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Inequalities Pertaining to Rational Functions with Prescribed Poles
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Abstract. Let R, be the space of rational functions with prescribed poles. If t,t, ..., t, are the zeros of
B(z) + A and s4, 55, ..., s, are zeros of B(z) — A, where B(z) is the Blaschke product and A € T, then forz € T

@ < P fmax ()2 + (max 171

Let 7,5 € R, and assume s has all its n zeros in D™ U T and |r(z)| < |s(2)| for z € T, then for any a with |a] <

1
andforzeT :
[¥'(z) + aB’(2)r(z)| < |s'(z) + aB’(2)s(z2)|.

In this paper, we consider a more general class of rational functions rof € Ry,x,,, defined by (rof)(z) = (f(2)),
where f(z) is a polynomial of degree m* and prove some generalizations of the above inequalities..

1. Introduction, Background and Notation

Let P, be the space of complex polynomials of degree at most n and C be the complex plane. Let

T ={z € C:|z| = 1} and D~ denotes the region inside T and D* denotes the region outside T. For F defined
on T in the complex plane, we set

M(F 1) := sup |[F(z)|

zeT
and

m(F, 1) := inf|F(z)|.
zeT

Let p € P, then concerning the estimate of M(p’, 1) on T, we have by a famous result due to Bernstein

[4]:
M({p’,1) <nM(p,1). (1)

This result is sharp and equality holds for the polynomials having all zeros at origin.
For the class of polynomials p € P,,, which does not vanish inside the unit disk, we have

M(p',1) < ZM(p, 1) @

Equality in (2) holds for p(z) = Az" + p, [A] = |u| = 1.
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Inequality (2) was conjectured by Erdos and latter on verified by Lax [7].

Let a1, 4y, ...,a, be n given points in D*. We consider the following space of rational functions R, with
prescribed poles:

Ry = Ry(m, a0, ...,a,) = [% tpE Pn],
where
w(z) = (z—m)(z —ap)...(z — ay).
Let

B(z) = z"w(1/z) _ ﬁ 1-az

w(z) L1z —ag !

where B(z) € Ry, is called Blaschke product. Note that |B(z)| = 1, whenz € T.
Li, Mohapatra and Rodriguez [9] extended Bernstein inequality to rational functions r € R, with
prescribed poles a1, a, ...a, replacing z" by Blaschke product B(z) and proved:

Theorem 1.1. If z € T, then for any r € Ry,

Ir'(2)] < |B'(2)|sup [r(z)l.

zeT

Further more, the inequality is sharp and equality holds for 7(z) = aB(z) with |a| = 1.
They also proved the following result for rational functions with restricted zeros, which generalize
polynomial inequality of Erdés and Lax [7].

Theorem 1.2. Suppose r € Ry, has all its zeros in T U D*, then forz € T
/ 1 ’
¥ @) < 5B @)lsup ).
zeT
The inequality is sharp and equality holds for r(z) = aB(z) +  with |a| = |B].
As a refinement of Theorem 1.2, Aziz and Shah [3] proved the following:

Theorem 1.3. If r € R, and all zeros of r liein T U D*, then forz € T
/ 1 ’
@ < 5B @[Me D - me 1),

where M(r,1) = sup, [7(z)| and m(r, 1) = inf,cr [r(2)|.
Equality holds for r(z) = B(z) + ke, k > 1 and « is real.
Recently Li [8] proved the following interesting result.

Theorem 1.4. Letr,s € R,, and assume s has all its n zeros in D~ U T and |r(z)| < |s(z)| for z € T, then for
any a with |a| < % and forze T

|7 (z) + aB’ (2)r(z)| < |s'(z) + aB’(z)s(z)|.

This result is sharp and equality holds for #(z) = s(z).

In the literature [1-11], there exists several improvements of inequality (1). Here we mention the
following improvement of inequality (1) due to Mohapatra, O'Hara and Rodriguez [10], which was also
independently proved by Aziz[1].
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Theorem 1.5. Letp € Py, t1, 15, ..., t, be the zeros of 2" + u and sy, 55, ..., S, be zeros of 2" — u, where u € T,
then

M(p',1) < 5[(max [p(t))* + (max [p(s¢))’]

Recently among other things Li, Mohapatra and Rodriguez [9] proved the following Bernstein-type
inequality for rational functions r € R, similar to Theorem 1.5.

Theorem 1.6. Let r € R,,. if {1, t5, ..., t,, are the zeros of B(z) + A and sy, 53, ..., S;; are zeros of B(z) — A, where
AeT, thenforzeT
B'(2)|
2
The inequality is sharp and equality holds for r(z) = A + B(z) with A € T.

In this paper, we first prove a result for rational functions having all zeros in D*, which is an
improvement of a result recently proved by Li [8] and also provides a generalisation of a result earlier
proved by Aziz and Shah [3]:

Now, we consider a class of rational functions r(f(z)), defined by

p(f(2))
w(f(z)’

where f(z) is a polynomial of degree m* and r(z) is a rational function of degree 7, so that rof € Ry«n, and

¥ (2)] < [(max Ir(te)))? + (max Ir(s0))*]-

(rof)(z) = 1(f(2) =

w(f@) = [[-ap).

=1

Hence, in case of Balaschke product 8(z) is given by

B(z)

Cw(f@)  2"w(f) Y 1-agz
T ow(f@) T w(f@) [ z-a )

=1

Now onwards, we shall always assume that all poles a1, 4y, ..., @+ of ¥(f(z)) lie in D*. For the case
when all poles are in D™, we can obtain analogous results with suitable transformations.

2. Main Results

To prove these theorems, we make use of the following lemmas. The first two lemmas are due to
Li, Mohapatra and Rodriguez [9].

Lemma 2.1. Suppose A € T. Then the equation B(z) = A has exactly n simple roots, say t1,t, ..., t, and
all lie on the unit circle T. Moreover

B () o -1
= ork=1,2,3,..,n. 3

Lemma 2.2. If [x| = |y| = 1, then
(x =y = —xylx -y 4)
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Lemma 2.3. If rof € Rp*n and z € T, then

m*n

B B
B - £ @ fOIBE) - Al = 22 Yt W2 ®
where ¢, = cx(A) is defined for k = 1,2,3, ..., m*n by
B
= Lo ©
Furthermore, forz € T
B |BE) - AP
BG) ; ) Iy @
and also
, ZB'(Z) la -1
18@)l = Z " ®)

where t, k =1,2,3,...,m*n are defined in Lemma 2.1.

Proof . Let g(z) = w*(f(z)) — AMw(f(2))). Since the solution of B(z) = A is same as polynomial equation
w*(f(z)) — Aw(f(z)) = 0, which has degree exactly m*n, it follows that it has exactly m*n roots counting
multiplicities. If these roots are denoted by t1, t, ..., t*n, then for some K # 0

*

9(2) = w(f@)BE) - Al =K [ [z - ).
k=1

For rof = L € Rpnen, let p(f(2)) = pz""" + ..
Then p
P(f(Z)) - EQ(Z) € Pm*n—l‘

The numbers f1, t5, ..., ty*, are distinct, so by Lagranges interpolation formula, we obtain

Z p(f(t))q(z)

Pt - TG -t

Dividing both sides by g(z) and differentiating, we get

(P(f(z))) mz” 7' (t)(z = t)(p(f(t))) = p(f(t))q’ (k)

q(z) (@' (t)(z — 1))?
_ V)
B ,;‘ 7' (k) (z — t)? ©)

Since p(f(2)) = w(fE)(f(2)) , 4(2) = W(fE)[B(z) — A] and f are the roots of B(z) = A. Therefore p(f(t)) =
w(f()r(f()) and g (t) = w(F(#)B' (k). Moreover, q(ty) =

Using these in equation (9), we get

*

r(f(2)) v (f(t)
(B(Z) - A) Zl B’(tk)(z _ tk (10)
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This implies

[B(z) - M (f(2)) ~(f@)B'(2) _ Z r(f (k)
[B(z) - AP B (t)(z — t)*

Multiplying both sides by —[8B(z) — A]?, we get

_ ’”Z rft)BE) - AP
4 Btz —-t)?

"(f@)8B' () - f' @ (f2)B() - (11)

Forz € T,|B(z)| = 1 and |A| = 1. Therefore by virtue of Lemma 2.2, we obtain [B(z) — A]* = —=B(2)A|B(z) — A|*.
Similarly, (z — t)? = —z#|z — #[*. Therefore it follows from equation (11)

: oy 2 8@ ¥ ()| B(a) -
Fane) - @ryense -1 =22 ¥ s S 12)
Using Lemma 2.1 and definition of c, we get
B m*n B(z) — 2
BEHE) - O (OISR - 1= 22 Y an(fe]| 22 13)
k=1

This proves equation (5) completely.
Identity (7) follows from (5) by choosing r(f(z)) = 1.
Now, it remains to prove (8). Since

L w(f@) ¥
56 = L)

This implies

This gives forz € T

Since |aj| > 1, forall 1 < j<m*nand Zﬁé‘? is real and positive . Hence for z € T, we have
zB'(z ) z8'(z) ,
BQ) 30) =|8'(2)l.

This completes proof of the Lemma 2.3.
Next Lemma is due to Aziz and Dawood [2].

Lemma 2.4. Let p(z) be a polynomial of degree 1, having all zeros in T U D™, then

m(p’,1) = nm(p, 1).
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Lemma 2.5. Let 7(f(z)) € Ry*n, thenforze T

SO ir@), (14)

PN+ I (N = Ty U

where *(£(2)) = B@)r(f(1)).
The result is sharp and equality holds for 7(f(z)) = aB(z) with a € T where f(z) = 2.

Proof . By equations (5) and (7), we haveforz € T

m*n 92
BEISE) - @ (FBE) -]l = |@ Y arten]| 22
k=1

m*n

X

k=

< max r(f(2) Zﬁ(g)

=18'(2)| sup Ir(f @)L
Choosing argument of A suitably, we get

1B'@)r(f(2) - f' @ (f@)B@)| +1f @r' (f@)l < I1B'(2)] sup Ir(f(@)I. (15)
Since
F (@) = B,
So that
. , , 1 1 1 1
(F(f@)) =B @r(f(3) = ZB@r(fFONf ().

This implies

- [5G - S5O G|

Therefore for z € T, we have

(r(

@) - 7 TN @)

Also using the fact that zg'(g) is real, we obtain

(Z)

r(f @) - zr' (f)f'(2)

=18 @)r(f(2) - (f@)f @B (16)

Hence we have from inequality (15)

I (f@)f @+ 1 (fR)f (@)l < 1B ()] sup Ir(f @)l
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This gives by use of Lemma 2.4

1B’ ()]
mrm(r, 1) SUP Ir(f(2))I,

I (f@)I+ 1 (f)l <

where r(f(2)) = B2)r(f()).

Lemma 2.6. Suppose t1, ts, ..., tyx, are the zeros of B(z) — A and 51, 5y, ..., Sy are zeros of B(z) + A, where
AeT, thenforrof € Rgnyandz e T

1B’ (2)
2(m*m(f,1))* 1

The inequality is sharp and equality holds for r(f(z)) = u8(z) with u € T.

I (F@)P + 1" (f@)P < [( max Ir(f ) + ( max If(f EM)at
Proof . Since t1, ty, ..., ty», are the zeros of B(z) — A, A € T, therefore by Lemma 2.3, we obtain forz € T

B m*n B(z) —
B @) - £ @ FENBE) - Al = P2 Y ar(fu)|
k=1

2
|

m*n 3 Y )
< ka leillr(f ()] ;Zz -

m*n _ 2
Rk B;Zz tk/\ (ax Ir(f(tI (17)

Sinceforz € T,|8(z)l = land ¢t > 0, k =1,2,...,m*n. Inequality (17) in conjunction with (7) and (8) gives

m*n

1B’ (2)r(f(2)) - f' @7 (f(2)[B(2) - Z

k=1

max_|r(f(t)l

1<k<m
=18'(2)l, max r(f(te)l- (18)
Replace A by —A and noting that s1, sy, ..., 5+, are the zeros of B(z) + A, we get from (18)
B EIfE) - @ (FNIBE + A < 18| max [r(fls)l (19)
From (18) and (19), it follows that

1B @)r(f2) - f' @ (f)B() - AP + 18 @r(f(2) - f' @ (f@)B() + AP

<18/ @P|( max PN +( max InfE0)P] (20)
1<k<m*n 1<k<m*n
Using Lemma 2.4 and the identity
lc+df? + |c = df? = 2|c]* + 2|d]?

in (20), with ¢ = B'(2)r(f(2)) — f'(2)B(2)r'(f(z)) and d = Af'(z)r'(f(z)), we getforz € T

B (z)P

(s, D G 2, PG + ( max r(fso)D7]

207" (fF@)P + 1 (f(2)P] <
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This gives
1B’ (2)

I (@) + I (fz)P < W(f,mz[(l max Ir(F(ED? + ( max r(Fs]-

This completes the proof of the Lemma 2.6.
Lemma 2.7. Let rof € Rp*n. If all zeros of #(f(z)) liein T U D*, then for z € T and r(f(z)) # 0

Re(Z(r(f @)

1
o)< 2B e 1)

Proof. If p(z) has n’ zeros and f(z) has m* zeros, then p(f(z)) has m*n’ zeros. Let by, by, ..., b+ be the zeros
of p(f(z)), m*n’ < m*n.

e ()
p(f(z
r(f(z)) = .
(f(2)) o)
This gives
U ST )
r(f(2)) Hzb Hzog
Since all zeros of p(f(z)) lie in T U D*, therefore for z € T with z # b;, 1 < j < m*n’. we have
z . * ./
- = . 2
e ) ey 1|, forj=1,2,3.,m*n (23)

Using the fact that Re(z) < % if and only if |z| < |z — 1|, we get

1
Re(z —Zb]') =7 for j=1,2,.,m*n.

Therefore (22) yields

Re(z (r(f(z)))’) o

This in conjunction with equation (8) gives

R ( (r(f(2))

elz @) ) < %IB’(Z)I.

This completes the proof of Lemma 2.7.
Remark 2.8. Setting f(z) = z, Lemma 2.7 yields result of Li, Mohapatra and Rodriguez ([9], Lemma 4).

We now prove the following results.
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Theorem 2.9. Let rof € Ry*n and all zeros of r(f(z)) liein TU D*. If t1, t5, ..., ty=y are the zeros of B(z) + A
and sy, S, ..., S+ are zeros of B(z) — A, where A € T, then forz € T

PG < goion F 1 max WG+ max P,

where m(f,1) = inf,er |f(2)|.
The inequality is sharp and equality holds for r(f(z)) = A + B(z) with A € T.

Proof. By hypothesis all the zeros of r(f(z)) lie in T U D*, therefore by Lemma 2.7, we have, for the points
on T, which are not the zeros of r(f(z))

z(r(f(2))’ ,
24
R <580 (24)
Now by virtue of (8), |B’(z)| > 0, so that (24) can be written as
2(r(f(2)) 1
e 1B @) f(z))) =2
This implies, for z € T, which are not the zeros of r(f(z))
2r(f@) | _ | 2(r(f(2)) 1
1B @Ir(f)] ™ 18 @Ir(fiz)
Equivalently
l2(r(f2))'] < lz(r(f(2)) = 1B @Ir(f(2))I- (25)
(25) is trivially true for points z € T which are zeros of 7(f(z)). Therefore, it follows that forz € T
I(r(f(2)))'| < l2(r(f(2)))" = 1B' @Ir(f2))I. (26)
Since for z € T, |B(z)| = 1 and by (8), we have
o 28 (2)
)= g

therefore from (26), we get forz € T
f'@r (f@) < 1BE)(r(f(2) = B @r(f@)l = If @ (fE@). (27)
Inequality (27) with the help of Lemma 2.6, for z € T implies
27 (f@)P < I (fF@P + 1 (f)F

B 2
: _2(m|_*rrff}| Dl max r(FE? +( max W(fE?)

Equivalently

PGEN < gt I max W+ max P

This proves the Theorem 2.9 completely.

Remark 2.10. Taking f(z) = z and noting that m* = 1, m(f, 1) = inf,er |f(z)| = 1, the result of Aziz and
Shah [3] follows immediately.
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Next, we prove the following more general result, which generalizes some of the polynomial inequalities
earlier proved by Aziz and Dawood [2].

Theorem 2.11. Let rof € Ry+n and all zeros of 7(f(z)) liein TU D*. Then forz e T

B/
¥ (f(2)) < 2mlT((Zj)rlll)[M(rof, 1) —m(rof, 1)].

Proof. By hypothesis r(f(z)) does not vanish in D~. Suppose first that 7(f(z)) does not vanish forz € T,
so that all zeros of r(f(z)) lie in D* and

inflr(f)] = m(r(f), 1) > 0.
Let o € C (field of complex numbers) such that |a| < 1, thenforz e T
lam(rof, )B(2)| < [r(f(2))I.
Therefore by Rouche’s theorem, it follows that
R(z) = am(rof,1)B(z) + r(f(2))

does not vanish in D~. This is true even if m(r(f), 1) = 0. Hence in any case all the zeros of R(z) lie in TU D™.
So that by Lemma 2.7, we have for z € T, such that R(z) # 0

zR’ () 1
Re(IB'(z)lR(z)) =7

Hence as in proof of Theorem 2.9, it follows that forz € T
IR'(2)| < 1B2)R'(2) - B'(2)R(2)| = |(R"(2))’'], (28)

where _
R*(z) = B(z)R(1/z)

= B@)r(f(1/2)) + am(rof,1)
=1"(f(z)) + am(rof, 1). (29)
Therefore (28) implies forz € T
'@ (f(2)) + am(rof, DB @) < |f' @1 (f)]- (30)
Choosing argument of « suitably , we get
If' @7 (f@)I + lalm(rof, DIB' 2| < If @ (f@).
Letting |a| — 1, we getforze T
If' @7 (f@) < If @l (f&)] = m(rof, DIB'(2)]- (31)
Also by Lemma 2.3, we have forz, A € T

1B’ (@)r(f(2)) - B@)f @' (f(2) + Af @' (f(2)] < 1B (2)|M(rof, 1).

Choosing argument of A suitably, we get

1B’ (@)r(f(2)) = B @r' (f@) +Alf @r' (f(2)] < 1B (2)IM(rof, 1).
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Letting [A| = 1, we getforze T
1B'@)r(f(2) = BRS @' (f@) +If @' (f@)l < |18'@)IM(rof, 1).

This gives forz € T
I (f@) + I (F@)If (2)] <18 @)IM(rof, 1).

Now by using Lemma 2.4, we get forz € T

I (O + I (FE S i s sup ) )

zeT

From (31), we have forz e T
217 (F@)IF' @) < If @l (fF@) + If @lIr' (f@)] = m(rof, DIB ). (33)
Using (32) in (33), we getforz € T

Bl
[ (f(2)) < 2771|T((ZJ)C|’1)[M(70J‘, 1) = m(rof, 1)].

This proves the Theorem 2.11 completely.

Remark 2.12. Choosing f(z) = z, Theorem 2.11 reduces to the result earlier proved by Aziz and Shah
[3].

If (f(z)) has no poles, we obtain the following result.

Corollary 2.13. Let pof € Py, and all zeros of p(f(z)) liein TU D*. Thenforz e T

PO < s Mo, 1) = mlpof, 1]

Remark 2.14. By Taking f(z) = z in Corollary 2.13, we get result of Aziz and Dawood [2].

Lemma 2.15. Let r0f € Ry#n. If all zeros of (f(z)) lie in T U D™, then for z € T and r(f(z)) # 0, we have

R 2L
(f(2)
Proof. Let m*n’ and m*n be respectively the number of zeros and poles of r(f(z)). By hypothesis all

zeros of r(f(z)) lieinTUD™ and z € T withz # b;, 1 < j <m*n’.
Then as in Lemma 2.7, we obtain

) > %IB’(z)I. (34)

- ! | = * 7
Re(z—b]») 2 2 for j=1,2,.,m*n’.
Using equation (22), we get
(@Y
Re(z r(f(2)) ) = ; 1L Re(z - a,-)
— m*n 1 z (m*n — m*n’
_ZRe(z—Z_a])_ 5
=1
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_ %{|B’(z)| — (- n')}.

This in particular gives
2r(f))) _ 1
Re(—) > —|B'(2)|.
TR
This completes the proof of Lemma 2.15.

Remark 2.16. Lemma 2.15 gives a result of Li, Mohapatra and Rodriguez ([9], Lemma 4), after setting
f@) ==z

Theorem 2.17. Let rof € Rp+n and all zeros of 7(f(z)) liein TUD~. Thenforze T

1B’ (2)]

(@) =

Tf,l)[M(mﬂ 1) + m(rof,1)],

where M(f, 1) = sup,; |f(2)I.
Proof. By hypothesis r(f(z)) has exactly m*n zeros in T U D~ First suppose r(f(z)) has no zero on T, then
m(rof,1) > 0. Let &« € C such that |a| < 1and z € T, then we have

lam(rof, 1) < |r(f(2))I.

Therefore by Rouche’s theorem, it follows that

R(z) = am(rof,1) + v(f(2))

has m*n zeros in D~. In case R(z) has a zero on T, then m(rof,1) = 0 and in this case

R(z) = r(f(2))

has all zeros in T U D~. Applying Lemma 2.15 to R(z), with m*n = m*n’, we get for z € T and R(z) does not
vanishon T R\ (B )
zR'(z z
— >
| RE) )25
This gives forz € T

R(2) 2 ZEREL

Equivalently, forz e T

|B’ (2)llam(rof, 1) + r(f(2))| .

I (FEIF @) 2 :

(35) in conjunction with (1), yields

(35)

B @)llam(rof, 1) + r(f I

I (@)l = 2m*M(f, 1)

(36)

Choosing argument of a suitably on the right hand side of (36), we get

B @lllam(rof, 1) + Ir(f)IT

QRN TRV

Letting |a| — 1
1B (z)|[m(rof, 1) + [r(f(2))I]
2m*M(f, 1) )

' (f(2))] =
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This proves the Theorem 2.17 completely.
Setting f(z) = z, Theorem 2.17 yields the following result of Aziz and Shah [3].

Corollary 2.18. Let r € R, and all zeros of r(z) liein TU D™. Thenforz e T
B '( )
I’ (@)l 2 ——[M(r, 1) + m(r, 1)].

Remark 2.19. Suppose r(z) has no poles, then we get result of Aziz and Dawood|2].

Lemma 2.20. Suppose 0 < a < 27, then the following hold: (i) 8(z) + ke'® has all its zeros in T U D*, for
all k > 1. (ii) B(z) + ke'* has all its zeros in T U D™, for all k < 1.

Proof. We have

_weE) _Frl-azy .
B = o) = g(z—dj ) > 1i=12 0 mtn

By assumption all the zeros of w(z) lie in D~, therefore, the function ZZ((;’((ZZ)))) is analytic in T U D~. Moreover

forzeT

w'(p(2))
—| =1 37
@) 7
Since w((::(( )))) is not a constant, therefore, it follows from (37) by maximum modulus principle that for z € D~
w(p()
1B(2)| = | <1 38
RUTE) 9
Replacing z by 1, we obtain for z € D*
w(p() | w(p(2))

@~ < >

From (38) and (39), it follows that W = B(z) maps |z| < 1 into [W| < 1 and |z| > 1 (such that B(z) is finite) into
[W| > 1.If zg is a zero of B(z) — ke'®, then |B(zo)| = |k|. Thus |k| < 1 implies |zo| < 1 and |k| > 1 implies |z| > 1.
This proves the Lemma completely.

Next Lemma is due to Li[8].

Lemma 2.21. Let A and B be any two complex numbers, then (i) If |A| > |[B| and B # 0, then A # 6B for all
complex numbers § satisfying |0 < 1. (ii) Conversely, if A # 0B for all complex numbers 6 satisfying [5] < 1,
then |A| > |B|.

Theorem 2.22. Let rof, sof € Rm+n and assume s(f(z)) has all its zerosin TU D~ and forz € T

Ir(f@)I < Is(f )]
Then for any p € Cwith |p| < j and forz € T

p
m*M(f,1)

P

FE(F@) + MO

— 7 B Or(f@) < If @) (f(2) + —r—==B @)s(f))],
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where M(f, 1) = sup__; |f(2)I. ,
This result is sharp and equality holds for #(f(z)) = s(f(z))e’”, 0 <y < 2m.
Proof. First of all we suppose that no zero of 5(f(z)) are on the unit circle and therefore all zeros of s(f(z))
are in unit disk.
Let a € C be such that |a| < 1. By hypothesis |r(f(z))| < |s(f(z))| for z € T. Therefore forz € T and |a| < 1

lar(f()I < Is(f(2))!.

But s(f(z)) has m*n zeros in D~. By Rouche’s theorem, ar(f(z)) + s(f(z)) has the same number of zeros in D~
as s(f(z)). Thus, ar(f(z)) + s(f(z)) also has m*n zeros in D™. By special case of Lemma 2.15, for z € T, we get

laf @ (f) + F @ (FE) = 5

1 /
WIB @llar(f(2)) + s(f(2))l.

Now, note that 8’(z) # 0. So, the right hand side is non zero. Thus, by using (i) of Lemma 2.21, we have,
for all § satisfying |f| <1 and forz € T,

1

af' @' (f(2) + f(2)s'(f(2)) # 2 M(F 1)

B8 @)]ar(F@) + s(7(2)|

Equivalently, forz e T, |a| < 1,|8| < 1,

a6 - g B OO |F @8 () - G F @)

Taking p := —’g with |p| < 1, yields

F @) + gy B O @ < IF @ () + s B @)

Finally using continuity in zeros and p, we can obtain the inequality when some zeros of s(f(z)) lie on
the unit circle and for |p| < %

Remark 2.23. By taking f(z) = z, we get result of Li[8].
Letting p — 0 in Theorem 2.22, we obtain the following result of Li ([8] Theorem 3.1)

Corollary 2.24. Suppose rof,sof € Rm*n and assume s(f(z)) has all its zeros in T U D~ such that forz € T

Ir(f(@))] < Is(f(2))]-

Then foranyze T
I’ (f(2)) < Is"(f@)I.
If s(f(z)) and r(f(z)) has no poles, then from Theorem 2.22, we obtain the following:

Corollary 2.25. If pof,qof € Pyx, and assume q(f(z)) has all the zeros in T U D~ such that forz € T

lp(f@)I < lg(f ).

Then for any p € Cwith |p| < { and forz e T
F@P (F@) + ——p(f@)] < If OF (f(@) + ——a(F )]
M(f, 1) - M(f, 1) !

where M(f, 1) = sup,_; |f(2)I.
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Choosing f(z) = z, in Corollary 2.25 we get:
Corollary 2.26. If p, g € P, and assume 4(z) has all the zeros in T U D~ such that forz € T
lp(2)| < lq(2)l.
Then for any p € Cwith |p| < j and forz € T
Ip'(2) + prp2)l < 1q'(2) + prg(z).
Letting p — 0 in Corollary 2.26, we get the following inequality of Bernstein [4].
Corollary 2.27. Let p,q € P,, and assume g(z) has all the zeros in T U D~ such thatforz € T

Ip(2)| < Ig(z)l.

Then for any forz € T
P’ (@) <1q'(2)I.

Theorem 2.28. Suppose rof € Ry*n and rof does not vanish in D~ U T, then for z € T and |p| < %

p

If @7 (f(2)) + W(JCDB/(Z)V(f(Z))|
< |f r* p Y * , [PB(Z) - |P|]
<If @7 (f(z) + W(f,l)g @r' (f2)] —m(rof, DB (2)I{I1 + m“ (40)
and
F @ @)+ oy B @ UE)

2

lphM(rof, 1) — (1 - mh‘ﬂ)m

<SEE[a+ (of, 0], a1

2
n*M(f, 1)
where r'(f(2)) = B (f(1/2)).
Proof. Suppose first that rof € R« has all its zeros in D, then
m(rof,1) = inf|[r(f(2))| > 0.
z€T
Let a be a complex number with |a| < 1,so that forz € T

lam(rof, )B(@)| < [r(f(2))].

Therefore by Rouche’s theorem, it follows that
R(z) = am(rof,1)B(z) + r(f(2))

has all the zeros in D*.
If
R*(z) = B(z)R(1/z)

= B@)r(f(1/2)) + am(rof,1)
=1"(f(2)) + am(rof, 1),
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then all the zeros of R*(z) lie in D~ and hence applying Theorem 2.22 to R(z), we have forz € T and |p| < %

K@)+ i ® OROISIR @ + o8 QR G (42)
Substitute for R(z), inequality (42) gives
F @ (F@) + am(rof, N8 @) + 3t B + arism(of, DB @BC)
<@ O + iy B @F (@) + & ysmrof, DS @) 43)

Choosing argument of « in left hand side of (43) suitably, we getforz € T

p
m*M(f, 1)

B 2)r(f(2)| + m(rof, DlallB (2)II1 +

'@ (f2) + B(2)|

P
m*M(f, 1)

m(rof, 1)

e c el @)

<If @ 1(f@) + —r B @ (f@)] +

*M(f 1)
This gives by letting |a| — 1

If'@r (f2) + —r = B @1(f(2)

*M(f 1)

P g o . PBE =l
DS @ O = mOof, B @I+ s

<If'@r(f(z) + I},
forzeT,|p| < %
Adding |f"(2)r(f(2)) + 5 M(fl)B (2)r(f(2))| on both sides, we get forz € T

21" @7 (f@) + —r= 8 @r(f(2)

*M(f 1)

ol
m*M(f, 1)

el

<f @+ T

B @l (@) +If @ (f@) + ——==I8 @lIr(f(2))l

p

ol |
m*M(f, 1)

— m(rof, 1|8 @)1 + T

B(z)| -

Equivalently

p
n*M(F, 1)

2f" @' (f(2) + B @r(f)

Pl
m*M(f, 1)

ol
m*M(f, 1)

< @PAF@ + If @F (eI +18 @) )

o f S+

pB(z)

—mrof, DL+ St )

|- H- (44)

Inequality (44) by using Lemma 2.5, yields forz € T

p

DS @)

2@ (f) + —

ol
m*M(f, 1)

pl
M(f,1)

<8 () sup Ir(f@)l +18 (Z)I[ | r(f@)l+ Ir(f ()l
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ol ol
—m(rof, 1){1 - W(f,l)lg(z)' - W}]
Using the fact that |r*(f(z))| = [7(f(2))| for z € T, we get
@ (f@) + ——2— B @r(f) < 22 ( BN sup (e + 20— LNy
m*M(f, 1) e m*M(f, 1)
. ol
~inf (I ~ 2y
In Particular
L p 8 (z)| ol ol
IF @F () + gy B @M@ < =5 (L4 2t sup rof = (1 = 2o inflrof |

In case r(f(z)) has a zero on T, then inequality (40) of Theorem follows from special case of Theorem 2.22 and
also inequality (41) follows from Theorem 2.22 by the same technique as used in the proof of the Theorem
above.
Hence the Theorem is completely proved.

The case when a zero of r(f(z)) lie on Ty, can also follow by using argument of continuity.

Remark 2.29. If f(z) = z, Theorem 2.28 yields result of Irshad, Liman and Shah [6].

Remark 2.30 . The inequality (40) above is a generalization of refinement of a result of Li [8, Cor. 3.6 ],
where as if we let |o| — 0 in (41), we get the generalization of result of Aziz and Shah [3], Theorem 1.3.

Acknowledgement. The authors are grateful to the referee for the useful suggestions and comments.
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