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Abstract. In this paper, firstly we prove an integral identity that one can derive several new equalities
for special selections of n from this identity. Secondly, we established more general integral inequalities for
functions whose second derivatives of absolute values are GA−convex functions based on this equality.

1. Introduction

We will start with the definiton of convexity that has utilization in all branches of mathematics and has
several applications in mathematical analysis, optimization and statictics.

The function f : I ⊂ R→ R is a convex function on I, if the inequality

f
(
tx + (1 − t) y

)
≤ t f (x) + (1 − t) f

(
y
)

holds for all x, y ∈ I and t ∈ [0, 1].
The notion of convex functions has attract attention of several researchers have been studied on in-

equality theory. Remarkable studies have been improved for convex functions. One of them is Hermite-
Hadamard inequality that gives us upper and lower bounds for the mean-value of a convex function which
is given as:

f
(

a + b
2

)
≤

1
b − a

b∫
a

f (x) dx ≤
f (a) + f (b)

2
.

Anderson et al. mentioned mean function in [4] as following:

Definition 1.1. A function M : (0,∞) × (0,∞)→ (0,∞) is called a Mean function if
(1) M

(
x, y

)
= M

(
y, x

)
,

(2) M (x, x) = x,
(3) x < M

(
x, y

)
< y, whenever x < y,

(4) M
(
ax, ay

)
= aM

(
x, y

)
for all a > 0.
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Based on the definition of mean function, let us recall special means (See [4])
1. Arithmetic Mean: M

(
x, y

)
= A

(
x, y

)
=

x+y
2 .

2. Geometric Mean: M
(
x, y

)
= G

(
x, y

)
=
√

xy.
3. Harmonic Mean: M

(
x, y

)
= H

(
x, y

)
= 1/A

(
1
x ,

1
y

)
.

4. Logarithmic Mean: M
(
x, y

)
= L

(
x, y

)
=

(
x − y

)
/
(
ln x − ln y

)
for x , y and L(x, x) = x.

5. Identric Mean: M
(
x, y

)
= I

(
x, y

)
= (1/e)

(
xx/yy)1/(x−y) for x , y and I(x, x) = x.

In [4], Anderson et al. also gave a definition that include several different classes of convex functions as
the following:

Definition 1.2. Let f : I→ (0,∞) be continuous, where I is a subinterval of (0,∞) . Let M and N be any two Mean
functions. We say f is MN-convex (concave) if

f
(
M

(
x, y

))
≤ (≥) N

(
f (x) , f

(
y
))

for all x, y ∈ I.

In [2], Niculescu mentioned the following considerable definitions:
The AG−convex functions (usually known as log−convex functions) are those functions f : I → (0,∞)

for which

x, y ∈ I and λ ∈ [0, 1] =⇒ f
(
(1 − λ) x + λy

)
≤ f (x)1−λ f

(
y
)λ , (1)

i.e., for which log f is convex.
The GG−convex functions (called in what follows multiplicatively convex functions) are those functions

f : I→ J (acting on subintervals of (0,∞)) such that

x, y ∈ I and λ ∈ [0, 1] =⇒ f
(
x1−λyλ

)
≤ f (x)1−λ f

(
y
)λ . (2)

The class of all GA−convex functions is constituted by all functions f : I → R (defined on subintervals of
(0,∞)) for which

x, y ∈ I and λ ∈ [0, 1] =⇒ f
(
x1−λyλ

)
≤ (1 − λ) f (x) + λ f

(
y
)
. (3)

Besides, recall that the condition of GA−convexity is x2 f ′′ + x f ′ ≥ 0 which implies all twice differentiable
non-decreasing convex functions are also GA−convex.

In [1], authors proved the following lemma and established new inequalities of Hermite-Hadamard
type.

Lemma 1.3. Let f : I ⊆ R+ = (0,∞)→ R be differentiable on Io and a, b ∈ Io with a < b. If f ′ ∈ L [a, b] , then

[
b f (b) − a f (a)

]
−

b∫
a

f (x) dx = (ln b − ln a)

1∫
0

b2ta2(1−t) f ′
(
bta1−t

)
dt.

In [10], Latif gave the following integral identity and proved new inequalities of Hermite-Hadamard
type.

Lemma 1.4. Let f : I ⊆ R+ = (0,∞)→ R be a differentiable function on Io and a, b ∈ I with a < b. If f ′ ∈ L [a, b] ,
then the following equality holds:

b f (b) − a f (a) −

b∫
a

f (x) dx =
ln b − ln a

2


1∫

0

b1+ta1−t f ′
(
b

1+t
2 a

1−t
2

)
dt +

1∫
0

b1−ta1+t f ′
(
b

1−t
2 a

1+t
2

)
dt

 .
For recent results, generalizations, improvements and counterparts see the papers [1]-[10] and references

therein.
The main aim of this paper is to prove some new integral inequalities for GA−convex functions by using

a new integral identity.
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2. A New Lemma

We will give a new integral identity which is emboided in the following lemma to obtain our results.

Lemma 2.1. Let f : I ⊂ R+ = (0,∞) → R be a twice differentiable mapping on Io and a, b ∈ Io with a < b. If
f ′′ ∈ L [a, b] , then the following identity holds:

(4)

H (a, b; n) =
an+1 f ′ (a) − bn+1 f ′ (b)

n (n + 1)
−

an f (a) − bn f (b)
n

−

b∫
a

un−1 f (u) du

=
ln a − ln x
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t) f ′′
(
atx1−t

)
dt +

ln x − ln b
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t) f ′′
(
xtb1−t

)
dt

for all x ∈ [a, b] and n ≥ 1.

Proof. Integrating by parts and by using the change of the variables, one can see the proof.

Remark 2.2. Several new equalities can be derived from (4), by selecting of the special cases of n.

3. New Inequalities

Theorem 3.1. Let f : I ⊂ R+ = (0,∞) → R be a twice differentiable mapping on Io, a, b ∈ Io with a < b and
f ′′ ∈ L [a, b] . If

∣∣∣ f ′′ (x)
∣∣∣ is GA−convex function on [a, b] , then the following inequality holds:

|H (a, b; n)| ≤
xn+2

n (n + 1) (n + 2)2 [F1(a, x)] +
bn+2

n (n + 1) (n + 2)2 [F2(b, x)]

where

F1(a, x) =
∣∣∣ f ′′ (a)

∣∣∣

(

a
x

)n+2
ln

(
a
x

)n+2
−

(
a
x

)n+2
+ 1

ln x − ln a

 +
∣∣∣ f ′′ (x)

∣∣∣

(

a
x

)n+2
− ln

(
a
x

)n+2
− 1

ln x − ln a


F2(b, x) =

∣∣∣ f ′′ (x)
∣∣∣

(

x
b

)n+2
ln

(
x
b

)n+2
−

(
x
b

)n+2
+ 1

ln b − ln x

 +
∣∣∣ f ′′ (b)

∣∣∣

(

x
b

)n+2
− ln

(
x
b

)n+2
− 1

ln b − ln x


for all x ∈ [a, b] and n ≥ 1.

Proof. From Lemma 2.1 and by using the GA−convexity of
∣∣∣ f ′′ (x)

∣∣∣ , we have

|H (a, b; n)| ≤
ln x − ln a
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t)
∣∣∣∣ f ′′ (atx1−t

)∣∣∣∣ dt +
ln b − ln x
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t)
∣∣∣∣ f ′′ (xtb1−t

)∣∣∣∣ dt

≤
ln x − ln a
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t)
[
t
∣∣∣ f ′′ (a)

∣∣∣ + (1 − t)
∣∣∣ f ′′ (x)

∣∣∣] dt

+
ln b − ln x
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t)
[
t
∣∣∣ f ′′ (x)

∣∣∣ + (1 − t)
∣∣∣ f ′′ (b)

∣∣∣] dt.
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By computing the above integrals and simplfying, we obtain

|H (a, b; n)| ≤
xn+2 (ln x − ln a)

n (n + 1)

∣∣∣ f ′′ (a)
∣∣∣

(

a
x

)n+2
ln

(
a
x

)n+2
−

(
a
x

)n+2
+ 1

(ln an+2 − ln xn+2)2

 +
∣∣∣ f ′′ (x)

∣∣∣

(

a
x

)n+2
− ln

(
a
x

)n+2
− 1

(ln an+2 − ln xn+2)2




+
bn+2 (ln b − ln x)

n (n + 1)

∣∣∣ f ′′ (x)
∣∣∣

(

x
b

)n+2
ln

(
x
b

)n+2
−

(
x
b

)n+2
+ 1

(ln bn+2 − ln xn+2)2

 +
∣∣∣ f ′′ (b)

∣∣∣

(

x
b

)n+2
− ln

(
x
b

)n+2
− 1

(ln bn+2 − ln xn+2)2


 ,

which completes the proof.

Corollary 3.2. Under the assumptions of Theorem 3.1, if we choose n = 1, we have the following ineqality:∣∣∣∣∣∣∣∣a
2 f ′ (a) − b2 f ′ (b)

2
− a f (a) + b f (b) −

b∫
a

f (u) du

∣∣∣∣∣∣∣∣ ≤ x3

18
[F3(a, x)] +

b3

18
[F4(b, x)]

where

F3(a, x) =
∣∣∣ f ′′ (a)

∣∣∣

(

a
x

)3
ln

(
a
x

)3
−

(
a
x

)3
+ 1

ln x − ln a

 +
∣∣∣ f ′′ (x)

∣∣∣

(

a
x

)3
− ln

(
a
x

)3
− 1

ln x − ln a

 ,
F4(b, x) =

∣∣∣ f ′′ (x)
∣∣∣

(

x
b

)3
ln

(
x
b

)3
−

(
x
b

)3
+ 1

ln b − ln x

 +
∣∣∣ f ′′ (b)

∣∣∣

(

x
b

)3
− ln

(
x
b

)3
− 1

ln b − ln x


for all x ∈ [a, b] .

Theorem 3.3. Let f : I ⊂ R+ = (0,∞) → R be a twice differentiable mapping on Io, a, b ∈ Io with a < b and
f ′′ ∈ L [a, b] . If

∣∣∣ f ′′ (x)
∣∣∣q is GA−convex function on [a, b] , then the following inequality holds:

|H (a, b; n)| ≤
(ln x − ln a)1− 1

q

n (n + 1)
L1− 1

q
(
xn+2, an+2

) ∣∣∣ f ′′ (a)
∣∣∣q L

(
an+2, xn+2

)
− an+2

(n + 2)

 +
∣∣∣ f ′′ (x)

∣∣∣q xn+2
− L

(
an+2, xn+2

)
(n + 2)




1
q

+
(ln b − ln x)1− 1

q

n (n + 1)
L1− 1

q
(
xn+2, bn+2

) ∣∣∣ f ′′ (x)
∣∣∣q L

(
xn+2, bn+2

)
− xn+2

(n + 2)

 +
∣∣∣ f ′′ (b)

∣∣∣q bn+2
− L

(
xn+2, bn+2

)
(n + 2)




1
q

for all x ∈ [a, b] , n ≥ 1 and q ≥ 1.

Proof. From Lemma 2.1, by using the GA−convexity of
∣∣∣ f ′′ (x)

∣∣∣q and by power-mean integral inequality,we
have

|H (a, b; n)| ≤
ln x − ln a
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t)
∣∣∣∣ f ′′ (atx1−t

)∣∣∣∣ dt +
ln b − ln x
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t)
∣∣∣∣ f ′′ (xtb1−t

)∣∣∣∣ dt

≤
ln x − ln a
n (n + 1)


1∫

0

a(n+2)tx(n+2)(1−t)dt


1− 1

q


1∫
0

a(n+2)tx(n+2)(1−t)
[
t
∣∣∣ f ′′ (a)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (x)

∣∣∣q] dt


1
q

+
ln b − ln x
n (n + 1)


1∫

0

x(n+2)tb(n+2)(1−t)dt


1− 1

q


1∫
0

x(n+2)tb(n+2)(1−t)
[
t
∣∣∣ f ′′ (x)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (b)

∣∣∣q] dt


1
q

.
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By making use of the necessary computation, we get

|H (a, b; n)| ≤
(ln x − ln a)1− 1

q

n (n + 1)
L1− 1

q
(
xn+2, an+2

)
×

xn+2
∣∣∣ f ′′ (a)

∣∣∣q

(

a
x

)n+2
ln

(
a
x

)n+2
−

(
a
x

)n+2
+ 1

(n + 2) (ln xn+2 − ln an+2)

 +xn+2
∣∣∣ f ′′ (x)

∣∣∣q


(
a
x

)n+2
− ln

(
a
x

)n+2
− 1

(n + 2) (ln xn+2 − ln an+2)




1
q

+
(ln b − ln x)1− 1

q

n (n + 1)
L1− 1

q
(
xn+2, bn+2

)
×

bn+2
∣∣∣ f ′′ (x)

∣∣∣q

(

x
b

)n+2
ln

(
x
b

)n+2
−

(
x
b

)n+2
+ 1

(n + 2) (ln bn+2 − ln xn+2)

 +bn+2
∣∣∣ f ′′ (b)

∣∣∣q


(
x
b

)n+2
− ln

(
x
b

)n+2
− 1

(n + 2) (ln bn+2 − ln xn+2)




1
q

,

which completes the proof.

Corollary 3.4. Under the assumptions of Theorem 3.3, if we choose n = 1, we have the following ineqality:

∣∣∣∣∣∣∣∣a
2 f ′ (a) − b2 f ′ (b)

2
− a f (a) + b f (b) −

b∫
a

f (u) du

∣∣∣∣∣∣∣∣
≤

(ln x − ln a)1− 1
q

2
L1− 1

q
(
x3, a3

) ∣∣∣ f ′′ (a)
∣∣∣q L

(
a3, x3

)
− a3

3

 +
∣∣∣ f ′′ (x)

∣∣∣q x3
− L

(
a3, x3

)
3




1
q

+
(ln b − ln x)1− 1

q

2
L1− 1

q
(
x3, b3

) ∣∣∣ f ′′ (x)
∣∣∣q L

(
x3, b3

)
− x3

3

 +
∣∣∣ f ′′ (b)

∣∣∣q b3
− L

(
x3, b3

)
3




1
q

for all x ∈ [a, b] .

Theorem 3.5. Let f : I ⊂ R+ = (0,∞) → R be a twice differentiable mapping on Io, a, b ∈ Io with a < b and
f ′′ ∈ L [a, b] . If

∣∣∣ f ′′ (x)
∣∣∣q is GA−convex function on [a, b] , then the following inequality holds:

|H (a, b; n)| ≤
(ln x − ln a)

1
q

n (n + 1)

(
q − 1

(n + 2) q

)1− 1
q (

x
q(n+2)

q−1 − a
q(n+2)

q−1

)1− 1
q


∣∣∣ f ′′ (a)

∣∣∣q +
∣∣∣ f ′′ (x)

∣∣∣q
2


1
q

+
(ln b − ln x)

1
q

n (n + 1)

(
q − 1

(n + 2) q

)1− 1
q (

b
q(n+2)

q−1 − x
q(n+2)

q−1

)1− 1
q


∣∣∣ f ′′ (x)

∣∣∣q +
∣∣∣ f ′′ (b)

∣∣∣q
2


1
q

.

for all x ∈ [a, b] , n ≥ 1 and q > 1, 1
p + 1

q = 1.

Proof. Since
∣∣∣ f ′′ (x)

∣∣∣q is GA−convex function on [a, b], from Lemma 2.1 and by using Hölder integral
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inequality, we can write

|H (a, b; n)| ≤
ln x − ln a
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t)
∣∣∣∣ f ′′ (atx1−t

)∣∣∣∣ dt +
ln b − ln x
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t)
∣∣∣∣ f ′′ (xtb1−t

)∣∣∣∣ dt

≤ xn+2 ln x − ln a
n (n + 1)


1∫

0

a
x

(n+2) qt
q−1

dt


1− 1

q


1∫
0

t
∣∣∣ f ′′ (a)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (x)

∣∣∣q dt


1
q

+b(n+2) ln b − ln x
n (n + 1)


1∫

0

x
b

(n+2) qt
q−1

dt


1− 1

q


1∫
0

t
∣∣∣ f ′′ (x)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (b)

∣∣∣q dt


1
q

.

By a simple computation, we have

|H (a, b; n)| ≤
(ln x − ln a)

1
q

n (n + 1)

(
q − 1

(n + 2) q

)1− 1
q (

x
q(n+2)

q−1 − a
q(n+2)

q−1

)1− 1
q


∣∣∣ f ′′ (a)

∣∣∣q +
∣∣∣ f ′′ (x)

∣∣∣q
2


1
q

+
(ln b − ln x)

1
q

n (n + 1)

(
q − 1

(n + 2) q

)1− 1
q (

b
q(n+2)

q−1 − x
q(n+2)

q−1

)1− 1
q


∣∣∣ f ′′ (x)

∣∣∣q +
∣∣∣ f ′′ (b)

∣∣∣q
2


1
q

,

which completes the proof.

Corollary 3.6. Under the assumptions of Theorem 3.5, if we choose n = 1, we have the following ineqality:∣∣∣∣∣∣∣∣a
2 f ′ (a) − b2 f ′ (b)

2
− a f (a) + b f (b) −

b∫
a

f (u) du

∣∣∣∣∣∣∣∣
≤

(ln x − ln a)
1
q

2

(
q − 1

3q

)1− 1
q (

x
3q

q−1 − a
3q

q−1

)1− 1
q


∣∣∣ f ′′ (a)

∣∣∣q +
∣∣∣ f ′′ (x)

∣∣∣q
2


1
q

+
(ln b − ln x)

1
q

2

(
q − 1

3q

)1− 1
q (

b
3q

q−1 − x
3q

q−1

)1− 1
q


∣∣∣ f ′′ (x)

∣∣∣q +
∣∣∣ f ′′ (b)

∣∣∣q
2


1
q

for all x ∈ [a, b] .

Theorem 3.7. Let f : I ⊂ R+ = (0,∞) → R be a twice differentiable mapping on Io, a, b ∈ Io with a < b and
f ′′ ∈ L [a, b] . If

∣∣∣ f ′′ (x)
∣∣∣q is GA−convex function on [a, b] , then the following inequality holds:

|H (a, b; n)| ≤ xn+2 (ln x − ln a)1− 2
q

n (n + 1)
(F5 (a, x))

1
q + bn+2 (ln b − ln x)

1− 2
q

n (n + 1)
(F6 (x, b))

1
q

where

F5 (a, x) =
∣∣∣ f ′′ (a)

∣∣∣q

(

a
x

)q(n+2)
ln

(
a
x

)q(n+2)
−

(
a
x

)q(n+2)
+ 1

q2 (n + 2)2

 +
∣∣∣ f ′′ (x)

∣∣∣q

(

a
x

)q(n+2)
− ln

(
a
x

)q(n+2)
− 1

q2 (n + 2)2


F6 (x, b) =

∣∣∣ f ′′ (x)
∣∣∣q

(

x
b

)q(n+2)
ln

(
x
b

)q(n+2)
−

(
x
b

)q(n+2)
+ 1

q2 (n + 2)2

 +
∣∣∣ f ′′ (b)

∣∣∣q

(

x
b

)q(n+2)
− ln

(
x
b

)q(n+2)
− 1

q2 (n + 2)2


for all x ∈ [a, b] and q ≥ 1.
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Proof. By a similar argument to the proof of previous theorem, since
∣∣∣ f ′′ (x)

∣∣∣q is GA−convex function on
[a, b], from Lemma 2.1 and by using power-mean integral inequality, we have

|H (a, b; n)| ≤
ln x − ln a
n (n + 1)

1∫
0

a(n+2)tx(n+2)(1−t)
∣∣∣∣ f ′′ (atx1−t

)∣∣∣∣ dt +
ln b − ln x
n (n + 1)

1∫
0

x(n+2)tb(n+2)(1−t)
∣∣∣∣ f ′′ (xtb1−t

)∣∣∣∣ dt

≤ xn+2 ln x − ln a
n (n + 1)


1∫

0

dt


1− 1

q


1∫
0

( a
x

)(n+2)qt [
t
∣∣∣ f ′′ (a)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (x)

∣∣∣q] dt


1
q

+b(n+2) ln b − ln x
n (n + 1)


1∫

0

dt


1− 1

q


1∫
0

(x
b

)(n+2)qt [
t
∣∣∣ f ′′ (x)

∣∣∣q + (1 − t)
∣∣∣ f ′′ (b)

∣∣∣q] dt


1
q

.

By computing the above integrals, we deduce

|H (a, b; n)|

≤ xn+2 ln x − ln a
n (n + 1)


∣∣∣ f ′′ (a)

∣∣∣q

(

a
x

)q(n+2)
ln

(
a
x

)q(n+2)
−

(
a
x

)q(n+2)
+ 1(

ln
(

a
x

)q(n+2)
)2

 +
∣∣∣ f ′′ (x)

∣∣∣q

(

a
x

)q(n+2)
− ln

(
a
x

)q(n+2)
− 1(

ln
(

a
x

)q(n+2)
)2




1
q

+b(n+2) ln b − ln x
n (n + 1)


∣∣∣ f ′′ (x)

∣∣∣q

(

x
b

)q(n+2)
ln

(
x
b

)q(n+2)
−

(
x
b

)q(n+2)
+ 1(

ln
(

x
b

)q(n+2)
)2

 +
∣∣∣ f ′′ (b)

∣∣∣q

(

x
b

)q(n+2)
− ln

(
x
b

)q(n+2)
− 1(

ln
(

x
b

)q(n+2)
)2




1
q

,

which completes the proof.

Corollary 3.8. Under the assumptions of Theorem 3.8, if we choose n = 1, we have the following ineqality:∣∣∣∣∣∣∣∣a
2 f ′ (a) − b2 f ′ (b)

2
− a f (a) + b f (b) −

b∫
a

f (u) du

∣∣∣∣∣∣∣∣
≤

x3 (ln x − ln a)1− 2
q

2

∣∣∣ f ′′ (a)
∣∣∣q

(

a
x

)3q
ln

(
a
x

)3q
−

(
a
x

)3q
+ 1

9q2

 +
∣∣∣ f ′′ (x)

∣∣∣q

(

a
x

)3q
− ln

(
a
x

)3q
− 1

9q2




+
b3 (ln b − ln x)1− 2

q

2

∣∣∣ f ′′ (x)
∣∣∣q

(

x
b

)3q
ln

(
x
b

)3q
−

(
x
b

)3q
+ 1

9q2

 +
∣∣∣ f ′′ (b)

∣∣∣q

(

x
b

)3q
− ln

(
x
b

)3q
− 1

9q2




1
q

for all x ∈ [a, b] .

Remark 3.9. Several applications can be given to special means of two real number, by choosing f (x) = xs+1

s+1 , x ∈ R+,

s > 0 (
∣∣∣ f ′′ (x)

∣∣∣ is GA−convex function).

Remark 3.10. In our results, if we set an+1 f ′ (a) = bn+1 f ′ (b), we can obtain several new inequalities.
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