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Abstract. In this paper, we obtain the general solution and investigate the generalized Hyers-Ulam-Rassias
stability for the new mixed type additive and cubic functional equation

3f(x+3y) — f3x+y) = 12[f(x + y) + f(x - y)] ~ 16Lf @) + F()] + 12 (2y) ~ 4 (2x).

As some corollaries, we show that the stability of this equation can be controlled by the sum and product
of powers of norms.

1. Introduction

In 1940, Ulam [26] raised the following fundamental question in the theory of functional equations
concerning the group homomorphism:

“When is it true that a function, which approximately satisfies a functional equation must be close to an
exact solution of the equation?”

One year later, Hyers [10] gave an affirmative solution to the above problem concerning the Banach
space. The result of Hyers was generalized by Aoki [1] for approximate additive mappings and by Rassias
[23] for approximate linear mappings by allowing the difference Cauchy equation || fix+y)— flx) - f (y)”
to be controlled by &(||x|" + ” pr). The stability phenomenon that was proved by Rassias [23] is called the
Hyers-Ulam-Rassias stability.

In 1982-1989, J. M. Rassias [19-22] generalized the Hyers stability result by presenting a weaker condition
controlled by a product of different powers of norms. In fact, he proved the following theorem:

Theorem 1.1. Let X beareal normed linear space and Y a real complete normed linear space. Assumethat f : X —'Y

is an approximately additive mapping for which there exist constants 0 > 0 and p,q € Rsuch thatr =p +q # 1 and
f satisfies inequality

7+ )= @ - ] < ol ol M
forall x,y € X. Then there exist a unique additive mapping L : X — Y satisfying
0 . .
Ife) — L@l < ;I @)
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for all x € X. If, in addition, f : X — Y is a mapping such that the transformation t — f(tx) is continuous in
t € R for each fixed x € X, then L is an R-linear mapping.

In 1994, a generalization of Rassias [23] theorem was obtained by Gavruta [9], who replaced ¢(|x|| + ” pr)
by a general control function ¢(x, y). This idea is known as generalized Hyers-Ulam-Rassias stability. Since
then, general stability problems of various functional equations such as quadratric, cubic, quartic, quintic,
sexitic and mixed type of such functional equations and also Pexiderized versions with more general
domains and ranges have been investigated by a number of authors [2, 4, 8, 11, 12, 16].

Hyers-Ulam-Rassias stability for a mixed quadratic and additive functional equation

f@+2y) + fx = 2y) +4f () = 3[fx + y) + f(x = Y] + f2y) = 2f(y) )

in quasi Banach Space was dealt by Moradlou et al., in [15]. It is easy to see that the function f(x) = ax? + bx
is a solution of the functional equation (3); for the general case of (3) see [5] and [6].
In 2001, J. M. Rassias [18], introduced the cubic functional equation

fle+2y) =3f(x+y) +3f(x) - flx —y) = 6f(y) 4)

and established the solution of the Ulam-Hyers stability problem for these cubic mappings. It may be noted
that the function f(x) = cx® is a solution of the functional equation (4). Hence, every solution of the cubic
functional equation (4) is said to be a cubic function. Other versions of a cubic functional equation can be
found in [3], [7], [13] and [14].

In 2010, J. M. Rassias et al., [17], found the general solution and Ulam stability of mixed type cubic and
additive functional equation of the form

3fx+y+2)+ f(—x+y+2)+ fx—y+2)+ flx+y—2) (5)
H[f() + f(y) + f@] =4lf(x + y) + f(x +2) + f(y + 2)]

They also studied the stability of the equation (5) controlled by a mixed type product-sum of powers of
norms. In the same year, K. Ravi et al., [24], investigated the general solution and Ulam stability of mixed
type cubic and additive functional equation (5) in fuzzy normed spaces.

In this paper, we discuss a new additive and cubic type functional equation of the form

3f(x+3y) = fBx +y) = 12[f(x + y) + f(x = Y] = 16[f(x) + f(Y)] + 12f(2y) - 4f(2%) (6)

and obtain its general solution and also investigate its generalized Hyers-Ulam-Rassias stability in Banach
spaces. Finally, we prove that the stability of the equation (6) can be controlled by the sum and product of
powers of norms.

2. General Solution of the Functional Equation (6)

Throughout this section, we assume that X and Y are linear spaces. We will find out the general solution
of (6). Firstly, we indicate two following lemmas which play fundamental role to reach our goal.

Lemma 2.1. A mapping f : X — Y is additive if and only if f satisfies the functional equation

3f(x+3y) = fBx +y) = 12[f(x +y) + f(x = )] = 24f(x) + 8 (y) )
forallx,y e X.
Proof. Suppose that f is additive. Then, the standard additive functional equation

fx+y) = fe)+ fy) (8)
holds for all x, y € X. Putting x = y = 0in (8), we see that f(0) = 0, and setting (x, y) by (x, x) in (8), we obtain

f(2x) = 2f(x) ©)
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for all x € X. Replacing y by 2x in (8) and using (9), we get

f(3x) =3f(x) (10)

for all x € X. Interchanging y into —x in (8), we arrive at f(—x) = —f(x) for all x € X. Consequently, f is odd.
Setting (x, y) by (x + y, x — y) in (2.2) and multiply the resultant by 12, we have

24f(x) =12[f(x + y) + f(x — y)] (11)
for all x, y € X. Switching (x, y) to (x,3y) in (8) and multiplying the resultant by 3, we get

3f(x +3y) = 3f(x) + 9 (v) (12)
for all x, y € X. Substituting x by 3x in (8), we obtain

fBx+y) =3f(x)+ f(y) (13)
for all x, y € X. Subtracting (13) from (12), we deduce that

3f(x+3y) - fBx+y) =8f(y) (14)

for all x € X. Adding (11) and (14), we arrive (7).
Conversely, assume that f satisfies the functional equation (7). Setting (x, ¥) = (0,0) and (x, 0) in (7), we
get f(0) = 0 and

f3x) = 3f(x) (15)
respectively, for all x € X. Replacing (x, y) by (0, x) in (7) and using (15), we obtain

f=x) = ~f(x) (16)
for all x € X. Thus f is an odd function. Letting (x,y) = (=x, x) in (7) and applying (16), we have

f2x) = 2f(x) (17)
for all x € X. Interchanging (x, y) into (x — y, x + y) in (7), we get

3f(dx +2y) - f(4x = 2y) = 24[f(x) = f(y)] = 24f(x — y) + 8f (x + V) (18)

for all x,y € X. Replacing y by —y in (18), using the oddness of f, and then adding the resultant equation
to (18) and again applying (17), we arrive at

f@x+y)+ f2x—y) =12f(x) —4f(x + y) = 4f(x - y) (19)
for all x, y € X. Setting (¥, y) = (¥, —2y) in (19) and using (17), we get

flr=y)+ flx+y) = 6f(x) = 2f(x — 2y) — 2f(x + 2y) (20)
for all x, y € X. Replacing x, y, by , x in (20), respectively, and using the oddness of f, we obtain

fa+y) - flx—y) =6f(y) +2f(2x—y) - 2f2x +y) (21)
for all x, y € X. Switching y to —y in (21), we deduce that

2f(2x—y) =2f2x+y) - 6f(y) — fx -y + f(x +y) (22)

for all x, y € X. Plugging (22) into (19), we have
4f2x+y) = -9f(x+y) = 7f(x —y) + 24f(x) + 6f(v) (23)
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for all x, y € X. Replacing x + y by y in (23), we get
7f(2x — y) = ~4f(x +y) — 6f(x 1) ~ 9f(y) + 24f() (24)
for all x, y € X. Adding (23) and (24), we obtain

Fx+ )+ fQx=y) =~ T fx+ ) = 0= §) + 5 f 1) + e f ) 25)
for all x, y € X. Now, it follows from (19) and (25) that

—1f(x +y) - 13f(x —y) = 2f(y) - 24f(x) (26)
for all x, y € X. Replacing x by 2x in (19) and in the resultant again using (19), we get

flx+y)+ fldx —y) = —24f(x) + 16f(x + y) + 16f(x — y) 27)
for all x, y € X. Putting 2x + y instead of y in (19) and applying the oddness of f, we obtain

flx+y) = f(y) = 12f(x) = 4fBx +y) + 4f(x +y) (28)

for all x, y € X. Replacing y by —y in (28), using oddness of f and adding the resultant equation with (28),
we have

flx+y)+ f(dx —y) = 24f(x) —4[fBx + y) + fBx — )] +4[f(x + y) + f(x — )] (29)
for all x, y € X. Substituting y by x + y in (19) and using oddness of f, we arrive
f@x+y)+ flx —y) = 12f(x) = 4f(2x +y) + 4f(y) (30)

for all x, y € X. Replacing y by —y in (30) and combining the resultant equation with (30) and using (19),
we get

fBx+y)+ fBx—y) = -24f(x) + 15f(x + y) + 15f(x - y) (31)
for all x, y € X. Plugging (31) into (29), we have

fldx +y) + f(dx —y) = 120f(x) — 56f(x + y) — 56f(x — y) (32)
for all x, y € X. Combining the equations (27) and (32) to obtain

fle—y) =2f(x) - flx+y) (33)

for all x, y € X. The equations (33) and (26) necessities (8). Therefore, f is additive function. [J
The following lemma is proved in [25, Theorem 2.2].
Lemma 2.2. A mapping f : X — Y is cubic if and only if f satisfies the functional equation
3f(x+3y) = fBx +y) = 12[f(x + y) + f(x = y)] =48/ (x) + 80f(y) (34)
forallx,y e X.

Theorem 2.3. A function f : X — Y satifies the equation (6) for all x, y € X if and only if then there exist additive
functions A,H : X — Y and cubic functions C,G : X — Y such that f(x) = H(x) + G(x) for all x € X, where
H(x) = A(2x) — 8A(x) and G(x) = C(2x) — 2C(x).
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Proof. Define the mappings A,H,C,G: X — Y via

f@) = f(=x)

A(x),C(x) := >

and
H(x) := A(2x) — 8A(x), G(x) := C(2x) — 2C(x)
for all x € X. Then, we have

A(0) =0, C(0) =0, A(=x) = =A(x), C(=x) = -C(x),

3A(x + 3y) — ABx + y) = 12[A(x + y) + A(x — y)] — 16]A(x) + A(y)] + 12AQ2y) — 4A(2x) (35)
for all x, y € X in which U € {A, C, H, G}. First, we claim that H is additive. Setting (x, y) by (x, x) in (35), we
have

A(4x) = 10A(2x) — 16A(x) (36)
for all x € X. Using H(x) = A(2x) — 8A(x) in (36), we get H(2x) = 2H(x) for all x € X. Therefore the equation
(35) when U = H is reduced to the form

3H(x +3y) — HGx + y) = 12[H(x + v) + H(x — y)] — 24H(x) + 8H(y)
for all x,¥ € X and hence Lemma 2.1 guarantees that H is additive. Secondly, we claim that G is cubic.
Letting (x, v) by (x, x) in (35) for A = C, we obtain

C(4x) = 10C(2x) — 16C(x) (37)
for all x € X. Using G(x) = C(2x) — 2C(x) in (37), we have G(2x) = 8G(x) for all x € X. So, the equation (35)
can be rewritten as

3G(x + 3y) — G(3x + y) = 12[G(x + y) + G(x — y)] — 48G(x) + 80G(y)

for all x,y € X when A = G. Now, Lemma 2.2 implies that G is cubic. Hence, f : X — Y satifies the
equation (6), and thus f(x) = H(x) + G(x) for all x € X.

Conversely, suppose that there exist additve functions A, H : X — Y and a cubic functionsC,G: X — Y
such that f(x) = H(x) + G(x) for all x € X. We have H(2x) = 2H(x) and G(2x) = 8G(x) for all x € X. It follows
from Lemmas 2.1 and 2.2 that

3f(x+3y) = fBx +y) = 12[f(x + y) + f(x = Y] + 16[f(x) + f(y)]
-12f2y) +4f(2x) = 3H(x + 3y) —HGBx + y) — 12[H(x + y) + H(x — y)]
+ 16[H(x) + H(y)] — 12H(2y) + 4H(2x) + 3G(x + 3y) — G(3x + v)
- 12[G(x + y) + G(x — y)] + 16[G(x) + G(y)] — 12G(2y) + 4G(2x)
=3H(x +3y)-HGBx+y) - 12[H(x + v) + H(x — y)] + 24H(x) — 8H(y)
+3G(x + 3y) — G(Bx + y) — 12[G(x + y) + G(x — y)] + 48G(x) — 80G(y) = 0
for all x, y € X. This finishes the proof. [

3. Stability of the Functional Equation (6)

From now on, we assume that X is a normed space and Y is a Banach space. For convenience, we use
the following difference operator for a given mapping f: X — Y

Df(x, y) = 3f(x +3y) = fBx + y) = 12[f(x + y) + f(x =] + 16[f(x) + f(y)] = 12f(2y) + 4f(2x)  (38)

forallx, y € X. Inthe upcoming result, we investigate the generalized Hyers-Ulam-Rassias stability problem
for functional equation (6).
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Theorem 3.1. Let | € {—1,1}. Suppose that an odd mapping f : X — Y satisfies

IDf(x, YII < P(x, v)
forallx,y € X. If ¢ : X x X — [0, 00) is a function such that

Y20 (53

forall x € X and that lim,, 21"(1)(%, %) =0forall x,y € X, then the limit

Ax) = lim 2 [f (21(:—1) ) -8f (2%)]

exists for all x € X, and A : X — Y is a unique additive function satisfies (6) and

1 w— .
@0 -8rw - Al < 5 Y 20 (555 507)

AT
=5

forallx e X.
Proof. Replacing y by x in (39), we have
1
I£42) = 10£2x) + 16/ @) < 5(x, )
for all x € X. By (42) we have
1
IH(2x) = 2H)I| < 5(x, x)

for all x € X, where H(x) = f(2x) — 8f(x). It follows from (43)

X
- \l 1\+2 qb( 17 I+1 )
272

HH(x) —2&1(%)

1234

(39)

(40)

(41)

(42)

(43)

(44)

for all x € X. Again, by switching x to J in (44) and combining the resultant equation with (44), we get

[I+1]

13 . x «x
2 Z 2l¢(zl(z+l 21(1+I))

j= =1
-2

HH(x) 221H(221)

for all x € X. An induction argument now implies that

1 i X X
=2 Z z (P( l(i+)’ zl(i+l))

for all x € X. Multiplying both sides of inequality (45) by 2" and x by 5, we get

ZlmH ( ) 2(m+n)lH ( X )
oml 2(m+n)l

IA

o255 )

\I+l|

(i+m)l X X
Z 2 (P (2(1+m+1)l 2(i+m+)l )

_ =1 1I

ST
m+n—

- il X X
2 Z 2 (P( Sl 2(i+l)l)'

iy 111
1=m+=

[N

(45)
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Since the right hand side of the above inequality tends to 0 as m — oo, the sequence {2"H (5w)} is Cauchy.

Then the limit
1 In i 1 In X _ i
A = tim 2" (1) = tim 2" (£ (5755) - 87 (57

exist for all x € X. On the other hand, we have

lA(2x) — 2A(x)l|
= tim [2 (£ (5w 87 (30 ) 2" ( (o) -5 (5]
= lim, [21’1H (509) =21 (55 )]

- I(n-1) In
=2 lim [2 H(zl(n 5 ) 2 H(zln )] 0 (46)

n—oo

for all x € X. Let Dy(x, y) = D¢(2'x,2'y) — 8D¢(x, y) for all x € X. Then we have
y f y S

Du(x,y) = hm ZMDH(ZM 2‘11/11)
= Jim 2" Df(z«f—l)’%)_wf(z%’z%)
< lim 2 20 Z)Df(zz(n D’ 21(n ) H +3§£108’21an(2114 2]l/n)
<23§22m10¢(ymn 250)+83322m¢(§%’§%):0'

This means that A satisfies (3). By (46), it follows that A is additive. It remains to show that A is unique
additive function which satisfies (41). Suppose that there exists another additive function A’ : X — Y
satisfies (41). We have A(2"x) = 2" A(x) and A’(2"x) = 2" A’(x) for all x € X. The last equalities imply that

lA(x) — A’ ()|l
Ale) - (35)
521"[ A(Z%)_f(;n) Sf(zl")

i x x
< Z 21¢(21(1+l 21(1+l))

=1 1\

- Zln

]

() - £ (22) - 87( )

forall x € X. Taking n — oo, we see that the right hand side of above inequality tends to 0. Thus, A(x) = A’(x)
for all x € X. This completes the proof. [J

We have the following result which is analogous to Theorem 3.1 for another case of f. The method is
similar but we bring it for the sake of completeness.

Theorem 3.2. Let I € {—1,1}. Suppose that an odd mapping f : X — Y satisfying
forallx,y € X. If ¢ : X x X —> [0, 00) is a function such that

iSﬂ‘P(%' 31) < (48)
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for all x € X and that lim, 8"¢(5%, 57) = 0 for all x,y € X, then the limit

Clx) = 11m8ln [f(zln 1)) Zf(z%)]

exists for all x € X, and C : X — Y is a unique cubic mapping satisfies (6) and also

21+l 7 Dl(i+1)

||f(2x)—2f(x)—C(x)||5%ilg%(L,L)

P ‘[,
=5

forallx e X.

Proof. Interchanging y into x in (47), we have
|| £@x) = 10£(2x) + 16f(x)|| < ¢ X, X)

for all x € X. Put G(x) = f(2x) — 2f(x) for all x € X. By (50), we obtain
IG@) - 86l < 560

for all x € X. Replacing x by 7 in (51), we get

HG(x) 8G (;) <5 HCP( m,;;)

1236

(49)

(50)

(51)

(52)

for all x € X. Once more, by replacing x by 2; in (52) and combining the resultant equation with (52), we

deduce that

2
1 i X X
' 2 2 81¢(21(i+1)’ 21(i+1))

_ =1
2

HG(x) G (221)

for all x € X. The above process can be repeated to obtain

1+

n
1 . x «x
) ; 8 ¢(2l(i+l)’ 21(i+1))

o s )

for all x € X. Multiplying both sides of inequality (53) by 8" and x by 5, we have

i

2
! meig (X< 1 (i+m)l X X
8’”G( ) g G(z(m+n)l)" < 2 Z g ¢(2(i+m+l)l’ 2(i+m+1)l

A=t
=%

m+n— “J'”

1 i X X
2 Z 8 (P( 2Dl 2(i+l)l)'

=1 U

(53)

Letting m — oo in the above relation, we see that {8"G(3;)} is a Cauchy sequence. Due to the completeness

of Y, this sequence is convergent to C(x). In other words,

Cl) = lim sl"G( ) = lim 8" (f(%) - Zf(%)) (x € X).

n—oo n—-o00
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We now have

@9 ~sceal = tim |8 (# (o0 -2 ()~ (8" ((z0) -2 (37))]
= Jim, [Slnc (2l(n ) ) gG (2ln )]
_8}%[8’"“(;(21(” ,)) 8"G (zm)] 0 (54)

for all x € X. Putting Dg(x,y) = D f(2’x, 2ly) - 2D ¢(x, y) for all x € X, we obtain

Dc(x,y) = hm ‘8’”2) 2’” ;ﬂ)
= tim 8" |0 (g )~ 20 (5535
<3£{§08'81” I)Df(zl(n D’ 21(1{ 1)) + Jim 2 SIan(zln 2]l/n)
<8 lim 80 (55 5rimg ) + 2 lim 870 (37 37 ) =

Hence, C satisfies (6). Now the relation (54) showes that C is cubic. If there exists a cubic mapping
C’ : X — Y satisfies (49), then we have

C(zln) (2”’)
38’”[ (zln) (2ln) zf(zl”)
< Z 8”<P(21<3f+1> 2l:+’>)

lI=1] 1I

IC(x) - C'(x)]| = 8™

]

¢ (3)-/(7)-(7)

for all x € X. The right hand side of above inequality goes to 0 as # — co. Thus C is a unique mapping. [J

The next result shows that under which conditions a mixed type additive and cubic functional equation
can be stable.

Theorem 3.3. Let [ € {-1,1}. Let f : X — Y be an odd mapping satisfying
IDf(x, Il < ¢, y) (55)
forall x,y € X. Suppose that ¢ : X x X — [0, o0) is a function such that
x
y 219 (25 2] < oo and Zs” (5 27) <o (56)
i=1

for all x € X and that lim, 2" (3, %) = 0 and lim, 8" (3, 2%) = 0 forall x,y € X. Then, there exist a unique
additive function A : X — Y and a unique cubic function C : X — Y such that

I - 4w - cw]| < 5 Z(zd 8% (505 377 (57)

_ =1 1\

forallx e X.
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Proof. By Theorem 3.1 and Theorem 3.2, there exist a unique additive mapping Ay : X — Y and a unique
cubic mapping Cp : X — Y such that

o)

lr@0 -8 - a0l < 3 Y 2% (555 577 )

i— =1
=5

and

)

1 .
lren -2/ -l < 5 Y, 8 (555 505) 59)

-1
=%

for all x € X. Plugging (58) into (59) to obtain

Putting A(x) = —%Ao(x) and C(x) = %Co(x) in (60), we get (57). O

£ + 2A0(@) = 2Co)

il il g
D) Z (2°+8 )¢( I+l 21(1+1)) (60)

_ =1 1\

In the following corollaries, we establish the Hyers-Ulam-Rassias stability problem for functional equa-
tion (6).

Corollary 3.4. Let p and O be nonnegative integer numbers with p # 1, 3. Suppose that an odd mapping f : X — Y
satisfies
[Dsex ll < 0t + )

forall x,y € X. Then there exist a unique additive function A : X — Y and a unique cubic function C : X —'Y
satisfying

|70 - 460 - c < £ | + g I

forallx € X.
Proof. The result follows from Theorem 3.3 by taking ¢(x,y) = 0 (||x||” + ||y||p).

Corollary 3.5. Let 1,5 and 6 be nonnegative integer numbers with p = r +s # 1,3. Suppose that an odd mapping
f: X — Y satisfies

D, )| < 01 Iy

forall x,y € X. Then there exist a unique additive function A : X — Y and a unique cubic function C : X — 'Y

satisfying

0 1
769 - A0 - | < 15 | 1 * g |
forall x € X.

Proof. Choosing ¢(x,y) = 6 ||x||" ||y||s in Theorem 3.3, one can obtain the desired result. [
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