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Abstract. The aim of paper is to define and study some ideal convergent sequence spaces with the help
of generalized difference matrix B, , and Orlicz functions. We also make an effort to study some algebraic
and topological properties of these difference sequence spaces.

1. Background and Preliminaries

The concept of statistical convergence is a generalization of the usual notion of convergence that, for real-
valued sequences, parallels the usual theory of convergence (see [9]). Kostyrko et al. [15] and Nuray and
Ruckle [21] independently studied in detalis about the notion of ideal convergence which is a generalization
of statistical convergence and is based on the structure of the admissible ideal I of subsets of natural numbers
IN. Later on it was further investigated by Tripathy and Hazarika [25, 26], Hazarika and Mohiuddine [10],
Hazarika [12] and references therein. Hazarika [11] introduced the notion of generalized difference I-
convergence in random 2-normed spaces and proved some interesting results. Cakalli and Hazarika [5]
introduced the new concept ideal quasi Cauchy sequences and studied some results in analysis.

Let S be a non-empty set. Then a non empty class I € P(S) is said to be an ideal on S iff ¢ € I, I is additive
and hereditary. An ideal I C P(S) is said to be non trivial if S ¢ I. A non-empty family of sets F C P(S) is
said to be a filter on S iff ¢ ¢ F, for each A,B € F we have AN B € F and for each A € F and B D A, implies
B € F. For each ideal ], there is a filter F(I) corresponding to I i.e. F(I) = {K S S: K° € I}, where K=S5-K. A
non-trivial ideal I C P(S) is said to be (a) an admissible ideal on S if and only if it contains all singletons, i.e., if
it contains {{x} : x € S} (b) maximal, if there cannot exists any non-trivial ideal | # I containing I as a subset.
Recall that a sequence x = (xx) of real numbers is said to be I-convergent to the number ¢ if for every ¢ > 0,
theset{ke N:|xy— €| > ¢} €l

We denote w for the set of all real sequences x = (xx). The difference sequence space was introduced by
Kizmaz [14] as follows:

Z(A) = {(x) ew: Ax € Z}, (1.1)

for Z = €, ¢, co and Axp = Alxg = x; — x4q for all k € N, where the standard notations ¢, ¢ and ¢; are used
to denote the set of bounded, convergent and null sequences, respectively. Later this idea was generalized
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by Et and Colak [8] by considering A" instead of A where (A"x;) = AY(A" !xx) for n > 2 (see also Et and
Basarir [7]). In case of n = 0 we obtain x. The author of [24] generalized these spaces by taking A, in (1.1)
where the operator A, is defined by A, x = (Ayx) = (Xk — Xk4m). By combining the above two operators
A" and A, Tripathy et al. [27] defined and studied Kizmaz spaces for the operator A}, and it is given by
Alx = (Alxy) = (A% 'x — A 1xg,,,). In [6], Dutta considered Afyx = (g% = (A?n;)lxk - A?y;)lxk,m) and
introduced difference sequences spaces for the sets of bounded, statistically convergent and statistically null
sequences, respectively. Basar and Altay [2] introduced the generalized difference matrix B(r,s) = (b (, s))
which is a generalization of A(ll)-difference operator as follows:

7, ifk=mn;
bu(r,s) =< s, ifk=n-1,;
0, if0<k<n-1lork>n,

forall k,n € IN,r,s € R — {0}. Basarir and Kayikci [3] have defined the generalized difference matrix B" of
order 1, and the binomial representation of this operator is

n
A
B'xy = Z (V)r” V8" Xy,

v=0

where r,s € R — {0} and n € IN. Another generalization of above difference matrix was given by Basarir et
al. [4] as B'Zm) by taking into account operator introduced by Dutta [6], where B?m)x = (B?m)xk) = (rBZ’n;)lxk +

sB’(;)lxk,m) and B?m)xk = x for all k € IN, which is equivalent to the following binomial representation:

n
ny ,_
B?m)xk = Z‘ (V)Vn VSVXk—mV'

v=0

An Orlicz function is a function M : [0, c0) — [0, c0), which is continuous, non-decreasing and convex
with M(0) = 0,M(0) > 0 as x > 0 and M(x) — o0 as x — oo. It is well known if M is a convex function
and M(0) = 0, then M(Ax) < AM(x) for all A with 0 < A < 1. An Orlicz function M is said to be satisfy
A,-condition for all values of u, if there exists a constant K > 0 such that M(Lu) < KLM(u) for all values of
L > 1(see Krasnoselskii and Rutitsky [16]).

Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to construct the sequence space

VS {(xk) cw: ZM(%) < oo, for somep > 0}.

k=1

The space £y with the norm

Ix]] = inf{p >0: ZM(@) < 1}
o VP

becomes a Banach space which is called an Orlicz sequence space. The space £y is closely related to the
space ¢, which is an Orlicz sequence space with M(t) = |t[ for 1 < p < co.

For some recent work related to Orlicz sequence spaces, we refer to Alotaibi et al. [1], Mohiuddine et
al. [18, 19], Savas [23] and references therein.

If X is a linear space and g : X — Ris such that (i) g(x) > 0, (ii) x = 0 = g(x) = 0, (iii) g(x + y) < g(x) +g(y),
(iv) g(—=x) = g(x) and (v) g(tyxx — tx) = 0 as k — oo whenever f; — t and x; — x as k — oo for scalars f, t
and the vectors xy, x, then g is said to be a paranorm on X and the pair (X, g) is called a paranormed space. A
paranorm g which satifies g(x) = 0 = x = 0 is called a total paranorm.

A sequence space E is said to be (i) normal (or solid) if (ayxr) € E whenever (xx) € E and for all sequence
(ax) of scalars with |ax| < 1 for all k € IN, (ii) symmetric if (x-)) € E, whenever (xx) € E, where  is a
permutation of IN.
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Let K = {ki < k» < ..} € IN and E be a sequence space. A K-step space of E is a sequence space
/\IE< = {(xx,) € w: (k,) € E}. A canonical preimage of a sequence {(x,)} € AE is a sequence {yx} € w defined as

_ Xk, ifkeK
Ye = 0, otherwise.

A canonical preimage of a step space AL is a set of canonical preimages of all elements in A%. A sequence
space E is said to be monotone if E contains the cannical pre-image of all its step spaces. Note that every
normal space is monotone (see [13], page 53).

The following well-known inequality will be used throughout the article. Let p = (pi) be a sequence of
positive real numbers with 0 < pi < sup, px = H, D = max{1, 271} then

la + bel’* < D(lag|’* + |be[P¥) for all k € IN and ay, by € C.

Also |aP* < max{1, |a|"} for alla € C.

2. Main Results

We introduce the following new type of ideal convergent sequence spaces using the generalized differ-
ence matrix B, and Orlicz functions. Let M be an Orlicz function, and p = (px) be a sequence of positive
real numbers and m,n be nonnegative integers. Let A = (A;) be a non-decreasing sequence of positive
numbers tending to infinity such that A;;; < A; +1, Ay = 1 (such type of sequence also used in [20] to define
summability methods). For p > 0, we define the following new sequence spaces:

LT} 1Z
ch(A, M, B!, p) = {(uk) cw: {i eN:1y [M(UB(—[jkl)] > g} c 1},

" keJ;
I n - F .1 1B te—tol \ I I f R
c(/\,M,B(m),p)— (ug) e w: ZEN‘/\T}%_ M - > ¢ €1, for some ujy € ,

" \ 1Pk
(A, M, B[\, p) = {(uk) ew:sup; 1+ ¥ [M(M)] < oo},
" keJ; P

where J; = [i — A; + 1,1]. Itis easy to see that the inclusions Cé()\, M, B:’m),p) C cl(/\, M, B?m),p) Cle(A, M, Bf’m),p)
are proper. We can write the following spaces by using the above spaces

m'(A, M, B}, p) = ¢'(A, M, B}, p) N le(A, M, B}, , p)
and

my(A, M, Bf,,), p) = (A, M, By, p) N €(A, M, B\, p).

(m)” 7= (m)! 7= (m
Particular cases: For n = 0, the spaces ! (A, M, By, p), ch(A, M, B, P) €eo(A, M, By, p), m! (A, M, By, p)
and m(A, M, Bf, , p) becomes c(A, M, p), cj(A, M, p), (A, M, , p), m'(A, M, p) and mj(A, M, p) respectively.
The following is easy to prove.
Theorem 2.1. Letp = (px) bea bounded sequence of positive real numbers. The spaces cé()\,M, B:’m), p), cl(A, M, B?m), p),
le(A, M, B ., p), m'(A, M, B! |, p)and m{(A, M, B ,p) are linear.

4 (m)l 4 (m)l 4 (m)/

Theorem 2.2. Let p = (px) € lw. Then ml(A, M, B?m),p) and mé()\, M, B?m),p) are paranormed spaces with the
paranorm gg: defined by

|Bnm Mk|
g8y, (1) = inf{prg >0: sup%z {M[ ) )] <1, forp> 0}/

1 1 kE]i p

where G = max{1, sup, p}.
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Proof. Clearly gg(nm)(—u) = g8, l)(u) and g8, (0) = 0.Letu = (ux) and v = (v) be two elements in mf)(/\ M, B?m p).
Now for pq, p2 > 0 we put

By, k| 1 By, Ukl
Al = {p1 >0: sup gy Z[M((Z—)lﬂ < 1} and A, = {pz >0: supXZ[M((Z—;]] < 1}.
ke]; ! keji

Let us take p = p1 + p2. Then using the convexity of Orlicz function M, we obtain

' (Ui + ) Bf,, Ukl IBY, Okl
M ( ) < p1 M (m) " p2 M (m)
Y p1+p2 p1 p1+ P2 P2

which in turn gives us

p L Zﬂ [(WW+W”}§1

and

gpy, (U +0) inf{(p1 + pz)%k cp €A € A2}

Py P
< inf{plG 1p1 € Al} + inf{pzG 1p2 € Az} = nglm)(u) + gpr (V).

(m)

Let o' — @, where o/, @ € R and let 75! )(ui — 1) > e0as i — oo. To prove that gp )(aiui —au) = o0 asi — .
m m

We put
1By, oy Bl = )"
(m)
>0: su <1} and Ay = >0: su _— <13.

By the continuity of M we observe that

|B?m)(aiui — au)| IB?m)(aiui — au’)| IB’Zm)(au" — au)|
M- | < MXF>—0  |+M|=—
lat — atlpm + |l lat — alpsm + |alp lat — alpm + |alpr

i~ alom B! | B! (u' — )l
‘ la' — alp M m4 b lalpy M (m) '
lat — atlpm + |l Pm lat — atlpm + |l o}

From the last inequality it follows that

(@'t — au)
sup )\l Z [M[—la'(—)al Tl H <1
A pm + lalpi

and consequently

143

ger, (@'u’ = au) m%W—mw+mm) We&mwAJ

IA

la' — al%k inf{(pm) C Py € A3} + Ial 1nf{(p1) C:ip € A4}

IN

. P Pic
max {1, o' — alS :932’,,1) (u') + max {1, Ial G :ngtm) (' —u). (1)

Hence by our assumption the right hand side of (1) tends to 0 as i — oo. This completes the proof of the
theorem. [
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Theorem 2.3. Let M; and M, be two Orlicz functions. Then
(i) Z(A, Mo, Bl,,,p) € Z(A, My o My, B, . p),
(ii) Z(A, M, B! (my P p) N Z(A, My, B! (my P p) C Z(A, My + M, B’Zm),p),

for Z = cf, ', m{,m', ts

Proof. (i) Let u = (uy) € cI(/\ M, B, p). For p > 0 we have

. 1 1Byt = ol |
{lEINxZ[MZ(()T]] > e elfor every e > 0. (2)

" keJ;
Let ¢ > 0 and choose a with 0 < @ < 1 such that M (t) < € for 0 < t < a. We define

|B(m) M0|
v = M T

and consider

; Pe— i Px ; Pk
lim M@l = lim M@l + lim M@

keN;0<vi<a
We have

im_ [Mi@)F < Vi@ Tim_ o, H = sup p 3)

For the second summation (i.e.vx > a), we go through the following procedure. We have
(4 v

Uk < X1+ 2
a !

Since M; is non-decreasing and convex, it follows that

Mio) <My (1+2) < M)+ My (Zz")
Since M satisfies A,-condition, we can write
M) < 3KEMi(2) + 2 KEM2) = KEM )
We get the following estimates:
im [My@oP < max {1, (Ka ' My@)"} lim [0l )
From (2), (3) and (4), it follows that (1) € c'(A, M;.M,, B" (m) P)- Hence cl(A, My, B" twyP) € cl(A, My oM, Bf,\, p)-
(i) Let (1) € c'(A, My, (m),p) N cl(A, My, (m),p) Let € > 0 be given. Then there exists p > 0 such that

{1EIN AZ[ ( ()46 ”0|]] }eland {zelN AZ (M]rZE}EI.

keJ; kej;

The rest of the proof follows from the following relation:

|Bfy i — 1ol \ "
{ZEN%Z (M1+M2)()To]} 26}

" keji

o kg P U A gl )
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We remark that if M>(x) = x and M;(x) = M(x) for all x € [0, o) in the above theorem then Z(A, B! |, p) C

4 (m)/
Z(A, M, B" p) for Z = c c! mo, m!, £, where I is an admissible ideal.

Theorem 2.4. The spaces m\(A, M, B,y P) and m'(A, M, By, p) are nowhere dense subsets of {e(A, M, B,y P)-

Proof. From Theorem 3 [25] it follows that m ()\ M,B" .,p) and m!(A,M,B m),p) are closed subspaces of

4 (m)l
teo(A, M, B! |, p). Since the inclusion relations mO(A M, B oy p) C te(A, M, B () p) and m!(A, M,Bz’m),p) C

7 (m)’
(A, M, B” ,p) are strict, then the spaces mO(A M, B p) and m!(A, M, B? ),p) are nowhere dense subsets of

(A, M,Bg ),p) 0

(m)”

Theorem 2.5. The inclusions Z(A, M,BZ’m)l,p) cZ(A M, B" p) are strictfor n > 1. In general Z(A, M, Blm p) €

Z(A,M, B, p) fori=1,2,..., n = 1and the inclusion is strzct for Z=cl,c,m,m, l.

Proof. Letu = (uy) € ci(A, M, By, |, p). Let & > 0 be given. Then there exists p > 0 such that

{ielN: %%[M('BW; l]} e} el

Since M is non-decreasing and convex it follows that

Y <o ]
] |

H
where K = max{1, (%) }. Therefore, we obtain

o255 <

e RV

keJ; keJi

IA

DK|M

Hence (uy) € ¢ (/\ M, B? ? p). The inclusion is strict follows from the following example.

Example 2.6. Let M(x) = x for all x € [0, 0) and (A;) =i for all i € N. Suppose also thatn =5, m =2,r =1,
s = —1and py = 1 for all k € IN. Let us define the sequence (ux) by

[ KB+2k+1 , ifkiseven;
=10 , otherwise.

Thus we have

4
4\ 4,
B?z)”k = Z (V)TA " Uk,

v=0

which gives B, uy = —64. So, we have Bé)uk = 0. Therefore (uy) € c\(M, B, p) but (ux) & ci(M, By, p).

@ @’ 1@y

This completes the proof of the result. [
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Theorem 2.7. Let (py) and (qx) be two sequences of positive real numbers. Then m{)(/\,M B! v p) C m{)(/\, M, B?m), q)

72 (m
if and only if lim infrex Z—’; where K € N such that K ¢ I.

Proof. If we take (v) = M (%) for all k € IN. Then the result follows from the Theorem 6, [25]. O

Corollary 2.8. Let (px) and (qi) be two sequences of positive real numbers. Then m{)(/\, M, B'Zm), p) = mé(/\, M, B?m)’ q)
if and only if lim infyex Z—i and lim infiex Z—i > 0 where K € N such that K ¢ I.

The proof of the above result follows from the Corollary 7 in [25].

Theorem 2.9. If I is not a maximal ideal and I # I, then the sequence spaces c'(A, M, B! ., p) and m'(A, M, B! ., p)

4 (m)/ 4 (m)l
are neither normal nor monotone, where Iy denotes the class of all finite subsets of IN.

We prove this result with the help of following example.

Example 2.10. Let M(x) = x forall x € [0, 00) and (A;) = ifor all i € IN. Suppose also thatr =1,s = -1,n=1,m =
1 and py = 1 for all k € N. Taking I = I5, where Is = {A C IN : asymptotic density of A (in symbol, 6(A)) = 0} and
note that Is is an ideal of IN. Define the sequence (uy) by uy = k for all k € N. Let

_ | -1, ifkiseven;
TN\ 1, ifkisodd.

Then we see that (ux) € Z(A, M, Bf,,, p) for Z = cl. But (aquy) ¢ Z(A, M, By, p)forZ = cl. Therefore c'(A, M, B}, P)
is not normal and hence not monotone. Similarly, we can show that c{)(A, M, B:’m), p) and mé(/\, M, B?m), p) are neither
normal nor monotone by considering uy = 3 for all k € IN.

Theorem 2.11. If I is an admissible ideal and I # If, then the sequence spaces Z(A, M, By, p) are not symmetric,
VR

where Z = cb, !, m{, m'.

We prove this result only for c/(A, M, B? ' p) with the help of following example. The rest of the results

4 (m) 4
follow similar way.

Example 2.12. Let M(x) = x for all x € [0, 00) and (A;) = iforall i € N. Suppose thatr =1,s=-1,n=1,m=1.
Taking I = Is and py = 1 for all k € IN. Let us define a sequence (uy) by

| =2k+1 , ifk=iieN
=1 0 , otherwise.

Thus, we obtain (uy) € c'(A, M, B’Zm),p). The rearrangement (vy) of (ux) defined as

U = {u1, Uy, U, Ug, U3, U1e, Us, Uss, Us, ...}

This implies that (v) & c!(A, M, B" /p)- Hence cl(A, M, B" ., p) is not symmetric.

72 (m Y

Theorem 2.13. If I is an admissible ideal, then cé(/\, M, B’Zm),p), cl(A, M, B?m),p) and € (A, M, B?m),p) are convex
sets.

The proof of the above theorem follows directly by using the convexity of Orlicz function.

Theorem 2.14. If I is an admissible ideal, then the spaces cf)(/\, M,B? ,p), cl(A, M, BZ’m), p) and {s(A, M, B! | p)are

(m)” (m)”

topologically isomorphic with the spaces cy(A, M, p), c'(A, M, p) and €« (A, M, p), respectively.
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Proof. Let us consider the mapping T : Z(A, M, B, p) — Z(A, M, p) defined by

Tu=v= (B:’m)uk) for every u = (ux) € Z(A, M, B?m),p),

where Z = ¢/, Cé, {. Clearly T is linear homeomorphism. [J
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