@) = S (w, t1 (a)))| £’ HS (w, 42 (¢, w)) = A(w, U2 (a)))“E ,
15 (@, 11 (e, ) — A (@, i @), 31]1S (@, 2 €)= A (@, 11 @),
+ ”S (w, w1 (¢, ) = A(w, k2 (a)))”E]}

< AMw) max{|ICz (@) = &1 (w)llg, , 1C2 (¢, @) = G5 (e, w)llg, IC1 (6, @) = Ca (e, @)l ,
311G (¢, ) = G (¢, @)l + M1C1 (e, @) = G (c, )T}

< Aw) max{|C2 (@) — C1 (@)llg, , [IC2 (@) = C3 (@)lIg, , 11C1 (@) = Ca (), ,
311G (@) = G (@)l + 1181 (@) = G (@)llg, 1}

< A(w) max{||C1 (@) — G (@)llg, , IC2 (@) = G (@)llg, , 3 1181 (@) = G (@)llg,}

< A(w) max{||C1 (@) = G2 ()lg, » 31T (@) = T2 (@)lIg, + 182 (@) = T3 (@)lg, I}

< A @) 16 (@) = Co ()l -

L= | A(w, iz () — A(w, in (“)))“E
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Proceeding in this way, by induction, we obtain

ICn (@) = Cus1 (@), < AlICh-1 (@) = G (@),

forallm=1,2,3,---.
Hence, repeated application of the above inequality yields

ICn (@) = Cus1 (@)llg, < A" [ICo (@) = Ca (@),

foralln =1,2,3,--- If m > n, by triangle inequality, we obtain

(G (@) = G (@), < T (@) = Gt (@), + + =+ + 11 (@) = Cou (),
< AM|Co (@) = G (@), + -+ + A" HICo (@) = G (@),

SN et A" NG (@) = G ()l

< [#5111%0 (@) = G (@)llg, -

Hence,
Jm 6 (@) = G @)l = 0.

This shows that {C, (w)} is a Cauchy sequence of measurable functions on Q into Ey.Since Eg is complete,
{Cn (w)} and every subsequence of it converges to a limit point C* (w) in Ey, that is,

Jim G, (@) = Jim § (@, 1y (@) = ¢ @),

1}1_1)1;10 Co(c,w) = JI_I)IJOA ((‘)r Un (C‘))) =C(cw).

From continuity of S it follows that

C (@)= 1im G, (@) = 1im § (@, 1, @) = 5 @, lim g (@) = § (@, @)).

Now, we prove that p* (w) is a PPF dependent random coincidence point of A and S. Assume contrary that
u* (w) is not a random coincidence point of A and S. Then, by (13), we obtain

1A (@, 1 (@) = S (@, 1 (c, )|

= [|A @, 1 @) ~ A (@, 10 @), + |4 (@, ttr @) = S (@, 1" )|

< ||A (w, 1" () — A(w, iy (a)))”E + ||S (@, tn (c, w)) = S (@, 1 (c, cu))i|E

<A w) max{”S (w, 1 (W) = S (w, pn () |E[) , “S (w, (¢, w)) — A(w, y* (a)))|
||S (w, tn (¢, ) — A(w, in (a)))| , %[“S (w, (¢, ) — A(w, pin (a)))”E

[ @0 o (e ) = A @, @] + [ @0 () = S @, 15 )|,

< A(w)max{[IC* (@) = G (@)llg, , [|S (@, 1* (¢, ) = A (w, u* (@) .,
S(w, iy (¢, w)) = A(w, g (@))g, %[“S (w, 1 (c,w)) = S (@, pn (c, w)) |E
+[IS (@, (e, @) = A (@, 1 @)} + [|S (@, pn (€ @) = S (@, 1" (e, )

EI

By taking limit as n — oo, we have

A (@, 1 (@) = S (@, 1" (¢, ),
< A (w)max{0, ”S (w, u* (c,w)) = A(w, p* (a)))|
30 +|S (@, (¢, ) = Aw, 1 @) ]

= 1 (@) [|A (@, g (@) = S (0, 4* (¢, )]

EIOI

E’

which leads to a contradiction since 0 < A (w) < 1. Hence A (w, 1" (w)) = S (w, p* (¢, w)). Thus y* (w) is a PPF
dependent random coincidence point of Aand S. O
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We now prove the existence of PPF dependent coincidence points for mapping satisfying a weaker
contractive condition than defined in (12) (without using topological closedness of the Razumikhin class.

Definition 4.5. The random operators A : Q x Eg — Eand S : Q x Eg — Ey are said to satisfy a condition of Ciri¢
type generalized random -contraction (C) if for a given c € I and for each w € Q,

1A @, 0) = Aw, ),

< (max{||S (@, L (@)) = S(w,n (a)))”EU, 18
IS (@, C(c, @) = A (@, C@)llg., ||S (@, 1 (¢, ) = A (@, 1 (@))]|,.,

IS (@, T e, @) = A, n(@)|, + [|S (@, 1(c, @) = A (@, C@))| -

Theorem 4.6. Let A : Qx Ey — Eand S : QX Ey — E be two random operators satisfying a Ciri¢ type generalized
random -contraction (C). Further suppose that

(@) A(Qx Ep) € S(Q X Ep)(c)

(b) S (Ep) is complete, and

(¢) S (w, ) is continuous.

If R, is algebraically closed with respect to the difference, then A and S have a PPF dependent random
coincidence point in R..

Proof. Let g € Eg be arbitrary. By hypothesis, A (w, tio) € E. Suppose that A (v, 11o) = x1 (w), where the func-
tion x; : Q — E is measurable. Since A (QQ X Eg) € S(Q X Ep) (c), choose a measurable function p1 : QQ — Eg
such that x1 (w) = S (w, 1 (¢, w)) = a1 (¢, ) and [la; (W) — ag (W)IIg, = lla1 (¢, w) — ag (¢, w)||g. Since A (w, 1) €
Epand by assumption, we have A (w, {1) = x2 (w) for some x; (w) € E. Againsince A (QQ X Ep) € S(Q X Ep) (¢),
choose , € Ey such that x; (w) = S(w, w2 (¢, w)) = a2 (c, ) and [laz (w) — a1 (@)llg, = llaz (¢, w) — a1 (¢, )|
By continuing the process, we can construct the sequence {a, (w)} such that

A(w, iy (@) = S (@, tns1 (6, ), S (@, ns1 (@) = Aps1 (@) (17)
and
llan () = i1 (@)Ilg, = llan (¢, w) = g1 (¢, w)lIg (18)

for all n € N U {0}. We will show that {a, (w)} is a Cauchy sequence in Eo.If ay = an+1 for some N € N, then,
by (16), (17) and (18) we have

llan+1 (@) — anv2 (@), = llan+1 (¢, @) — anv2 (¢, w)IE

= ||A (w, un (@)) = A (@, n+ (w))“E

< Y(max{[[$ (@, gy (@) = S (@, prvar @)[|, /1S (@, i (€, @)) = A (@, px (@)
IS (@, 1 (6, ) = A, unvsa @), 31S (@, i (6, @) = A (@, pvsa @),
+ HS (@, pin+ (6, w)) = A(w, pn (@))|| 1D

< Ypmax{llany (@) — an+1 (@)|lg, , llan (¢, @) = ans (¢, 0)l|g,

llan (6, w) — ans2 (¢, )i, 3llan (6, w) — ansz (¢, )l

+lan+1 (¢, @) — an+2 (¢, w)lIE]D)

< Pp(max{llan (@) — an+1 (@)llg, , llan (@) — an+1 (@)lg, , llan+t (@) — ansz (0)lg, ,
Hllan (@) — ans2 (@)llg, )

< Ypmax{llany (@) — an+1 (@)llg, , llan+1 (@) = ansz (0)lg, ,

Hllan (@) — a2 (@)l )

< Yp(max{llany (@) — an+1 (@)llg, , llan+1 (@) — ans2 (0)lIg, ,

3l (@) — ane1 (@), + llanst (@) — ansz (@)]g, 1)

< Yp(max{llay (@) — an+1 (@)llg, , llan+1 (@) = ansz (0)llg,H

< Y(llan+ (@) — anv2 (@)llg,)-

EI
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Therefore an+1 (w) = an+2 (w). By mathematical induction, we obtain that ay (w) = an+ (w) for all k € IN.
This implies that {a, (w)} is a constant sequence for n > N. Thus {a, (w)} is a Cauchy sequence in Ey.
Suppose that a,, (v) # ap41 (@) for all n € IN. Again, by (16), (17) and (18), we have for each n € N

llcty 1 (@) = @z (@), = llons1 (€, @) = atnea (¢, @)l

= A (@, o (@) = A (@, s @),

< Y(max{[|S (@, pr (@)) = S (@, tras1 @))||, /[|S (@, pn (6, @)) = A (@, s (@))]
IS (@, ttnsr (€, @)) = A (@, ttnsr @), 51S (@, pta (€, @) = A (@, ptnn (@)
+ 1S (@, pns1 (€ @) = A @, pu (@))|| 1)

< p(max{llay (@) = ane1 (@), , lan (€, @) = aner (€, )llg

latns1 (€, @) = sz (¢, I, 3l (€, @) = sz (¢, )|

+llatns1 (€, @) = @ner (¢, @)IE]})

< Yp(max{llay () — an+ (w)”EO NMan () = ansa (w)”EO NMans1 (@) — anea (CU’)”E0 ’
Lo (@) = ez (@), )

< pp(max{lla, (@) = ans1 (@)lg, , @ (@) = dnez @), ,

Ll (@) = apaz (@), )

< p(max{lla, (@) = ans1 (@), , s (@) = dnsz (@), ,

Hllaw (@) = st @)llg, + e (@) = ez (@)Ilg, 1)

< pp(max{llay (@) = ans1 (@), , e (@) = nez (@)llg, );

E’

if

max{llay (0) = ans1 (O)lg, , lans (@) = @z (@)lIg,
= llans () — ez ()llg,

then

a1 (@) = sz (@)llg, < Y (Il (@) = sz (@)l )
< lan+1 (@) = aps2 (@)llg, -

This is a contradiction. Therefore

a1 (@) = sz (@)llg, < ¥ (llat (@) = @nar @)lIg,)
< lletn (@) = @i (@)l -

It follows that||a,+1 (@) — aus2 (W)llg, < llan (W) — @ns1 (@)I|g, foralln € IN. Since the sequence :IIan (w) — a1 (w)IIEO}
is a nonincreasing sequence of real numbers, we obtain that it is a convergent sequence. Suppose that

lim ||, (@) — aps1 (@)llg, = a for some nonnegative real number a. Now, we have to show that a = 0.

n—oo

Assume contrary that a > 0. Since

a1 (@) = sz (@)llg, < ¥ (llat (@) = nar @)lIg,)
for all n € N and the continuity of ¢, we have
a<i(a)<a,

which leads a contradiction. Thus a = 0. We will prove that {a, ()} is a Cauchy sequence in Ey. It suffices
to prove that the sequence {a;, (w)} is a Cauchy sequence in Ey. Assume contrary that {ay, (w)} is not a
Cauchy sequence. It follows that there exist € > 0 and two sequences of even positive integers {2m1;} and
{2ny} satisfying 2my > 2ny > k for each k € IN and

e, (@) = o, @), 2 €. (19)
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Let {2m;} be the sequence of least positive integers exceeding {2n;} which satisfies equation (19) and
ezn,—2 (@) = a2, (@), <e. (20)

Now, we will show that I}im ||a2mk (w) — oy, (cu)” g =€ Since ”012mk (w) — oy, (cu)” £, > e forall k € N, we

have l}im Hazy,,k (W) — oy, (a))H £, > €. For each k € IN, we obtain that

||a2mk (CU) = Q2py (a))”EO
< ”a2mk (C()) - A2my—1 (a))”EO + ”aZ;nk—l (C()) - Q2my—2 (a))”EO + ”a2Mk_2 (w) - O‘Z”k(“’)HEo

< ”azmk (C()) — O(ka—l (CL))”EO + ”a2mk—1 (CU) - O(ka—Z ((JJ)| Eo + €.

This implies that I}im Haka (W) — agy, (w)HEO < €. Therefore

lim [|azu, (@) = az, @), = €.
Similarly, we can prove that
tim [lazn 1 (@) — oz, @)y, = €, Jim [lazm, @) - azn1 @)y, =

and

l}l_)l’g “azmku () — agy, (w)”Eo =€

Now,

||a2nk (w) — ony+1 (a))”Eg = ||a2nk (C/ a)) - X2my+1 (C/ a))“E
= A (@, @21 (@) = A (@, a2, (@))||

< P(max{|S (@, azn-1 (@) = S (@, o, (@)))|]
S (w, azp-1 (€6, w)) = A ((w, a1 (CU)))‘
S (@, azm, (¢, ))) = A (@, a2, (@)))||.,
LIS (@, qtan1 (€, @) = A (@, @2, (@)))]
+ S (@, aam, (€, @))) = A (@, a2 (w))ﬁ(Em

< P(max{||azn1 (@) = @z, @),/ |a2n-1 (6, @) = a2, (e, @)
vz, (€, @) = @ama1 (€, @), 31|21 (€, @) = Qa1 (e, )|
+ ||tz (e, @) = aam, (¢, @)|| 11

< P(max{||azn,-1 (@) — aom, (w)HEO |21 () — azn, (w)HEO ,
||a2mk (0)) — Qomy+1 (w)”Eo ’ %[”0(211,(—1 (w) = (2my+1 (a))”Eo

+ |z, (@) = @z @), 1D,

7
0

EI

E’

gives by taking limit on both sides,
e<yY(e)<e,

a contradiction. It follows that the sequence {ay, (w)} is a Cauchy sequence and so for {a, (w)} is a Cauchy
sequence in Ey. Therefore, {S (w, a, (w))} is a Cauchy sequence in S (R.). By the completeness of S (R.), we

have {S (w, @, (w))} is a convergent sequence. Suppose that lim S (w, a, (w)) = a (w) for some ain S (R,).
Therefore a (*a)) = S(w, @ (w)) for some a € R.. Moreover, we have

lm A (w, an (@) = lim S (@, an (@) =S (@, a(c,w))
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Now, we shall prove that a (w) is a PPF dependent random coincidence fixed point of A and S. By using
(16), we obtain that

A (@, a (w)) = S (@, a(c, )l = A (0, a(w)) = A(w, ay (@)l

+A (@, an (W) = S (w, a (¢, )l

< A (w, a () = A, an (@)l + IS (@, @i (@) = S (@, a (e, )l

< ll)(max{”S (CL),O( (w)) =S (CU, Ay (a)))”EO ’ ”S (CU, a (C/ CU)) -A (a)/ a (a)))”E ’
IS (@, an (@) = A (@, an (@)Ig, 3118 (@, @ (¢, ) = A (@, a (@)l

+IS (@, an (w)) = A(w, a (@)D + IS (@, ans1 (@) = S (@, a (¢, ))I|E -

By taking lim, we have A (w, a (w)) = S (w, a (c, w)). Hence a (w) is a PPF dependent random coincidence
pointof Aand S. I

Remark 4.7. Define a function 1 : [0, +00) — [0, 4+00) by ¢ (t) = At forall t € [0, +00) and 0 < A < 1. Therefore
Y is a continuous nondecreasing function and  (t) < t for all t € [0, +0c0) and 1 (0) = 0. Then, Theorem 4.4. is a
special case of Theorem 4.6.

5. Iterative Approximation of PPF Dependent Random Common Fixed Points

Let two random operators S,T : Q X Eg — E, let CF (w, (S, T)) denote the class of all PPF dependent
random common fixed points of S and T in Ey, that is,

CF(w,(5,T) ={C€Ey: 5(w,C (@) =T (c,w) = T(w,C (@)}
Definition 5.1. Two random operators S, T : Q X Ey — E are generalized nonexpansive if

IS (@, C(@)) = T (@, n (@)

< max{[[C (@) = 7 @), , 3T (6 @) = S (@, @)l
+|n (e @) = T (@,n@)||,] 31]|C ¢ @) = T (@,n @),
+|n(c, @) = S (@, C(@))||, 1}

forall C,n € Ey.

(21)

Theorem 5.2. Suppose that S,T : Q X Ey — E are generalized nonexpansive and that CF (w, (S, T)) # 0. Suppose
that R is topologically and algebraically closed with respect to the difference and {C, (w)} is a sequence of iterates of
S and T defined as in Theorem 3.4 satisfying for some ¢ € I,

G (@) = C(@)llg, = 1Cn (¢, @) = Cle, )l (22)

forall C(w) € CF(w, (S, T)). Then {C, (w)} converges to a PPF dependent random common fixed point of S and T if
and only if

lim d, (, (@), CF (@, (5,T) = 0. 23)
Proof. First consider that 7}1_%10 dg, (G4 (w),CF(w,(S,T))) = 0. Then

lim de, (C (@), CF (@, (5,T))) = 0 and lim de, (G (@), CF (@, (S, T))) = 0. (24)
Similarly, for C* (w) € CF (w, (S, 1)),

IS (@, C(w)) = T (¢, w)llg < MIC(w) = C (¢, @)l

IT (@, C(@)) - C (¢, )lly < IC(@) - C (¢, @)l @5
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for all C € Ey. Suppose that C, (w) — C* (w) for some C* (w) € CF (w, (5, T)). Then,

lim dg, (Cn (@), CF (@, (5, T))) = lim [infe@)ecro,sm) 1Cn (@) = C(@)Ilg, ]
< lim [|C, (@) = T (@)llg, = 0.

Now assume that lim d, (C, (w), CF (w, (S, T))) = 0. Then for € > 0, there exists an 1y € IN such that
n—0o0

dg, (Cn (w), CF (w, (5, T))) < § (26)
for all n > ny. We claim that {C, (w)} is a Cauchy sequence in Eg.Now, for any m > n > ng one has

G (@) = C (@)llg, < NG (@) = C(@)lIg, + 1€ (@) = Cu (@), (27)
for all {(w) € CF (w, (S, T)). Now, consider

IC2m+1 (@) = C(@)llg, = ICam+1 (¢, @) = C(c, w)l|g
= IS (w, Com (@) = C(c, w)llg

< ICam (¢, w) = Clc, w)llg

=T (w, Cam-1 (@)) — C(c, w)llg

< 1Cam-1 (@) = C(w)ll,

<||gw (@) = C@)]y, -
Again,
G2 (@) = C@)lg, < [Cay (@) = C(@)]|, -

Since m is arbitrary, one has

I8 (@) = C(@)llg, < [|Cy (@) = C(@)]], - (28)
Similarly,
I8 (@) = C(@)llg, < [|C (@) = C(@)]], (29)

for all C (w) € CF (w, (S, T)). Hence, from (27), (28) and (29) it follows that
I8 (@) = Ca (@)llg, < 2]|Cn, (@) = C (@),
for all C(w) € CF(w, (S, T)). Taking infimum over CF (w, (S, T)), we obtain

18 (@) = Cu (@), < 2 infewpecria sy [|Cn @) = C@)],
= ZdEo (C?’lo (a)) s CF (Cl), (S/ T))) <e€.

Hence, {C, (w)} is a Cauchy sequence in Ey. Since Ey is complete, {C, (w)} and every subsequence of it
converges to a unique limit point, say C* (w) € Ey. Now it can be prove as in Theorem 3.4 that S (v, C* (w)) =
T w) =T (w,C (). Thus ' (w) € CF (w,(5,T)). O

6. Application to Random Differential and Integral Equations

Fixed point theorems for monotone operators in ordered metric spaces are widely investigated and
have found various applications in differential and integral equations (see [1, 12, 13, 25] and references
therein). In this section, we prove the existence of PPF dependent random solutions under some Lipschitz
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and compactness type conditions. Given the closed and bounded intervals Iy = [-#,0] and [ = [0, T] in R,
for some reals r > 0,T > 0, let ¢ denote the space of continuous real-valued functions defined on I,. We
equip the space ¢ with the supremum norm |||, defined by

IEll, = supgq, IEsl

It is clear that g is a Banach space with this norm called the history space of the problem under considera-
tion.For each t € I = [0, T], define a function t — x; € g by

() =xt+), el

where the argument 3 represents the delay in the argument of solutions.

Let (Q, X) be a measurable space. Define a mapping x : O — C(J,R), we denote a function x (f, ),
which is continuous in the variable ¢ for each w — Q. In this case, we also write x ({, w) = x (w) (t). Given
the measurable functions ¢ : Q — g and x : Q — C(I,R), consider an initial value problem of functional
random differential equations of delay type (in short FRDE),

X' (t,w) = f(tx(w),w)

xo (W) = ¢ (w) (30)

forallt € Iand w € Q, where f : IX pXQ — RR. By a random solution x of FRDE (30) we mean a measurable
function x : Q — C(J,R) that satisfies the equations in (30) on ], where C (J,R) is the space of continuous
real-valued functions defined on | = [, U I.

In this section, we will prove the existence of random solutions with PPF dependence for the FRDE (30)
defined on ] with the condition of Theorem 3.4. We consider the following hypothesis in what follows.

(H1) The functionw +— f (t, x, @) ismeasurable foreach t € Iand x € pand the function (¢, x) +— f (¢, x, w)
is jointly continuous for each w € Q.

(Hz) There exists a real number My > 0 such that for each w € Q,

|f t,x, )| < My

forallt e Iand x € o.
(H3) There exists real number L > 0 such that for each w € Q),

|f(t,x,a)) —f(t,y,a))| < L”x—y”g
forallteland x,y € o.

Theorem 6.1. Suppose that the hypotheses (H1)—(Hs) hold. If LT < 1, then the FRDE (30) has a unique PPF
dependent random solution defined on J.

Proof. Consider E = C(J,R) which is a separable Banach space. Given a function x € C(J,R), define a
mapping £ : I — oby £(t) = x; € g so that £(f) (0) = x,(0) = x(¢), t € I and %(0) = xo. Define a set E of
functions by

E={%= ) :x €0 xeC(,R) and x9 = ¢}. (31)
We define a norm on E by

lI£1lg = sup,; [1xell, - (32)

Clearly, & € C(Ip, R) = 0. Now, we show that L is a Banach space. Let {£,} be a Cauchy sequence in E and
%, (1) = xf, then {(x;’)tel} is a Cauchy sequence in g for each t € I. This further implies that {x;” (s)} is a Cauchy

sequence in R for each s € [-7,0]. Then {x;” (s)} converges to x; (s) for each t € I. Since {x’;} is a sequence of
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uniformly continuous functions for a fixed ¢ € I, x; (s) is also continuous in s € [-r,0]. Hence the sequence
{%,} converges to £ € E. Since E is complete, moreover, E is a separable Banach space. The FRDE (30) is
equivalent to the nonlinear random integral equation

9O @)+ [ fs,% @),w)ds, if tel
x(t, ) =
p(tw), ift €1.

Given a measurable function £ : Q — E, the operators S, T : Q x E — R defined by
S(w,%(t, w)) = S (w, % (w))

_ p0,@) + [ fls,xs(@),w)ds iftel (33)
o) if t € I

and

T(w,§ ¢t w) =T(w,y: (w))
_ 9O @)+ [ (s, (@), w)ds iftel (34)
 etw) if t € I

satisfy the Ciri¢ type generalized random contraction. Then (31) is equivalent to the random operator
equations,

S(w,%(w)) =20, w) =2 (w)(0)

T (@, (@) = §(0,0) = @) (). (39)
Define a sequence {#, (w)} of measurable functions by
S(w, %2n (@) = Xop41 (@) (0), T (w, R2us1 (@) = Rnt2 (@) (0) (36)

%4 (@) = Zns1 (@I, = 12 (@) (0) = Znia (@) O,

forn =1,2---. Now, we shall show that the operators S and T satisfy the condition (a) of Theorem 3.4
on Q x E. First, we show that the operators S and T are random operators on Q X E. Since hypothesis
(H1) holds, by Caratheodory theorem, the function w — f (t,x, w) is measurable for all t € [ and x € p. As
integral is the limit of the finite sum of measurable functions, the map

W fotf(s,xs (w),w)ds

is measurable. Hence, the operators S (w, £) and T (w, £) are measurable in w for each % € E. Thus, we have
the operators S and T are random operators on E into E. Secondly, we show that the random operators S
and T are continuous on E. Let w € Q be fixed. We show that the continuity of the random operators S and
T in the following two cases.

Case 1: Let t € [0,T] and let {£, (w)} be a sequence of points in E such that £, () = £(w) as n — 0.
Then, by dominated convergence theorem, we have

Iim S (@, 2, (t,0)) = lim(p (0,) + [} f (5,2 (@), @)ds)
=0 0,0)+ gggo(fo’*f(s,xg (), w)ds)
= @ (0,@) + ([ lim £ (5,3 (@), )ds)

=0 0,0) + [ (5% (@), w)ds
=S(w, % (t,w))

for all t € [0, T] and for each fixed w € Q.
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Case II: Suppose that t € [-7,0]. Then we have

1S (@, 2x (@)) = S (@, 2 (@) = | (t, ) — @ (t, )| = 0
for each fixed w € Q. Hence,

lim S(w), 2, (t, ) = S (w) £ (£, w)

for all t € [-r,0] and w € Q. From case I and case II, we conclude that S (w) is a pointwise continuous
random operator on E into itself. Similarly, we can prove that T (w) is pointwise continuous on E.

Now, we show that the families of functions {S (w, £, (w))} and {T (w, £, (w))} are uniformly continuous
sets in E for a fixed w € Q3. We consider the following three cases.

CaseI: Let ¢ > 0 and ty, t; € [0, T] be arbitrary. Then, we have

5 (@,37 @) = 5 (@, @) <[ £ 522 (@), w)ds = [ F 5,2 (@), w) ds

|f |f(sx (w) a))ds”
<Mt — 1.

Choose 71 = > 0. Then, if |t — t2| < 7 implies

2(Mf+1)

|S (cu, X} (a))) -S (a), Xy, (CU))| < 2(1]\\44—;;)

uniformly for x} = £, € E.
Case II: Let t1, t, € [-1,0] be arbitrary. Since t — ¢ (w, t), is continuous on a compact interval [-7, 0], it
is uniformly continuous there. Hence, for above € > 0 there exists a 7, > 0 such that |t; — 5| < 71 implies

5 (@37 @) = 5 (@, @) = | (51, @) = @ (12, )
< %)
uniformly for £, € Eo.
Case III: Let t; € [-r,0] and ¢, € [0, T] be arbitrary. Choose T = min {71, 72}. Then, [t; — f,| < T implies
|S (a), xp (a))) -8 (w, X}, (a)))|
< |S (a), X (cu)) -S (w, Xg (a)))‘ + |S (a), R (a))) -5 (a), X, (a)))|
o0+ )

uniformly for £, € Ey. Thus, in all three cases, |t; — t,| < T implies

|S (a), X (a))) -5 (cu, X, (a)))| <e

uniformly for all t1,t, € J and %, € Eg. This shows that {S (w, £, (w))} is a sequence of uniformly continuous
functions on J. Hence, it converges uniformly on J. Hence, S (w, £) is a continuous random operator on E
for a fixed @ € Q. Similarly, we can prove that T(w, #) is a continuous random operator on £ for a fixed
w € Q. Now, we show that S and T are random contractions on E. Let w € Q be fixed. Then, we have

IS (@, 2 (@)) = S (@, § @))||,, = ||S (@, xt (@) = S (@, y: (@)
= sup,g | ) £ 5% @), @) ds = [ £ (5,9 (@), ) ds|
< fOT xs (@) = s

<f L|% (@) - y(a))”Eds
<LTHx(a)) ()|
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for all £ (w), ¥ (w) € E. Hence, S is a random contraction on E with contraction constant @ = LT < 1.
Similarly, we can prove that T is a random contraction. Thus, the condition (a) of Theorem 3.4 is satisfied.
Hence, an application of Theorem 3.4 (a) yields that the functional random integral equation (35) has a
random solution with PPF dependence defined on | which implies that the FRDE (30) has a PPF dependent
random solution C* defined on | and the sequence {C, (w)} of measurable functions constructed as in (36)
converges to C*. Moreover, here the Razumikhin class Ry, 0 € [-r, T] is C([0, T], R) which is topologically
and algebraically closed with respect to difference, so by Theorem 3.4 (c), C* is unique random solution with
PPF dependence for the FRDE (30) defined on J. [
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