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On Gronwall’s Type Integral Inequalities with Singular Kernels

Maksat Ashyraliyev?®
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Abstract. In this paper, the generalizations of Gronwall’s type integral inequalities with singular kernels
are established. In applications, theorems on stability estimates for the solutions of the nonliner inte-
gral equation and the integral-differential equation of the parabolic type are presented. Moreover, these
inequalities can be used in the theory of fractional differential equations.

1. Introduction

Integral inequalities play an important role in the theory of differential equations. They are useful to
investigate properties of solutions of differential equations, such as existence, uniqueness, and stability,
see for instance [1-4]. Gronwall’s integral inequality [5] is one of the most widely applied results in the
theory of integral inequalities. Due to various motivations, several generalizations and applications of
Gronwall’s type integral inequality and their discrete analogues have been obtained and used extensively,

see for instance [1, 6-9]. In [1], the following generalization of Gronwall’s integral inequality with two
dependent limits is obtained.

Theorem 1.1. Assume that v(t) > 0 is a continuous function on [—1, 1] and the inequalities

t
u(t) < C+ L sgn(t) fv(s)ds, -1<t<1

-t
hold, where C = const > 0,L = const > 0. Then for v(t) the following inequalities
o(t) < Cexp (2LIH]), -1<t<1

are satisfied.

In the present paper, two generalizations of Gronwall’s type integral inequalities with singular kernels
are presented. In applications, theorems on stability estimates for the solutions of the nonliner integral
equation and the integral-differential equation of the parabolic type are presented. We note that these
results may have an application in the theory of fractional differential equations [10].
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2. Integral Inequalities with Singular Kernels

We consider the generalizations of Gronwall’s type integral inequalities with the singular kernel and
two dependent limits.

Theorem 2.1. Assume that v(t) > 0 is a continuous function on [-1,1], a(t) > 0 is an integrable function on [-1,1]
and the inequalities

t
o(t) < a(t) + L sgn(t) f (It = ls)fo(s)ds, -1<t<1 (1)
—t

hold, where L > 0, B > 0. Then for v(t) the inequalities

t
o(t) < a(t) + Z 2t (LI,I;;‘[;))) sgn(t) f(ltl —|s)" ta(s)ds, -1<t<1 (2)
n=1 —_t

are satisfied, where I'(B) is the Gamma function.

Proof. We denote
t
Bu(t) = L sgn(t) f(ltl —Is)fto(s)ds, -1<t<1. 3)
=t
Using (1), for nonnegative functions a and v we get
-1
o(t) < Z ka(t) + B'o(t), -1<t<1, (4)
k=0

where n € N. We will now show that B"v(f) — 0 as n — oo, which will prove (2). For this we first prove that

(LT (B))
I(np)

t
B'u(t) = 2" sgn(t) f(ltl — s o(s)ds, -1<t<1 (5)
=t

holds for any n € N. Note that (5) follows directly from (3) when n = 1. Assume that (5) holds for some
n € N. Then for 0 <t <1 we have

t t s
B () = Lf(t — Is|)f~1B"v(s)ds = L 2”_1% f(t — lsh)fsgn(s) f(lsl — 2" Yo(t)dds
—t —t =S

t s 0 -5
L (LT (B)" _ _ _ _
=L [ (=) | (s =) to(t)deds + | (E+s)P | (=s —|t])™ 1v(r)d7ds]

0

t t t
1 (LL(B))" _ _ _ _
=Ll o(t) | (t =) (s — 1) dsdr + | v(t) | (¢t —s)P7 (s + 1) dsdr
o o oo f

t -7 0 T
+ | o) | t+s)f N =s—1)Fldsdt + | v(7) | (t+5s)F (=s+ T)”ﬁ‘ldsd'c]
[] Jf

0
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t t—1 0 t+7
_ o (LE))" - nfe _ e
=L2 Wﬁ) fU(T)fZﬁ Wt —1—2)F 101sz+fv(’c)fvz/S Yt+1—2)F 1dZdT]

0 0 —t 0
LT n ! 0 1
_ LG(r(fﬁ))) Of o)t — DI 4 [ v(ﬂ(tﬂ)(mnﬁ—ldf] Of P11 - p)1dp

t
o LT@)' TET@P) (et
L2 T0R) T [ (F =)™ ()

So, we have

(Lf(ﬁ))”+1
n+1)p)

B 1o(t) = f (t = |s|) " VP 1y(s)ds, 0<t<1. (6)

In the similar way, for -1 <t < 0 we have

B = L [ - B Brotons = 12 ”@?ﬁg)’” f (-t = B sgn(s) [ - el ooudeds
t

—S

—t s 0 =S
(LT B)" _ - _ _
=L2"! (—t =91 | (s =)™ o(t)dtds + | (=t +s)P! | (=s — 7)) 1U(T)d1’ds\]
T || Jero |

]

—t —t 0

—t
- LT @)" _ _ _ _
=Ll (1) | (=t =) (s — 1) Mdsdr + | v(t) | (=t —s)P (s + 1) dsdr

—t -1 0 T
+ fv(’c) f(—t +5)P Y (=s — 1) ldsdt + fv(’c) f(—t +5)f (=5 + T)”ﬁ_ldsd’f]
0 t t t

—t —t-1 0 —t+t
=L Z”% f?](”[) f 2PNt — 1 — 2)"P ldzdT + fv(’c) (f PNt +7- z)”ﬁ‘ldzd’c]

0 0 t
wrey | ( 1
_ 71 on 4 N1 _ (n+1)p-1 B-1(1 — py-14
L2 P OfZJ(T)( t—1) dT+fv(T)( t+ 1) dT]Ofp 1-p) o
-t
L@ TOTOB) [ g
2 Tp) Tmp+p) f( t —|t) " DEly(T)dr.

So, we have

—t
n+1

Bn+1l)(t) =on
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Combining (6) and (7), we prove by induction that (5) holds for any n € N. Since B"v(t) > 0 for any n € N
and t € [-1, 1], we have

]
[t = 1sl) 0T s)ds
Brlo(t)  2LT(B)T(np) i _2ATEIep) .
Bro(t)  T((n+1)p) M = T+ 1P) as oo
[t = 1slyB-1o(s)ds

I

Therefore, lim B"v(tf) = 0. Then, by letting n — co in (4) and using (5), we obtain the inequalities (2).

Theorem 2.1 is proved.
Note that by putting a(t) = const in the Theorem 2.1, we obtain the following result.

Corollary 2.2. Assume that v(t) > 0 is a continuous function on [-1, 1] and the inequalities
o(t) < C+ L sgn(t) f(ltl —Is)fto(s)ds, —-1<t<1

hold, where C 2 0, L > 0, p 2 0. Then for v(t) the inequalities

2L|HI(
(t)<CZ(r(:;+ﬁi) -1<t<1

are satisfied.
Note that by putting f = 1 in the Corollary 2.2, we obtain the Theorem 1.1.

Theorem 2.3. Assume that v(t) > 0 is a continuous function on [-1,1], a(t) = 0 is an integrable function on [-1,1]
and the inequalities

o(t) <a(t)+L sgn(t)flsl“‘lv(s)ds, -1<t<1 (8)
hold, where L > 0,1 > a > 0. Then for v(t) the following inequalities hold

o(t) < a( t)+Z wsgn ) f IS (1Y = 1s19)" P a(s)ds, -1<t<1. 9)
Proof. We denote

Bu(t) =L sgn(t)flsl"‘_lv(s)ds, -1<t<1. (10)

Using (8), for nonnegative functions a and v we get

—_

o(t) < ; Bfa(t) + B'o(t), -1<t<1, (11)
0

o~
1l
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where 1 € N. Let us prove that

n-1yn

t
B"u(t) = MI_Z—L_1)'5:;]11(1.‘)‘[Isl"‘_1 (H = Is|)" M o(s)ds, -1<t<1 (12)
%

1(n

holds for any n € N. Note that (12) follows directly from (10) when n = 1. Assume that (12) holds for some
n € N. Then for 0 < t < 1 we have

anl(n—1)!

t
on-17 n+l ) ) o 1 1 ) o
= ————— | [ "7 | 1" s = 17)" T o(n)deds + | (=s)* | 1Tl ((=s)" ~ Il%) U(T)des]
a™1(n-1)! ‘of f f f
= anz_nl_(t/lL”__'i)' f,l_a 10(,_[)[ a— 1(5 n 1deT+ f( T)a 1v(T)f a— 1(5 - (- T)a)n 1deT

t - T
+ [ 7o) [ (=) (=s)* = 1) T dsdT + | (1) o) | (=) ((=5)" = (-1))"! dsdT]
o] fioraof

0

¢ 0
e [ f 7 (- %) o(2)dt + f (—0* (¢ = (~))" v(ﬂdf]-

a'n!
0 —t

! 271—an+1 ! ;
B™ o) =L | Is|* "B o(s)ds = ————— | Is|* Tsgn(s) | |2* (s|* = |71*)"t o(t)dds
g
—t t -S

So, we have

oMy, n+l

B””v(t)

f Is|*72 (1% = |s|¥)" v(s)ds, 0 <t<T1. (13)
In the similar way, for —1 <t < 0 we have

—t —t s
B"u(t) = L f |s|*~1B"v(s)ds = o f Is|*sgn(s) f 1T (Is* = |71%)" ! o(t)dTds
21— 1) g

t t -S

on=17 n+1 ( 1 1 n-1 1 1 N a1
= ———| [ s | KN = 1) T v(odeds + | (=) | [Tl ((=s)* = Il U(T)d’[ds]
@ (= 1) Of f f f
= anz_nl_(lnL”:'i)' fTa 10(,_[)[ a— 1(5 n 1 dsdt + f( ) 1v(T)f a— 1(8 — (- T)a)n 1 dsdr

—t - T
+ [ 7o) [ (=) ((=s) = 1) T dsdT + | (1) o) | (=) ((=5)" = (-1))"! dsdT]
freof Jiorof
0

0

~t
_ [ f 71 (=% — 1) o(r)dt + f (0" (=D = (=D))" vmdf]-

an!
0 t
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So, we have

oMy, n+1

Bn+1’0(f)

flsl“ (=% = Is|9)" v(s)ds, -1<t<O. (14)

Combining (13) and (14), by induction we prove that (12) holds for any n € N. Since B"v(f) > 0 for any
n € N and

I#]
[ 181071 (1 = 1sI)" o(s)ds
B*lo(t) 2L i
= — <— >0 as n—> oo,
Bu(t) na na
S 1slet (e = Jsl)"™ ™ o(s)ds

It

we get lim B"v(f) = 0. Then, by letting n — oo in (11) and using (12), we obtain the inequalities (9).

Theorem 2.3 is proved.
Note that by putting a(t) = const in the Theorem 2.3, we obtain the following result.

Corollary 2.4. Assume that v(t) > 0 is a continuous function on [-1,1] and the inequalities
v(t) < C + L sgn(t) flsl“‘lv(s)ds, -1<t<1

hold, where C > 0,L > 0,1 > a > 0. Then for v(t) the following inequalities hold
2L[t

v(t)SCeXp( ), -1<t<1.

Note that by putting @ = 1 in the Corollary 2.4, we obtain the Theorem 1.1.

3. Applications

First, we consider the nonliner integral equation

t
x(t) = g(t) + ff(t, s;x(s))ds, -1<t<1. (15)
—t
Assume that the function g(f) is continuous on [-1, 1]. Suppose the kernel f of the equation (15) is continuous
n [-1,1] X [-1,1] X (—o0,o0) and f satisfies on [-1,1] X [-1, 1] X (-0, o0) the following condition
|f 5| < LAt = )P M), 0 <lsl <l <1 (16)
forL>0and > 0.

Theorem 3.1. Suppose that the assumption (16) holds. Then, for the solution of equation (15) the following stability
estimate

(2LItT(B))"
x(t) < max |g (t))z TB+ 1)

is satisfied for any t € [-1,1].
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The proof of the Theorem 3.1 is based on the Theorem 2.1.

Second, we consider the integral-differential equation (see [11])

t

% + sgn(t)Au(t) = fB(s)u(s)ds +f(t), -1<t<1 17)

—t
in an arbitrary Banach space E with unbounded linear operators A and B(t) in E with dense domain
D(A) c D(B(t)) and

_ M
IBOA ek < |t|1—1“

, 12a>0, te[-1,00U(0,1]. (18)

A function u(t) is called a solution of the equation (17) if the following conditions are satisfied:

i) u(t) is continuously differentiable on [-1,1]. The derivatives at the endpoints are understood as the
appropriate unilateral derivatives.

ii) The element u(t) belongs to D(A) for all t € [-1, 1], and the functions Au(t) and B(¢)u(t) are continuous
on[-1,1].

iii) u(t) satisfies the equation (17).

A solution of the equation (17) defined in this manner will from now on be referred to as a solution of
the equation (17) in the space C(E) = C([-1, 1], E) of all continuous functions ¢(t) defined on [-1,1] with
values in E equipped with the norm

= max Hlle.
lpllce = max lip()le

We consider (17) under the assumption that the operator —A generates an analytic semigroup exp{—tA}
(t > 0), i.e. the following estimates hold:

lee—e <M, (tAe™pmp <M, 0<t<1. (19)

Theorem 3.2. Suppose that assumptions (18) and (19) for the operators A and B(t) hold. Assume that f(t) is a
continuously differentiable on [—1, 1] function. Then there is a unique solution of the equation (17) and the following
stability inequalities

a
dt

1
, NNAu®)lle < M {1 £O)llE + fllf’(S)IIEdS
F -1

hold for any t € [-1,1], where M* does not depend on f(t) and t.

The proof of the Theorem 3.2 is based on the following formula [11]
t
u(t) = sgn()A~Lf(t) — sgn(t)e "M A7 £(0) — sgn(t) f e~ (DA AL £7 () ds
, 0
+ sgn(t)f[l - e‘('”‘ls‘)A]A‘lB(s)u(s)ds, -1<t<1
t

and the Theorem 2.3.
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We note that the inequality

du(t)
dt

max
—1<t<1

+ Au(t)||p < M* ¢
_* max [lAu(b)lle < M* max If(©)le

does not hold in general in the arbitrary Banach space E and for the general strong positive operator A
(see [12]). Nevertheless, we can establish the following theorem.

Theorem 3.3. Suppose that the estimates (19) for the operator A hold and

, 1>a>0, te[-1,00U(0,1].

_ M
IBOA|g, -, < ml_la

Assume that f(t) is a continuous function on [-1, 1]. Then there is a unique solution of the equation (17) and stability

inequalities

du(t)
dt

H , NAu®)lle, <M*(A) max |If(B)lle,
Ex -1<t<1

hold for any t € [-1,1], where M*(A) does not depend on f(t) and t. Here the fractional spaces Ey = EA(E,A)
(0 < A < 1), consisting of all v € E for which the following norms are finite:

|0 llg,= supz' ™ || Aexp{—zA}v e .
0<z

Finally, we note that this approach allows us to extend our discussion to the study of the initial-value
problem

& t
;ﬁiﬂ +Aut) = f B(pyu(p)dp + f(B), -1<t<1, 0

Z
u(0) =up, u'(0) =u

for integral-differential equation in an arbitrary Banach space E with unbounded linear operators A and
B(t) in E with dense domain D(A) C D(B(t)) satistfying the assumption (18). The stability estimates for the
solution of the equation (20) can be obtained in the similar way.

4. Conclusions

In this paper, two generalizations of Gronwall’s type integral inequalities with singular kernels are
presented. In applications, theorems on stability estimates for the solutions of the nonliner integral equation
and the integral-differential equation of the parabolic type are presented. Moreover, applying the results of
the paper [10], the fractional differential equation

Do) = f(t,o(t), O0O<a<1l, -1<t<1

can be investigated in the similar way, where
t
2% — 1 -,/
D3o(t) = Ia _a)sgn(t) f(ltl Is|)~%v’ (s)ds.
—t

The stability estimates for the solution of this fractional differential equation can be obtained in the similar
way.
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