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Abstract. We introduce the notion of weak-2-local derivation (respectively, *-derivation) on a C*-algebra
A as a (non-necessarily linear) map A : A — A satisfying that for every a,b € A and ¢ € A" there exists a
derivation (respectively, a *-derivation) D, : A — A, depending on a, b and ¢, such that pA(a) = D, ,(a)
and ¢A(b) = GD, (). We prove that every weak-2-local *-derivation on M,, is a linear derivation. We also
show that the same conclusion remains true for weak-2-local *-derivations on finite dimensional C*-algebras.

1. Introduction and Preliminaries

“Derivations appeared for the first time at a fairly early stage in the young field of C*-algebras, and their
study continues to be one of the central branches in the field” (S. Sakai, 1991 [20, Preface]). We recall that
derivation from an associative algebra A into an A-bimodule X is a linear mapping D : A — X satisfying

D(ab) = D(a)b + aD(b), (a,b € A).

If A is a C*-algebra and D is a derivation on A satisfying D(a*) = D(a)* (a € A), we say that D is *-derivation
on A.

Some of the earliest, remarkable contributions on derivations are due to Sakai. For example, a celebrated
result due to him shows that every derivation on a C*-algebra is continuous [18]. A subsequent contribution
proves that every derivation on a von Neumann algebra M is inner, that is, for every derivation D on M
there exists a € M satisfying D(x) = [a, x] = ax — xa, for every x € M (cf. [19, Theorem 4.1.6]).

We recall that, accordingly to the definition introduced by R.V. Kadison in [13], a linear mapping T
from a Banach algebra A into a A-bimodule X is said to be a local derivation if for every a in A, there
exists a derivation D, : A — X, depending on a, such that T(a) = D,(a). The contribution due to Kadison
establishes that every continuous local derivation from a von Neumann algebra M into a dual M-bimodule
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X is a derivation. B.E. Johnson proves in [12] that every local derivation from a C*-algebra A into a Banach
A-bimodule is a derivation.

A very recent contribution, due to A. Ben Ali Essaleh, M.I. Ramrez and the second author of this note,
establishes a new characterization of derivations on a C*-algebra A, in weaker terms than those in the
definition of local derivations given by Kadison (cf. [3]). A linear mapping T : A — A is a weak-local
derivation if for every a € A and every ¢ € A", there exists a derivation D, : A — A, depending on a and
¢, satisfying ¢pT(a) = ¢pD,(a) (cf. [3, Definition 1.1 and page 3]). Theorem 3.4 in [3] shows that every
weak-local derivation on a C*-algebra is a derivation.

When in the definition of local derivation we relax the condition concerning linearity but we assume
locality at two points, we find the notion of 2-local derivation introduced by P. Semrl in [21]. Let A be
a Banach algebra. A (non-necessarily linear) mapping A : A — A is said to be a 2-local derivation if for
every a,b € A there exists a derivation D, : A — A, depending on a and b, satisfying A(a) = D, (a) and
A(b) = D, (b). Semrl proves in [21, Theorem 2] that for an infinite-dimensional separable Hilbert space H,
every 2-local derivation on the algebra B(H) of all linear bounded operators on H is linear and a derivation.
S.0. Kim and J.S. Kim gave in [14] a short proof of the fact that every 2-local derivation on M,, the algebra
of n X n matrices over the complex numbers, is a derivation. In a recent contribution, S. Ayupov and K.
Kudaybergenov prove that every 2-local derivation on an arbitrary von Neumann algebra is a derivation
(see [1]).

In this note we introduce the following new class of mappings on C*-algebras:

Definition 1.1. Let A be a C*-algebra, a (non-necessarily linear) mapping A : A — A is said to be a weak-2-
local derivation (respectively, a weak-2-local *-derivation) on A if for every a,b € A and ¢ € A" there exists a
derivation (respectively, a *-derivation) Dy, : A — A, depending on a, b and ¢, such that pA(a) = ¢D, () and
PAD) = Db (b)-

The main result of this paper (Theorem 3.11) establishes that every (non-necessarily linear) weak-2-local
*-derivation on M, is a linear *-derivation. We subsequently prove that every weak-2-local *-derivation
on a finite dimensional C*-algebra is a linear *-derivation. These results deepen on our knowledge about
derivations on C*-algebras and the excellent behavior that these operators have in the set of all maps on a
finite dimensional C*-algebra.

As in previous studies on 2-local derivations and *-homomorphisms (cf. [1, 5, 6, 15] and [2]), the
techniques in this paper rely on the Bunce-Wright-Mackey-Gleason theorem [4], however, certain subtle
circumstances and pathologies, which are intrinsical to the lattice £(M,,) of all projections in M, increase
the difficulties with respect to previous contributions. More concretely, the just mentioned Bunce-Wright-
Mackey-Gleason theorem asserts that every bounded, finitely additive (vector) measure on the set of
projections of a von Neumann algebra M with no direct summand of Type I, extends (uniquely) to a
bounded linear operator defined on M. Subsequent improvements due to S.V. Dorofeev and A.N. Sherstnev
establish that every completely additive measure on the set of projections of a von Neumann algebra with
no type I, (n < o0) direct summands is bounded ([8, 22]). In the case of M,, there exist completely additive
measures on P(M,,) which are unbounded (see Remark 3.6). We establish a new result on non-commutative
measure theory by proving that every weak-2-local *-derivation on M, (n € IN) is bounded on the set
P(M,) (see Proposition 3.10). This result shows that under a weak algebraic hypothesis we obtain an
analytic implication, which provides the necessary conditions to apply the Bunce-Wright-Mackey-Gleason
theorem.

We have restricted our study to matrix algebras and finite dimensional C*-algebras. This is not a
complete novelty, the results on weak-2-local derivations on matrix algebra are interesting by themself, and
there exists an abundant literature on derivations and local and 2-local derivations on matrix algebras. As
we have commented before, some of the papers about derivations for general C*-algebras were previously
studied for matrix algebras, or subsequently revisited to find new and shorter proofs (compare, for example,
[9, 14, 16] and [10]). On the other hand, the new concept of weak-2-local derivations is so weak and
general that makes to fail all the techniques and arguments we can find in the studies of local and 2-local
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derivations. The results can be thought as algebric results at first look, but they are actually Analysis and
non-commutative measure theory. The main contributions here can be thought as algebraic results at first
look, but, as we have commented above, they are actually based on techniques of functional analysis and
non-commutative measure theory.

In this paper we also prove that every weak-2-local derivation on M, is a linear derivation. Numerous
topics remain to be studied after these first answers. Weak-2-local derivations on M, and weak-2-local
(*-)derivations on von Neumann algebras and C*-algebras should be examined.

2. General Properties of Weak-2-Local Derivations

Let A be a C*-algebra. Henceforth, the symbol Ay, will denote the self-adjoint part of A. It is clear, by the
Hahn-Banach theorem, that every weak-2-local derivation A on A is 1-homogeneous, that is, A(Aa) = AA(a),
forevery A e C,ac A.

We observe that the set Der(A), of all derivations on A, is a closed subspace of the Banach space B(A).
This fact can be applied to show that a mapping A : A — A is a weak-2-local derivation if and only if for any
set V C A", whose linear span is A*, the following property holds: for every a,b € A and ¢ € V there exists
a derivation D, : A — A, depending on 4, b and ¢, such that pA(a) = ¢D,ps(a) and PA(b) = PDyp,e(b).
This result guarantees that in Definition 1.1 the set A* can be replaced, for example, with the set of positive
functionals on A.

Let A : A > A be a mapping on a C*-algebra. We define a new mapping A" : A — A given by
A¥a) := A@@")" (a € A). Clearly, A¥ = A. It is easy to see that A is linear (respectively a derivation) if and
only if A is linear (respectively, a derivation). We also know that A(As;) € As; whenever Af=A.

Let A be a C*-algebra. A mapping A : A — A is said to be a weak-2-local *-derivation on A if for every
a,b € Aand ¢ € A" there exists a *-derivation D, : A — A, depending on 4, b and ¢, such that

PA(a) = ¢Dqp,g(a) and GA(D) = GDa (D).

Clearly, every weak-2-local *-derivation A on A is a weak-2-local derivation and A¥ = A. However, we
do not know if every weak-2-local derivation with A* = A is a weak-2-local *-derivation. Anyway, for a
weak-2-local derivation A : A — A with Af = A, the mapping Ala, : A — A is a weak-2-local Jordan
derivation, that is, for every a,b € A, and ¢ € (Ag,)", there exists a Jordan *-derivation Dy : Asy = As,
depending on g, b and ¢, such that

PA@) = $Dapp(a) and GAb) = Dy ,(b)-

To see this, leta, b € Ay, and ¢ € (Ay,)", by assumptions, there exists a derivation D, : A — A, depending
on a, b and ¢, such that pA(a) = ¢D, (@) and GA(D) = PpD,p4(b). Since pA(a) = pA(a)” = qug b (P(a) and

PA(b) = pDF o(b), we get
0@ = 93 (Dusg = D, ) @, and 9AG) = 93 (Dase ~ DF, ) 0),

where 1 (Du,m - Dz b ¢) is a *-derivation on A.

The following properties can be also deduced from the fact stated in the second paragraph of this section.

Lemma 2.1. Let A be a C*-algebra. The following statements hold:

(a) The linear combination of weak-2-local derivations on A is a weak-2-local derivation on A;
(b) A mapping A : A — A is a weak-2-local derivation if and only if A* is a weak-2-local derivation;
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(c) A mapping A : A — A is a weak-2-local derivation if and only if As = $(A + A% and A, = (A - A%y are
weak-2-local derivations. Clearly, A is linear if and only if both As and A, are.

Proof. (a) Suppose Ay,...,A, : A — A are weak-2-local derivations and Aq,...,A, are complex‘ numbers.
Given a,b € A and ¢ € A", we can find derivations D; bo - A — A satistying ¢Aj(a) = ngi bq,)(a) and

OA(b) = oD/, o(b), forevery j=1,...,n. Then

¢ [Z A]Aj] @ =
j=1

(@)

n .
j
Z /\f Da,b,qﬁ
j=1

and
¢ [Z /\fAf] b)=¢ [Z /\fDiz,b,qb] ),
j=1 j=1

which proves the statement.

(b) Suppose A : A — A is a weak-2-local derivation. Given a,b € A, ¢ € A*, we consider the mapping
¢* € A" defined by ¢*(a) := ¢(a*) (a € A). By the assumptions on A there exists a derivation D¢ : A = A
such that ¢*A(@") = ¢pD,p¢(a") and GA(b*) = ¢D,p,»(b"). We deduce from the above that ¢)Au(a) = ¢)D§ b qb(Lz)
and QA (b) = (PDg,h, ¢(b), which proves the statement concerning A%. Since A¥ = A the reciprocal implication
is clear.

The statement in (c) follows from (a) and (b). O

Remark 2.2. A *-derivation on a C*-algebra A is a derivation D on A satisfying D = D, equivalently,
D(a*) = D(a)*, for every a € A.Itis easy to see that, for each *-derivation D on A, the mapping D4, : Ass = Asa
is a Jordan derivation, that is, D(a o b) = a o D(b) + b o D(a), for every a,b € As,, whereao b = %(ab + ba) (we
should recall that A, is not, in general, an associative subalgebra of A, but it is always a Jordan subalgebra
of A).

Conversely, if 0 : Ay, — Ag is a Jordan derivation on Ay, then the linear mapping 6 : A — A,
23\(11 +ib) = 6(a) + i0(b) is a Jordan *-derivation on A, and hence a *-derivation by [11, Theorem 6.3] and [17,
Corollary 17]. When M is a von Neumann algebra, we can deduce, via Sakai’s theorem (cf. [19, Theorem

4.1.6]) that for every Jordan derivation 6 : My, — My, there exists z € iM,, satisfying 0(a) = [z, a], for every
aeM.

Lemma 2.3. Let A be a weak-2-local *-derivation on a C*-algebra A. Then A(a + ib) = A(a) + iA(b) = A(a — ib)*, for
every a,b € Ag,.

Proof. Let us fix a,b € A,,. By assumptions, for each ¢ € A* with ¢* = ¢ (that is, ¢(a*) = ¢(a) (a € A). There
exists a *-derivation Dj b4 on A, depending on a + ib, a and ¢, such that

QbA(a + lb) = ¢Da,a+ih,4>(a + 1b) = ¢)Da,a+ib,q>(a) + i¢Da,u+ib,q>(b)/

and

(PA(Q) = ¢Du,a+ih,qb(a)'
Then RepA(a+ib) = ¢Dyariv,(a), forevery ¢ € A* with ¢* = ¢, which proves that A(a+ib)+A(a+ib)* = 2A(a).
We can similarly check that A(a + ib) — A(a + ib)* = 2iA(b). O

It is well known that every derivation D on a unital C*-algebra A satisfies that D(1) = 0. Since the
elements in A* separate the points in A, we also get:

Lemma 2.4. Let A be a weak-2-local derivation on a unital C*-algebra. Then A(1) = 0. O
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Lemma 2.5. Let A be a weak-2-local derivation on a unital C*-algebra A. Then A(1 — x) + A(x) = 0, for every x € A.

Proof. Letx € A. Given ¢ € A", there exists a derivation Dy 1y : A — A, such that pA(x) = ¢Dy 11 (x) and
OA(l = x) = ¢Dy,1-1,4(1 — x). Therefore,

O(A(1 = x) + A(x)) = @Dy 1-xp(1 —x+x) = 0.
We conclude by the Hahn-Banach theorem that A(1 — x) + A(x) =0. O
Lemma 2.6. Let A be a weak-2-local derivation on a unital C*-algebra, and let p be a projection in A. Then

pA(p)p =0 and (1 -p)A(p)(1-p)=0.
Proof. Let ¢ be a functional in A* satisfying ¢ = (1 — p)¢(1 — p). Pick a derivation D, : A — A satisfying
PA(p) = §Dy¢(p). Then
GAP) = ¢ (Dyp(P)p +PDys(p) = 0,

where in the last equality we applied ¢ = (1 —p)¢p(1 —p). Lemma 3.5 in [3] implies that (1 —p)A(p)(1 —p) = 0.
Replacing p with 1 — p and applying Lemma 2.5, we get 0 = pA(1 — p)p = —pA(p)p. O

The first statement in the following proposition is probably part of the folklore in the theory of deriva-
tions, however we do not know an explicit reference for it.

Proposition 2.7. Let Abea C*-algebra, D : A — Aaderivation (respectively, a *-derivation), and let p be a projection
in A. Then the operator pDplya, : pAp — pAp, x = pD(x)p is a derivation (respectively, a *-derivation) on pAp.
Consequently, if A : A — A is a weak-2-local derivation (respectively, a weak-2-local *-derivation) on A, the mapping
PAPlyap : pPAp — pAp, x = pA(x)p is a weak-2-local derivation (respectively, a weak-2-local *-derivation) on pAp.

Proof. Let T denote the linear mapping pDpl,ap : pAp — pAp, x = pD(x)p. We shall show that T is a
derivation on pAp. Let x, y € pAp. Since px = xp = x and py = yp = y, we have

T(xy) = pD(xy)p = pD(x)yp + pxD(y)p = pD(x)py + xpD(y)p = T(x)y + xT(y).

3. Weak-2-Local Derivations on Matrix Algebras
In this section we shall study weak-2-local derivations on matrix algebras.

Lemma 3.1. Let A : M,, —» M, be a weak-2-local derivation on M,,. Let tr denote the unital trace on M,,. Then,
trA(x) = 0, for every x € M,,.

Proof. Let x be an arbitrary element in M,,. By Sakai’s theorem (cf. [19, Theorem 4.1.6]), every derivation on
M, is inner. We deduce from our hypothesis that there exists an element z, 4 in M,,, depending on tr and x,
such that trA(x) = tr[z,¢, x] = tr(zyex — x2x) = 0. O

The algebra M, of all 2 by 2 matrices must be treated with independent arguments.

We set some notation. Given two elements &, 7 in a Hilbert space H, the symbol £ ® n will denote the
rank-one operator in B(H) defined by & ® n(x) = (x|n)&. We can also regard ¢ = £ ® i) as an element in the
trace class operators (that is, in the predual of B(H)) defined by & ® n(a) = (a(&)In) (a € B(H)).

Theorem 3.2. Every weak-2-local derivation on M, is linear and a derivation.
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Proof. Let A be a weak-2-local derivation on M,. To simplify notation we sete;; = & ® & for1 <i,j <2,
where {&1, &) is a fixed orthonormal basis of C2. We also write p1 = en1 and pp = ez. The proof is divided
into several steps.

Lemma 3.1 shows that
trA(x) =0, )

for every x € M,.

2
Step 1. Let us write A(p;) = Z Aijeij, where A;; € C. For ¢ = & ® &1 € M, there exists an element
ij=1

z= ( 21 Zi ) in M», depending on ¢ and p1, such that pA(p1) = @[z, p1]. Since

[z, p1] = —z12e12 + 21001, (2)
we deduce that 111 = ¢A(p1) = ¢lz,p1] = 0. Since A11 + Az = trA(p1) = 0, we also have Ay, = 0. Therefore,
A(p1) = Arzern + Azrear.

Defining zg := Ayeo1 — A1zery, it follows that A=A- [zo, .] is a weak-2-local derivation (cf. Lemma 2.1(a))
which vanishes at p;. Applying Lemma 2.5, we deduce that

A(p1) = A(p2) = 0. (3)

2
Step II. Let us write A(e12) = Z Aijeij, with Ay = =Ayq (cf. (1)). For ¢ = & ® & € M, there exists an
ij=1

element z = ( 21 Zi ) in M,, depending on ¢ and ey, such that ¢K(e12) = @[z, e12]. Since
[z,e12] = —Z21pP1 + (z11 — zo2)e12 + 221P2, 4)

we see that Ay = 0.

211
221
such that pA(p1) = ¢lz, p1] and PpA(e12) = Plz, e12]. The identities (2) and (4) (and (3)) imply that A1; = —z23
and 0 = —z51, and hence A1 = 0. Therefore, there exists a complex number 6 satisfying

For ¢ = £&1®&1 — &1 ® &) € M, there exists an element z = ( 22 ) in My, depending on ¢, p1 and 15,

Aler) = derz = [z1, €12l (5)

6 0
0 0

A- [z1,.] = A —[z0,.] — [z1,.] is a weak-2-local derivation satisfying

where z; = ( ) We observe that [z1, Ap1 + up2] = 0, for every A,u € C. Thus, the mapping A =

Aerz) = A(pr) = A(pa) = 0. 6)

2
Step III. Let us write A(ez1) = Z Aijeij, with 111 = —Ap (see Lemma 3.1). For ¢ = & ® & € M, there
ij=1
211 212

Z1 ) in Mz, depending on ¢ and e1, such that pA(ez) = Iz, ex]. Since

exists an element z = (

[z, e21] = z12p1 — (211 — Z)e21 — Z12P2, (7)
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we see that A, = 0.

221 222

depending on ¢, p1 and e;;, such that ¢K(p1) = ¢[z,p1] and (p’A\(ezl) = ¢[z, e21]. We deduce from (2), (7) and
(6) that z1» = Ayq and z1» = 0, which gives A1 = 0.

Takenow ¢ = &1 ® & - & ® & € M; By hypothesis, there exists an element z = ( i ) in M,,

Z11 212
Z21 22
e,1, such that ¢Z(elz) = ¢[z,e12] and d)K(te) = ¢[z,exn1]. We apply (4), (7) and (6) to obtain —A»1 = z11 — 22
and 0 = ¢Z(elg) = 211 — 229, which proves that Ay; = 0. Therefore

For ¢ = & ® & — &1 ® & € M, there exists an element z = ( ) in M, depending on ¢, e1» and

Aea) = 0. 8)

We shall finally prove that A = 0, and consequently A = [z, .]+[z1, .] is a linear mapping and a derivation.

2

Step IV. Let us fix a, € C. We write A(aep + fe21) = Z Aijeij, where A1 = =Ap. Forp =&, ®¢&; € ME,
i,j=1

211 Z12

there exists an elementz =
221 4

) in M, depending on ¢, 1 and ae1, +fe1, such that ¢K(elz) = @[z, e12]
and (1)’&(0(612 + ﬁ€21) = (P[Z, aeqp + ‘8621]. Since

[z, ae1n + Beat] = (Bzi2 — azx)p1 + a(zi1 — zx)e1n + Bzo2 — z11)ea1 + (@zo — Bz12)p2, )
we have A = a(z11 — z2). Now, the identities (4) and (6) imply z11 — z» = 0, and hence A1, = 0.
211 212
221 222

such that ¢K(621) = ¢[z,ex] and qZ)K(ozeu + fex) = @[z, aern + perr]. We deduce from (7), (9) and (8), that
Ag1 = B(z22 — z11) and zp; — z11 = 0, witnessing that Ay = 0.

For ¢ = &1 ® &1 + BEr ® &1 + a&y ® & € M there exists an element z in M, depending on ¢, p1 and

aerp + ey, such that ¢K(p1) = ¢[z,p1] and ¢X(aelz + Bea1) = Plz, ae1z + Pear]. It follows from (9) and (2) that
A1 + BA1a + adag = Bzio — azp1, and —Bz1n + azp; = 0, which implies that A1y = 0, and hence

For ¢ = & ® & € M, there exists an element z = ( ) in Mp, depending on ¢, ex1 and aeyp + fea,

A((Xelz + ‘5621) =0, (10)

forevery a, € C.
2
Step V. In this step we fix two complex numbers ¢, € C, and we write A(tp; + aern) = Z Aijeij, with
ij=1
A1 = —Axn. Applying that A is a weak-2-local derivation with ¢ = & ® & € M, e1p and tp; + aepp, we
deduce from the identity

[z, tp1 + aern] = —azopr + (azi1 — tzio — azm)ern + tzo1601 + AzZnpa, (11)

combined with (4) and (6), that —az;1 = A11, and zp; = 0, and hence A7 = 0.

Repeating the above arguments with ¢ = &; ® &, € M, p1 and tp; + aer, we deduce from (2), (11) and
(6), that Ap; = tz1 and zp; = 0, which proves that Ay = 0.

A similar reasoning with ¢ = & ® &1 — a&, ® &1 € M, aern + aeyy and tpy + aeqy, gives, via (9), (10), and
(11), that tAy; — alip = tazi — tazy — a?zy1 + a’zy and tazyy — tazy; — a’zy1 + a’zy; = 0. Therefore ad, = 0
and

Altpy + aepy) = 0, (12)
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forevery t,a € C.

A similar argument shows that
K(tpl + 5621) = 0, (13)

forevery t,p € C.
Step V1. In this step we fix t, a, € C, and we write

2
A(tpr + aern + enr) = Z Aijeij,
i1

with A1 = —A2. Applying that A is a weak-2-local derivation with P=al1®&+PEr®E €M, p1 and
tp1 + aern + Perr, we deduce from the identity

[z, tp1 + aern + Pex1] = (Bz12 — azo1)p1 + (az11 — Az — tz12)e12 (14)

+(Bz22 — Pz11 + tzo1)e21 + (az21 — Pz12)p2,
combined with (2) and (6), that fA12 + aAy1 = H(azz1 — Bz12) and azy — fz12 = 0, which gives fAin + aly = 0.

Repeating the above arguments with ¢ = t&1®&; +a&1®&n € M, ex1 and tp; +aerp +fez, we deduce from
(7), (8) and (14), that tA11 + ady = B(tziz + azop — azi1), and tz1p + azy — azq; = 0 and hence tAy + ady = 0.

A similar reasoning with ¢ = t&1 ® &1 + B2 ® &1 € M, e1p and tpy + aern + fex, gives, via (4), (6) and (14),
that tA11 + A1z = a(—tzo1 + Bz11 — Bzaz) and —tzp1 + Bz11 — Pz2 = 0. Therefore tAq; + fA12 = 0. The equations
5/112 +adry =0, tA1 + adx =0, and A + ﬁ/\lz =0 1mply that A = ﬁ/\lz =aly =0, WhiCh, combined
with (10), (12) and (13), prove that

Z(tpl + aep + ﬁ€21) =0, (15)

forevery t,a,p € C.
Finally, since
[z, tp1 + aern + Beat + sp2] = [z, (t — s)p1 + aern + Pex],

for every z € M, it follows from the fact that A is a weak-2-local derivation, (15), and the Hahn-Banach
theorem that

K(t}ﬁ + aeqp + ﬁ621 + sz) = K((t - S)p1 + aepp + ﬁ621) =0,

for every t,s, a, p € C, which concludes the proof. O

The rest of this section is devoted to the study of weak-2-local derivations on M,,. For later purposes,
we begin with a strengthened version of Lemma 2.6.

Lemma 3.3. Let A : M — M be a weak-2-local projection on a von Neumann algebra M. Suppose p, q are orthogonal
projections in M, and a is an element in M satisfying pa = ap = qa = aq = 0. Then the identities:

pA(a + Ap + uq)g = pA(Ap + uq)q, and, pAa + Ap)p = ApA(p)p = 0,
hold for every A, u € C. Furthermore, if b is another element in M, we also have

qAD + Ap)g = qA(b)q, and qA(qbq + Aq)q = qA(qbq)q.
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Proof. Clearly, p + g is a projection in M. Let ¢ any functional in M. satisfying ¢ = (p + 9)¢(p + q). By
hypothesis, there exists an element zy \p+uga+1p+uq € M, depending on ¢, Ap + ug, and a + Ap + ug, such that
(PA(‘I + /\P + iuq) = ¢[Z¢J,Ap+yq,a+Ap+yqra + /\P + MQ]/

and
PAMAP + 1) = DLz pprugariprug, AP + pgl-
Since
¢[Z¢,Ap+;tq,u+)\p+yq/a + /\P + Hq] = ¢[Z¢,Ap+yq,a+/\p+pq/ /\P + lqu]’
we deduce that ¢(A(a + Ap + ug) — A(Ap + ug)) = 0, for every ¢ € M, with ¢ = (p + 9)¢p(p + 9). Lemma 2.2 in
[3] implies that
(p+DA@+ Ap + ug)(p +q) = (p + PAAp + ug)(p + q)-
Multiplying on the left by p and on the right by g, we get pA(a + Ap + ugq)qg = pA(Ap + uq)q. The other
statements follow in a similar way. O

Proposition 3.4. Let A : M — M be a weak-2-local derivation on a von Neumann algebra M. Then for every family
{p1, ..., pn} of mutually orthogonal projections in M, and every A4, ..., A, in C, we have

A {i /‘fpj] = Zn: AjA(p)).
j=1 j=1

Proof. Let p1,...,p, be mutually orthogonal projections in M. First, we observe that, by the last statement
in Lemma 3.3, for any 1 <7,k <n, i # k, we have

(i + p)AAip; + Aepr)(pi + pr)
= (pi + pA((Ai = Api + A(pi + p))(pi + pi) = (pi + p) AL = Api) (pi + pr)
= (pi + p)AiApi)(pi + p) — (pi + pO)AA P (pi + Pr)
= (pi + pAiAP) (i + pr) — (i + p)AAp: + pr — po)(pi + Pr)

= (pi + POAAP)(pi + pr) + (pi + p)AA PR (i + ),

where the last step is obtained by another application of Lemma 3.3. Multiplying on the left hand side by
pi and on the right hand side by p; we obtain:

pibD(Aipi+Appr = AipiDp)p+ Apid(ppr, 1 < ik <mn, i # k). (16)

n
Letus writer =1 - Z pjand
J=1

A{Z A]'p]'] = TA[Z A]-pj]r+ [plA{Z A]'P]']T] (17)
j=1 j=1 i=1 j=1
+ [T’A[ /\jp]‘]]?k] + Z [PiA [Z /\ij]Pk]-
k=1 j=1 ik=1 j=1

Applying Lemma 3.3 we get: rA [Z Ajp j] r = 0. Given 1 <i < 1, the same Lemma 3.3 implies that

=

=1

p,'A [Z A]‘p]'] r = piA[ Z /\]’p]‘ + /\ipi] r= /\ip,'A(p,‘)V, (18)
j=1

j=1,j#i
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and similarly
rA [Z /\]p]] pi = Aﬂ’A(pi)p,', and plA [Z /\]p]] pi = 0. (19)
= =1
Given 1 < i,k <n,i# k, Lemma 3.3 proves that
n n
pl‘A Z A]'p]' Pk = p,'A Z /\ij + /\ipi + /\kpk Pk (20)
Jj=1 j=1,j#ik

= piN(Aipi + Apo)pr = (by (16)) = AipiApi)pr + Api\(pr)px-

We also have:

A(p)) = pidp))r + rApp; + Y pilp e + pedpp;- (21)
k=1

Finally, the desired statement follows from (17), (18), (19), (20), and (21). O

Corollary 3.5. Let A : M — M be a weak-2-local derivation on a von Neumann algebra. Suppose a and b are

mq my
elements in M which are written as finite linear complex linear combinations a = Z Aipiand b = Z ujq;j, where
i=1 j=1
Pis---rPmy G, - - - Gm, are mutually orthogonal projections (these hypotheses hold, for example, when a and b are
algebraic orthogonal self-adjoint elements in M). Then A(a + b) = A(a) + A(D). O

Let A : M — M be a weak-2-local derivation on a von Neumann algebra. Let (M) denote the set of
all projections in M. Proposition 3.4 asserts that the mapping u : P(M) — M, p — u(p) := A(p) is a finitely
additive measure on P(M) in the usual terminology employed around the Mackey-Gleason theorem (cf.
[4], [8], and [22]), i.e. u(p +q) = u(p) + u(q), whenever p and g are mutually orthogonal projections in M.
Unfortunately, we do not know if, the measure p is, in general, bounded.

We recall some other definitions. Following the usual nomenclature in [1, 8, 22] or [15], a scalar or signed
measure u : P(M) — Cis said to be completely additive or a charge if

%Zﬂ=2mm (22)

iel iel

for every family {p;}ic; of mutually orthogonal projections in M, where Z pi is the sum of the family (p;)
i€l

with respect to the weak*-topology of M (cf. [19, Page 30]), and in the right hand side, the convergence of
an uncountable family is understood as summability in the usual sense. The main results in [7] shows that
if M is a von Neumann algebra of type [ with no type I, (n < o0) direct summands and M acts on a separable
Hilbert space, then any completely additive measure on (M) is bounded. The conclusion remains true
when M is a continuous von Neumann algebra (cf. [8], see also [22]). The next remark shows that is not
always true when M is a type I, factor with 2 < n < oo.

Remark 3.6. In M, (with2 < n < o) every family of non-zero pairwise orthogonal projections is necessarily
finite so, every finitely additive measure y on P(M,) is completely additive. However, the existence of
unbounded finitely additive measures on (M,,) is well known in literature, see, for example, the following
example inspired by [24]. By the arguments at the end of the proof of [24, Theorem 3.1], we can always find
a countable infinite set of projections {p, : n € IN} which is linearly independent over Q, and we can extend
it, via Zorn’s lemma, to a Hamel base {z; : j € A} for (M,)s, over Q. Clearly, every element in M,, can be



M. Niazi, A.M. Peralta / Filomat 31:6 (2017), 1687-1708 1697

written as a finite Q @ iQ-linear combination of elements in this base. If we define a Q @ iQ-linear mapping
u: M, — C given by

\._J (m+1), ifz;=p, for some natural number n;
Hz)) = 0, otherwise.

Clearly, ulpw,) : P(M,) — C is an unbounded completely additive measure.

We shall show later that the pathology exhibited in the previous remark cannot happen for the measure
u determined by a weak-2-local *-derivation on M,, (cf. Proposition 3.10). The case n = 2 was fully treated
in Theorem 3.2.

Proposition 3.7. Let A : M3 — Mj be a weak-2-local *-derivation. Suppose p1,p2, p3 are mutually orthogonal
minimal projections in M, exs is the unique minimal partial isometry in Ms satisfying e, exs = p3 and exse;, = pr
(k=1,2). Let us assume that A(p;) = A(exs) = O, for every j =1,2,3,k =1,2. Then

3 2
A Z A]'P]' + Z Ukers | = 0,
j=1 k=1
for every A1, Ay, As, pa, po in C.

Proof. Along this proof we write M = Mj;. For each i # jin {1,2,3}, we shall denote by e;; the unique
minimal partial isometry in M satisfying ¢j.e;; = p; and e;e;; = pi, while the symbol ¢;; will denote the
unique norm-one functional in M* satisfying ¢;j(e;;j) = 1. In order to simplify the notation with a simple
matricial notation, we shall assume that

100 000 000
p=[00 0| p=[01 0] andps=|[0 0 0 |,
000 000 00 1

however the arguments do not depend on this representation.
Step I. We claim that, under the hypothesis of the lemma,

A(Aapz + prer3) = 0 = A(Apr + pzers), (23)

for every Ay, Ay, 1, 4z € C. We shall only prove the first equality, the second one follows similarly. Indeed,
Corollary 3.5 implies that

A(Aapa + pre1s = piesr) = A(Adapo) + A(prers = piesr) = A(uiers = piesr).
Having in mind that A is a weak-2-local *-derivation, we apply Lemma 2.3 to deduce that
A(uie1s £ presr) = A(uiers) = A(ures)” =0,

which proves that A(Ayp; + p1e13 £ piresr) = 0, for every uyq, A2 € C. Another application of Lemma 2.3 proves
that

BLea) + AGSmUAo)pr + e — ey = 0.

A(Aapa + pre13) = A((’P\e()\z)Pz + %613 + > 5 5

Step 1I. We shall prove now that
A(Aapa + p2exs) = 0 = A(Aipr + pies), (24)
for every Ay, Ay, u1, uz € C. Proposition 2.7 witnesses that

(p2 + p3)A(p2 + P3)|(p2+p3)M(p2+p3) (P2 + p3)M(p2 + p3) — (p2 + p3)M(p2 + p3)
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is a weak-2-local *-derivation. Since (p2 + p3)M(p2 + p3s) = My, Theorem 3.2 implies that (p, + p3)A(p2 +
P3)l(p2+p3)M(p,+ps) 18 @ linear *-derivation. Therefore,

(P2 + p3)A(Aapz + poex)(p2 + p3) = Aa(p2 + p3)A(p2)(p2 + p3) + ua(p2 + p3)Alexs)(p2 + p3) =0,
by hypothesis. This shows that

w11 W12 @13
A(Aapr + poes) = w21 0 0 |,
w31 0 0

where w;; € C.

The identity
0 Ar2z1o H2Z12
[z, Aopo+paexs| =| —A2zo1—poza1 —pozar  pa(z2o—2z33)—A2zo3 |, (25)
0 A2z32 H2232

holds for every matrix z € M. Taking the functional ¢1; (respectively ¢s1) in M*, we deduce, via the
weak-2-local property of A at Ayp, + uzers, that w1 = 0 (respectively wzi = 0).

The weak-2-local behavior of A at the points Axp, + p2ex3 and poers and the functional ¢q3, combined
with (25), and

0 0 U2Z12
[Z, [J2€23] =| —H2Z31 —H2Z32 Mz(Zzz -2z33) |, (26)
0 0 U2232
show that w3 = 0.
The identity
0 Aozip  Uazio + Arziz
[z, —Aop1 + poeas] = | —Aszo1 — tozs1  —lozz2  po(z22 —2z33) |,
—A»z31 0 W2z32

combined with (23), (25), and the weak-2-local property of A at Ayp; + Lzez3, —A2p1 + Hzezs and the functional
@12 (respectively ¢,1), we obtain w1y = 0 (respectively w1 = 0), which means that A(Ayp; + Hzez3) = 0. The
statement concerning A(A1p; + p1e13) follows similarly.

Step III. We claim that
A(Ap1 + Aapz + paea3) = 0 = A(Aipr + Aopa + waers), (27)

for every Ay, Ay, p1, 4z € C. As before we shall only prove the first equality. Indeed, Corollary 3.5 assures
that
A(Apr + p2 + poeos + Hzexn) = AA(p1) + A(pa + taeas + piaes) = 0,
where in the last equality we apply the hypothesis, (24) and Lemma 2.3. Another application of Lemma 2.3
proves that A(A1p1 + p2 + pae23) = 0. The desired statement follows from the 1-homogeneity of A.
Step IV. In this step we show that

A(A1p1 + Aopa + wie13 + pzea3) = (1 — p3)A(A1p1 + Aapa+ piers + poexs)ps, (28)

for every Ay, Ay, 1, 42 € C.
Since for any z = (zj) € M, we have

—wiza1  —H1za iz — z33)
[z, preis] = 0 0 t1z21 ,
0 0 H1Z31
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using appropriate functionals in M*, we deduce, via the weak-2-local property of A at w; = Aip1 + Aapn +
Hie1s + Hzeos and w, = A1p1 + /\2]92 + U2ex3 (wy —wy = [.116’13), combined with (27), that

(P2 + p3)A(A1p1 + Aapa + piers + poes)(pr + p2) = 0.

Considering the identity (26) and repeating the above arguments at the points A1p1 + Ayps + p1e13 + pae3
and A1p; + Aapa + pie13, we show that

p1A(Aip1 + Aapo + ez + paexs)(p1 +p2) =0

The statement in the claim (28) follows from the fact that tr A(A1p1 + Aopo + pie1s + paexs) = 0.
Step V. We claim that,

A(uie1s + poes) =0, (29)

for every 4, yp in C. By (28)

0 0 613
A(urers + poes) = 0 0 023 |,
00 O

where (Si]‘ e C.
Let ¢ = ¢p12 + ¢13. It is not hard to see that

Olz, pre1s + paexs] = ¢lz, pre1z + popz].

Considering this identity, the equality in (23), and the weak-2-local property of A at ujeis + pzes and
pieis + Hopa, we prove that 613 = 0. Repeating the same argument with ¢ = ¢o1 + P23, p1e13 + p2e23 and
H1p1 + Hoer3, we obtain 03 = 0.

Step VI. We claim that

A(Azp2 + prers + pzes) = 0 = A(Aypy + uie1s + poeos), (30)

for every Ay, Ay, p, p2 € C.
As in the previous steps, we shall only prove the first equality. By (28)

0 0 &3
A(Agpr + ez + poes) = 0 0 &o3 |,
0 0 O

where &;; € C.
Since for any matrix z = (z;;) € M we have

013 [z, Aapz + pae1s + paexs] = P13 [z, paeis + poexs],
the weak-2-local behavior of A at Aypp + pieis + paeas and piers + poers, combined with (29), shows that
&13 =0. Let ¢ = ¢ + ¢p3. It is easy to see that
O [z, Aopa + pre1s + paexs] = ¢ [z, uapr + Aapa + Haeas] -

Thus, weak-2-local property of A at Ap, + pie1s + poeos and pypr + Axpa + poers and (27) show that &3 = 0,
and hence A(Ayp; + pieis + tgezs) = 0.

Step VII. We shall prove that

2 2
Z Ajpj + Z pkers | =0, (31)
=1 k=1

A
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for every Ay, Ay, u1, 42 in C. By (28)

2 2 0 0 V13
A Z )\ij + Z Ukers | = 0 0 V23 |,
= pm) 00 0

where y;; € C.
Given z = (z;;) € M we have

~

- , 1 ) ) ]
P13z, Z Aipj + Z ukes| = ¢13 [z, Mip1 + Z Ukexs
= =1 ] ] ]

k=1

and

[ 2 2 ] [ 2 ]
$23 |z, Z Ajpj + Z ures| = ¢23 |z, Aapo + Z Urers | -
= k=1 ] I l

k=1

2 2 2 2

Then the weak-2-local behavior of A at Z Ajipj+ Z trers and Aipr + Z Uxexs (respectively, Axps + Z Ukexs),
j=1 k=1 k=1 k=1

combined with (30), imply that y13 = 0 (respectively, y»3 = 0).

Finally, for A3 # 0, we have

3 2 2 2 2 2
A[Z Ajp]‘ + Z [Jkek3] = A[/\31 + Z(/\j - /\3)}?]‘ + Z Mk3k3] = A3A [1 + )\3_1 Z‘(/\]‘ - /\3)}7]‘ + /\51 Z Ukek3
=1 k=1 j=1 k=1 j=1 k=1

2

2
= (by Lemma 2.5) = A3A [)\31 Z(A,- — Aa)pj + A3 Z ykekg,] = (by (31)) = 0,
=1 k=1

forevery Ay, Ay, p1, 2 in C. O

Proposition 3.8. Let A : M,, — M, be a weak-2-local *-derivation, where n € IN, 2 < n. Suppose p,...,pn are
mutually orthogonal minimal projections in My, q = p1 + ... + pp—1, M1, ..., Ay are complex numbers, and a is an
element in M, satisfying a = qap,. Then

A [Z Ajpj + a] = A[Z )\]-pj] +A@) =) LA (p) + A@),
=1 j=1 =1

and the restriction of A to gM,p,, is linear. More concretely, there exists wy € M, depending on p1, ..., py, satisfying
wh = —wq and
0

for every Ay, ..., A, and a as above.

Proof. We shall argue by induction on n. The statement for n = 1 is clear, while the case n = 2 follows from
Theorem 3.2. We can therefore assume that n > 3. Let us suppose that the desired conclusion is true for
every k < n.

As in the previous results, to simplify the notation, we write M = M,. For eachi # jin {1,...,n}, we
shall denote by e;; the unique minimal partial isometry in M satisfying e eij = pj and eije;; = pi- Henceforth,
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the symbol ¢;; will denote the unique norm-one functional in M* satisfying ¢;;(e;;) = 1. We also note that
n-1
every element a € M satisfying a = gap,, writes in the forma = Z Uxekn, for unique py, ..., pp—1 in C.
k=1
Fix j € {1,...,n}. We observe that, for each matrix z = (z;;) € M,;, we have

n

[z,pjl = Z Zkjekj = Zjkejk- (32)
k=T

We deduce from the weak-2-local property of A that

Alp) = Ap))* = Z Mo+ 210ey, (33)
k=1 k]

for suitable Al(cj) €C, kell,...,n]\{j}. Giveni # j, Lemma 2.6 and Proposition 3.4 imply that

0= (pi + p)AWpi +pj)pi +pj) = (pi + p)AQpi) + Alp)(pi + p)),
which proves that
A =-20, Viz]
These identities show that the matrix
Zo = —ZB = Z —/\Ej)(?]'j + Z )\g.i)eﬁ,
i>j i<j

is well defined, and A(p;) = [zo,pi] for every i € {1,...,n}. The mapping A=A- [zo,.] is a weak-2-local

“-derivation satisfying
n
A [Z A iP ]‘] =0,
j=1

for every A; € C (cf. Proposition 3.4).
Let us fix ip € {1,...,n — 1}. Itis not hard to check that the identity

n n—

1
L€ =(z. . — . — .o
[Z ezon] (Zlgio Znn)elon"' Z Zjig€jn Zznjei()]/ (34)
=1

jzl,jii[) ]=

holds for every z € M. Combining this identity with (32) for [z,p,], and [z,p; ], and the fact that Ais a
weak-2-local *-derivation, we deduce, after an appropriate choosing of functionals ¢ € M, that there exists
Vion € IR satisfying
A(€ign) = VignCign, Yio €1{1,...,n =1}
n-1
If we set z; := Z VinPk, then zq = —z3,
k=1

K(eil)?’l) = [leeion]/
for every iy € {1,...,n — 1}, and further [zl,z /\]-p]] = 0, for every A; € C. Therefore, A=A- [z1,.] is a

J=1
weak-2-local *-derivation satisfying

K[Z )\]‘p]‘] = K(E‘l‘on) = 0, (35)
j=1
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foreveryig € {1,...,n—1}.
The rest of the proof is devoted to establish that

n n—-1
A [Z{ /\jp] + ;‘ [Jkekn] =0,
j= =

for every i, ..., in-1, A1,..., Ay in C, which finishes the proof. The case n = 3 follows from Proposition 3.7.
So, henceforth, we assume n > 4. We shall split the arguments in several steps.

Step I. We shall first show that, foreach 1 <ip <n -1,

K[Z Aipi + yeio,,] =0, (36)
i=1

forevery Ay,..., Ay, pin C.

Let us pick k € {1,...,n — 1} with k # iy. By the induction hypothesis

n

(1- pk>Z[ Y A,-piwe,-m](l—pk): Y A =pIAE)( - p) + p(1 = )AL —p) =0.  (37)

=1tk i=Lizk
Since for any z € M, the identity

n

ZA,pﬁuemnl(l pi) = (1~ Pk){ Z Aipi + Heign

i=1 i=1,i#k

(1 =pw) |2 (1= pw),

holds, if we take ¢ = ¢;,; with j # k, we get, applying (37) and the weak-2-local property of A, that
. n
piUA[Z Aipi + ‘ueion]p]- =0. 1<j<n, j+k)
i=1

Since 4 < n, we can take at least two different values for k to obtain (36).

Step II. In this step we prove that, foreach 1 <ip <n -1,

n-1
Pi A [/\Pig + Z ,Uiein]pn =0, (38)
=1

forevery A and iy, ..., ty-1 in C.
We fix 1 <ip <n—1,and we pick k € {1,...,n — 1} with k # iy. By the induction hypothesis, we have

n—1 n—1
(1 -pA [Mﬂig + Hiein] (- p) = A1 = p)A (piy) (1= pi) + pi(1 = p)A(ein) 1 —p) =0, (39)
i=1,i#k i=1,i#k
for every A and s, ..., ty-1 in C.
Since for any z € M, the equality
n-1 n-1

(1= px)

z, Api, + Z ‘Uzem} X =pn) =0 =pr) {Z Api, + [Jiein} (1 -pw),
k

i=1,i#
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holds, we deduce from (39) and the weak-2-local property of A, applied to ¢ = ¢;,; with j # k, n, that

i=1

n-1
piuz(/\pio + Z yiem]p]- =0, (V1<j<n-1,j+# k).
By taking two different values for k, we see that

n-1
piyA [Apio + Z [Jiein] (1-pn) =0. (40)
i=1

Let o = Y71 @iy It is not hard to see that the equality

holds for every z € M. Thus,

n-1

ol

n-1
Z, /\pio + Z Hieiﬂl = (PO [Zf Apio + wipi + [’li(ueion} ’
i=1

i=1,i#ip
for every z € M. Therefore, the weak-2-local property of A implies that
_ n-1 _ n-1
PoA [/\Pio + Z Miein] = oA [)\Pz‘o + Uip; + [vlioeion] =0,
i=1 i=1,i#ig

where the last equality follows from (36). Combining this fact with (40), we get (38).
Step III. In this final step we shall show that

K{nz_l /\ipi + nz_l [.ljein] = 0, (41)

forevery p1,..., Un-1, A1, ..., Ay in C.
Letk € {1,...,n — 1}. By the induction hypothesis

n-1
(1 Pk)A[ Z Aipl Z ylein] (1 - Pk) =0.
i=1,i#k i=1,i#k
Since for any z € M, we have
n-1 n-1 n-1 n-1
1 =pr) [z, Z Aipi + Z yieml A =px=pn) =1 =pr) {Z, Aipi + Z [Jieinl (1 =pk—pn),
i=1 i=1 i=1,i#k i=1,itk

by taking ¢ = ¢;, with [ # kand j # k, n, we deduce, via the weak-2-local behavior of Z, that

n—1 n-1
PIZ (Z Aipi + Z [liein]l?j =0,
i=1 i1
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for every | # k and j # k, n. Taking three different values for k, we show that
n-1 n-1
E[Z Aipi + Z Hiein] (I-pn)=0. (42)
i=1 i=1
Let us pick ip € {1,...,n — 1}. It is easy to check that the identity
n-1 n-1
Pio [Z, Z Aipi + Z Ui€in
i=1 i=1

holds for every z € M. So, taking ¢ = ¢,,, we deduce from the weak-2-local property of A that

n-1 n—1 n-1
Pi A [Z Aipi + Z Hiein] Pn = PiA [/\iopio + Z ,uiein] pn =0,
i1 i1

i=1

n-1
Pn = Piy [Z/ AigPiy + Z Hieinl P,
i=1

where the last equality is obtained from (38). Since above identity holds for any iy € {1,...,n — 1}, we
conclude that

n—1 n—1
(1 -pwA [Z Aipi + 2 #iein]Pn =0. (43)
i1

i=1

n—1 n-1
Now, Lemma 3.1 implies that tr A (Z Aipi + Z yiem] = 0, which combined with (42), shows that
i=1 i=1

n—1 n—1
Pl [Z; Aipi + Z; yiem] pn =0. (44)
i= i=

Identities (42), (43) and (44) prove the statement in (41).
Finally, for A, # 0, we have

n n—1 n-1 n-1
A Z/\ijJFZerkn =A /\n1+Z(A]'—An)p]'+Zykekn
=1 k=1 j=1 k=1
_ n—-1 n—-1
= AA [1 +A71 Z(/\ i= Agpi+ A Z ykekn] = (by Lemma 2.5)
j=1 k=1

n-1 n-1
= AnA[A;1 Z(/\] - /\n)p]' + A# Z erk”] = (by (41)) =0,
j=1 k=1

for every p1,..., n-1, A1, ..., Ay inC O
Our next result is a consequence of the above Proposition 3.8 and Lemma 2.3.

Corollary 3.9. Let A : M,, — M, be a weak-2-local *-derivation, where n € IN, 2 < n. Suppose p1,...,pn are
mutually orthogonal minimal projections in My, q = p1+ ...+ pu-1, and a € M, satisfies a* = a and a = gap,, + p,aq.

Then
A [Z Ajpj + a] = A[Z )\]-pj] +A@) =Y LA (p) + A@),
j=1 j=1 j=1

forevery Ay, ..., Ay € R, and the restriction of A to (My)sa N (GMupn + pnMyq) is linear.
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Proof. Under the above hypothesis, Lemma 2.3 implies that

A [Z Aipj + a] =A {% Z Ajpj + qap,,] +A [% Z Ajipj + qap,,] = (by Proposition 3.8)
j:l j=1 j=1

= Z AiA (pj) + A(gapn) + A(qapn) = Z AjA (pj) + A(qap, + pnaq) = Z AjA (pj) + A(a).
=1 j=1 j=1

O

We can prove now that the measure y on P(M,) determined by a weak-2-local *-derivation on M, is
always bounded.

Proposition 3.10. Let A : M,, — M, be a weak-2-local *-derivation, where n € IN. Then A is bounded on the set
P(M,,) of all projections in M,,.

Proof. We shall proceed by induction on 7. The statement for n = 1 is clear, while the case n = 2 is a direct
consequence of Theorem 3.2. We may, therefore, assume that n > 3. Suppose that the desired conclusion is
true for every k < n. To simplify notation, we write M = M,,. We observe that, by hypothesis, A" = A.

Let p1,...,pn be (arbitrary) mutually orthogonal minimal projections in M. For each i,j € {1,...,n}, we
shall denote by e;; the unique minimal partial isometry in M satisfying ejeij = pj and eije;; = pi- Henceforth,
the symbol ¢;; will denote the unique norm-one functional in M" satisfying ¢;;(e;;) = 1.

Letg, = p1 + ... + pn1. Proposition 2.7 implies that the mapping

anqnlanqu : %M% - anQn

is a weak-2-local *-derivation on q,Mg, = M,_1(C). We know, by the induction hypothesis, that g,,Aqys,mg,
is bounded on the set P(g,Mg,) of all projections in g,Mg,. Proposition 3.4, assures that u : P(g,.Mq,) —
GnMgn, p = guA(p)q, is a bounded, finitely additive measure. An application of the Mackey-Gleason
theorem (cf. [4]) proves the existence of a (bounded) linear operator G : g,Mq, — ¢.Mgq, satisfying
G(p) = u(p) = guA(p)qy, for every projection p in g,Mg,. Another application of Proposition 3.4, combined
with a simple spectral resolution, shows that g,A(a)g, = G(a), for every self-adjoint element in g,Mg,.
Therefore, q,A(a + b)q, = G(a + b) = G(a) + G(b) = 9,A@)q, + g,A(b)gn, for every a, b in the self-adjoint part
of g.Mgq,.

Now, Lemma 2.3 implies that q,Aqxls,mq, is a *-derivation on g,Mgq, (compare also [3, Theorem 3.4]).
Therefore there exists zg = —z; € 4,Mg, such that

GnNGna9,)qn = (20, Gnaqnl, (45)

for every a € M.
Now, it is not hard to see that the identities:

=
—_

n— n—

Gz, €10 qn = —zmp1 — ) znjerj = — ) zujerj, (46)
j=2 j=1
and
n-1 n—1
n [Z/ ekn] qn = — Z ZnjCkjs qn [Z/ enk] qn = Z Zjn€ijk, (47)
j=1 j=1

hold for every z € M, and 1 < k < n —1 (cf. (34)). The weak-2-local property of A, combined with (46) and
(47), implies that
Pri (Alen)) = Pu (Alern)),
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foreveryl <k <n-1andeveryl <! <n-1. Furthermore, for2<i<n-1,1<j<n-1thereexitsz € M,
depending on e, and ¢;j, such that ¢ijA(e1,) = ¢ijlz, e1n] = ¢ij(qulz, e1419,) = (by (46)) = 0. Therefore

n—-1

Guer)gn = ) Anjerj, (48)

=1

for suitable (unique) A,;’s in C (1 < j < n — 1), and consequently,

=

an(enl)qn = QnA(eln)*Qn = (an(eln)qn)* = /\_njejl- (49)

]

I
—_

We similarly obtain

n—1

QnA(ekn)qn = Z‘ /\njekjr
=1

foreveryl1 <k<n-1.
Let us define
n-1 .
Z1 = —z] = Anjejin — Apjenj € puMqy + quMpy,.
j=1

It is easy to check that
GnANekn)qn = Gnlz1, €nln, Guldenk)qn = Gulz1, enclgn, Y1 <k<n-1,
qnlz1,9109419, = 0, and, gn[zo, guap, + pnagnlg. =0,

for every a € M. Therefore
AnAGnaqn)qn = qulzo + 21, Gna919n = Gulzo, 4na9u1qn, (50)
GnA(€en)qn = Gnlzo + 21, €nlqn = qulz1, €xnlgn,
and
Anenc)gn = Gnlzo + 21, €nlqn = qulz1, €niclqn,
foreveryae M,1<k<n-1
We claim that the set

{9:A@)q, : b e Mb* = b, |Ib]) < 1 (51)

is bounded. Indeed, let us take b = b* € M with ||b|| < 1. The last statement in Lemma 3.3 shows that

AnAD)Gn = quA(GnbGn + Gubpn + PrbGn + Pubpn)dn = GuAGnbGn + Gubpn + pubin)qn- (52)

The element g,,bg, is self-adjoint in 4,Mg,, so, there exist mutually orthogonal minimal projectionsry, .. ., #y—1
n—1

in g,Mg, and real numbers Ay, ..., A,—1 such that g,bg, = Z Ajrjand r1 + ...+ 1,1 = q,. We also observe
j=1

that p,bq, + q,.bp, is self-adjoint in q,Mp,, + p,Mg,, thus, Corollary 3.9 implies that
AnAD)n = qnA(Gnbin + Gubpn + Pubdn)dn = GuAGnbGn)gn + GnA(Gnbpn + Prbdn)qn
= (by (50)) = n [ZOI anqn]qn + qn[zlr anPn + pann]an

and hence
lg,Ab)gnll < 2[lzoll + 4l|z1ll,
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which proves the claim in (51).
Following a similar reasoning to that given in the proof of (51) we can obtain that the sets

{mA®)G b eMb =b,|Ibll < 1 (53)
and
{2A0)g2: b e M b = b, |Ibl| < 1 (54)

are bounded, where g, =1 —-prand g1 =1 —p;.
The boundedness of A on the set P(M,,) of all projections in M, is a direct consequence of (51), (53), and
(54). O

We can establish now the main result of this paper.

Theorem 3.11. Every (non-necessarily linear nor continuous) weak-2-local *-derivation on M, is linear and a
derivation.

Proof. Let A : M,, — M, be a weak-2-local *-derivation. Propositions 3.4 and 3.10 assure that the mapping
u: PM,) = M,, p — u(p) := A(p) is a bounded completely additive measure on $(M,). By the Mackey-
Gleason theorem (cf. [4]) there exists a bounded linear operator G on M,, such that G(p) = u(p) = A(p) for
every p € P(M,).

We deduce from the spectral resolution of self-adjoint matrices and Proposition 3.4 that A(a) = G(a), for
every a € (M,)s. Thus, given two self-adjoint elements a4, b in M,,, we have

A(@+b) = G@a+b) = G(a) + G(b) = Ala) + Ab).

This shows that Aluy,), is a linear mapping. The linearity of A follows from Lemma 2.3, and the final
conclusion from [3, Theorem 3.4]. O

Corollary 3.12. Every weak-2-local *-derivation on a finite dimensional C*-algebra is a derivation.

Proof. Let A be a finite dimensional C*-algebra. It is known that A is unital and there exists a finite sequence
of mutually orthogonal central projections gqi,--- ,gm in A such that A = EB:’; Ag; and Agq; = M,,(C) for
some 1n; € IN (1 <7 < m) (cf. [23, Page 50]).

Let A be a weak-2-local *-derivation on A. Fix 1 < i < m. By Proposition 2.7 the restriction g;Agilag, =
Aqilag : qiAqi = Ag; — Ag; is a weak-2-local *-derivation. Since Ag; = M,,(C), Theorem 3.11 asserts that
Agil 4g; 1S @ derivation.

ki
Let a be a self-adjoint element in Ag;. Then a writes in the forma = Z Ajpj, wherepy,- -+, py, are mutually
=1
orthogonal projections in Ag; and Ay, - -+ , Ay, are real numbers. Proposition 3.4 implies that

ki
mm:}lymmy
j=1
Multiplying on the right by the central projection 1 - q; we get:

ki
A@(1 - q) = ) AAp)1 - q). (55)

[=

However, Lemma 2.6 implies that (1 — p;)A(p;)(1 — p;) = 0, for every 1 < j < k;. Since p; < g; for every j,
we have 1 —g; <1 - pj, which implies that 0 = (1 — g)A(p;)(1 — ;) = A(p;)(1 — qi), for every 1 < j < ki. We
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deduce from (55) that A(a) = A(a)g; = qiA(a)g; for every self-adjoint element a € Ag;. Lemma 2.3 shows that
the same equality holds for every a € Ag;. That is, A(Ag;) C Ag; and Ay, is linear for every 1 <i < m.

Let (a;) be a self-adjoint element in A, where a; € Ag;. Having in mind that every 4; admits a finite
spectral resolution in terms of minimal projections and Ag; L Agj, for every i # j, it follows from Corollary
3.5 (or from Proposition 3.4) that A((a;)) = (A(a;)). Having in mind that Al is linear for every 1 <i < m, we
deduce that A is additive in the self-adjoint part of A. Lemma 2.3 shows that A is actually additive on the
whole A. Theorem 3.4 in [3] gives the desired conclusion. [
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