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Abstract. Three fixed point theorems for mappings satisfying contractive inequalities of integral type with
w-distance in complete metric spaces are proved. Three examples are included. The results presented in
this paper extend substantially some known results.

1. Introduction

In 1968, Kannan [8] extended the Banach contraction principle from continuous mappings to noncon-
tinuous mappings and proved the following fixed point theorem.

Theorem 1.1. ([8]) Let T be a mapping from a complete metric space (X, d) into itself satisfying
d(Tx, Ty) < cld(x, Tx) +d(y, Ty)], VYx,y€X, (2.1)
where c € (0, %) is a constant. Then T has a unique fixed point in X.

In 1996, Kada et al. [7] used w-distance to generalize Caristi’s fixed point theorem, Ekeland’s e-
variational principle, Takahashi’s nonconvex minimization theorem and to prove a fixed point theorem.
In 2002, Branciari [4] introduced the concept of contractive mappings of integral type and obtained the
following fixed point theorem, which extends the Banach contraction principle.

Theorem 1.2. ([4]) Let T be a mapping from a complete metric space (X, d) into itself satisfying

d(Tx,Ty) d(x,y)
f p(tdt < cf pMdt, VYx,yeX, (2.2)
0 0
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where c € (0,1) is a constant and @ : [0, +00) — [0, +00) is Lebesgue integrable, summable on each compact subset of

[0, +00) and ‘ @()dt > 0 for each € > 0. Then T has a unique fixed point a € X such that lim,_,., T"x = a for each
0 q
xeX.

Since then, a lot of fixed and common point theorems dealing with various contractive mappings of
integral type in metric spaces, modular spaces and symmetric spaces have been established by many
researchers, see, for example, [1]-[3], [5], [11]-[17] and the references cited therein. In particular, Rhoades
[14] extended the result of Branciari and got fixed point theorems for more general contractive mappings
of integral type in complete metric spaces, Vijayaraju et al. [17] proved a common fixed point theorem for
a pair of mappings satisfying a general contractive condition of integral type in complete metric spaces,
Altun et al. [2] showed common fixed point theorems of weakly compatible mappings satisfying a general
contractive of integral type in complete metric spaces, Beygmohammadi et al. [3] discussed the existence of
fixed points for mappings defined in complete modular spaces satisfying contractive inequality of integral
type, Aliouche [1] gained a fixed point theorem using a general contractive condition of integral type in
symmetric spaces.

Motivated by the results in [1]-[17], in this paper we introduce new mappings satisfying contractive
conditions of integral type with w-distance and prove the existence, uniqueness and iterative approxima-
tions of fixed points for these mappings in complete metric spaces. Our results extend and improve the
results due to Branciari [4] and Kannan [8]. Three nontrivial and illustrative examples are also furnished to
support the results in this paper.

2. Preliminaries

Throughout this paper, we assume that R = (—co, +0), R* = [0, +0), Ny = {0} U N, where IN denotes
the set of all positive integers, and

D= {(p 1@ :R* — R* is Lebesgue integrable, summable on each compact subset of R* and J: e(Hdt >0

for each ¢ > O}.

Definition 2.1. ([7]) Let (X, d) be a metric space. A function p : X x X — R™ is called a w-distance in X if it satisfies
the following

(w1) p(x,2) < px, y) +p(y,2), V¥, y,2 € X;

(wy) for each x € X, a mapping p(x,-) : X — R* is lower semi-continuous, that is, if {y,}nen is a sequence in X
with lim, e Y = y € X, then p(x, y) < liminf, e p(x, ¥n);

(w3) for any € > 0, there exists 6 > 0 such that p(z,x) < 6 and p(z,y) < 6 imply d(x, y) < €.

Example 2.2. Let X = R* be endowed with the Euclidean metric d = ||, k be a positive constant and p : Xx X — R*
be defined by

p,y) =y, VYryeX
Then p is a w-distance in X.

Proof. Letx,y,z € X. Itis clear that (w,) holds and
plx,2) =2 <y + 2" = p(x,y) + p(y,2),
that is, (w;) holds. Let ¢ > 0 and put § = &X. Suppose that p(z, x) < 6 and p(z, y) < 6. It follows that
d(x,y) = |x — y| < max{x, y} < max{(S%,é%} =g,
which implies (w3). O

Example 2.3. Let X = R be endowed with the Euclidean metric d = |- |, k € R*, m be a positive constant and
p: X x X — R* be defined by
p(x,y) = |x[* + ", Vx,yeX

Then p is a w-distance in X.



Z. Liu et al. / Filomat 31:6 (2017), 1515-1528 1517
Proof. Letx,y,z € X. Itis clear that (w;) holds and
p(e,2) = W + 2" < xlE + ™ + 1y + = = pl, y) + ply, 2),
which yields (w,). Let ¢ > 0 and put 6 = (%)m Suppose that p(z, x) < 6 and p(z, y) < 0. It follows that

dx,y) =lx -yl <|xl + |yl < S + O = g,
which implies (w3). O

Recall that a self mapping T in a metric space (X, d) is called orbitally continuous at u € Xiflim,_,. T"x = u,
x € X, implies thatlim,,_,., TT"x = Tu. The mapping T is orbitally continuous in X if T is orbitally continuous
ateachu € X.

The following lemmas play important roles in this paper.

Lemma 2.4. ([7]) Let X be a metric space with metric d and let p be a w-distance in X. Let {x,}nen and {yn}nen be
sequences in X, let {ay}nen and {Bulnen be sequences in R* converging to 0, and let x,y,z € X, then the following
hold:

(@) If p(xn, v) < vy and p(xy, z) < By for any n € N, then y = z. In particular, if p(x, y) = 0 and p(x,z) = 0, then
y=2

(0) if p(xn, Yn) < ay and p(x,, z) < By for any n € N, then {y,},en converges to z;

() if p(xn, Xm) < ay for any n,m € N with n > m, then {x,},en is a Cauchy sequence;

(d) if p(x, x,) < ay for any n € N, then {x,},eN is a Cauchy sequence.

Lemma 2.5. ([12]) Let ¢ € @ and {r,},en be a nonnegative sequence with lim, . 1, = a. Then

Tn

lim (p(t)dt:f(p(t)dt.
0 0

n—oo

Lemma 2.6. ([12]) Let ¢ € © and {r,}nen be a nonnegative sequence. Then lim,_,c for" e®)dt = 0 if and only if
lim,, 01, = 0.
3. Main Results

In this section, we establish three fixed point theorems for three classes of contractive mappings of
integral type with w-distance in complete metric spaces.

Theorem 3.1. Let (X, d) be a complete metric space and let p be a w-distance in X. Assume that T : X — X satisfies

that
p(Tx,Ty) Px,y)
f p(tdt < cf pMdt, Yx,yeX, (3.1)
0 0

where c € [0,1) is a constant and ¢ € ®. Then T has a unique fixed point u € X, p(u, u) = 0, limy, .o p(T"x0,u) = 0
and lim,, . T"x = u for each xo € X.

Proof. Pick an arbitrary point xj in X and define x,, = T"x for each n € INy. Now we consider the following
two cases:

Case 1. Assume that x,,, = x,,—1 for some 19 € IN. It’s easy to see that x,,_; is a fixed point of T, x,, = xy,-1
for each n > ng and lim, e T"xp = Xy,-1. Suppose that p(xu,-1,Xn-1) > 0. It follows from (3.1) and ¢ € ®

that
P(Xng-1,Xng-1) P(Txng-1,TXng-1) P(Xng-1,%ng-1)
f pt)dt = f p(tdt < cf o(t)dt
0 0 0

p(xrzo—l/xnofl)
< f p(b)dt,
0
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which is a contradiction. Hence p(x,,,—1, X4,-1) = 0, which yields that
Tm p(n, Xig-1) = plig-1, Xne-1) = 0;
Case 2. Assume that x,, # x,_1 for all n € IN. Suppose that
p(Xpy-1,%n,) =0 for some np € N. (3.2)

In light of (3.1), (3.2) and ¢ € ®, we infer that
P (X Xing +1) (Txg-1,T%ng) P (Xng-1,%ng)
0= f p(t)dt = f p(Hdt < c f Q(t)dt =0,
0 0 0

which means that
p(xrzl)/xr10+l)
f Q(t)dt =0,
0

p(xng/ xn0+1) =0. (33)

which together with ¢ € ® gives that

Note that (3.2), (3.3) and (w1) ensure that

O S p(xno—llxn0+l) S p(xi’lo—llxno) + p(xﬂolxno+1) = O/

that is,
p(xng—l/xn0+1) = O' (3’4)

It follows from (3.2), (3.4) and Lemma 2.4 that x,,, = x,,+1, which is absurd and hence
p(xn-1,%,) >0, VYnelN. (3.5)

In view of (3.1), (3.5) and ¢ € ®, we deduce that

P(Xn,Xn+1) p(Txy-1,Txy) P(Xn-1,%n)
f Q()dt = f (bt < c f p()dt
0 0 0

P(Xn-1,%n)
< f p®)dt, VYneNN,
0

which together with (3.5) implies that
0< p(xm Xnt1) < p(xn—l/ x.), VYnelN. (3.6)

Note that (3.6) yields that the sequence {p(x,, X1+1)}nen, is positive and strictly decreasing. Thus there exists
a constant v > 0 with

gg{}o p(Xn, Xpt1) = 0. (3.7)
Suppose that v > 0. By means of (3.1), (3.7), ¢ € ® and Lemma 2.5, we conclude that

(X, Xn+1) D(Txy-1,Txn)

f Q(t)dt = lim Q(t)dt = lim Q(Hdt
0 n—oo 0 n—oo 0

p(xnflrxn) U
< lim cf Q(t)dt = cf Q(t)dt
0 0

n—oo

<fv (t)dt,
0
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which is impossible and hence v = 0, that is,

lim p(x,, xp11) = 0. (3.8)
Similarly, we get that
lim p(xy41,%,) = 0. (3.9)
n—o00
Now we show that
lim p(x,, xm) = 0. (3.10)

Otherwise there is a constant € > 0 such that for each positive integer k, there are positive integers m(k) and
n(k) with m(k) > n(k) > k such that
POy, X)) > €-
For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying the above inequality.
It follows that
Py, Xim@y) > € and  p(Xu@y, Xmg—1) < €, Yk e N. (3.11)

Note that
& < p(Xnwy, XmE)

< Py, Xn@-1) + P15 Xm(y-1) + PXm-1, Xm(k))

(3.12)
< Py, Xn)-1) + PXn)-1, X)) + Py, Xmeky-1) + PXm-1, Xim(k))
< Py, Xn-1) + PXn@-1, Xn) + € + PXmy-1, Xmp), Yk € N.
Letting k — oo in (3.12) and using (3.8), (3.9) and (3.11), we know that
%1_{{10 Py, Xm@p) = I}I_I)EIO PXn-1, Xm@p-1) = €. (3.13)

By virtue of (3.1), (3.13), ¢ € ® and Lemma 2.5, we deduce that

& D) Xmk)) P(TXn (-1, TXm()-1)
f e(Hdt = ]}im f @t)dt = lim e(t)dt
0 — Jo 0

k—o0

P(Xn(k)-1, Xm(k)-1) &
< lim Cf @(t)dt = cf @(t)dt
0 0

k—o0

<f€ (t)dt,
0

which is a contradiction. Thus, (3.10) holds.
Let ¢ > 0 and 6 denote the number in (wj3). It follows from (3.10) that there exists N € IN satisfying

plxn,x,) <6 and  plxn,x,) <6, VYn,m>N,
which together with (w3) yields that
d(xy, xm) <€, ¥n,m>N,

that is, {x,},en, is a Cauchy sequence. Since (X, d) is a complete metric space, it follows that there exists a
point # € X such that lim,,_,c X, = 1.
Observe that (3.10) guarantees that for each ¢ > 0, there exists N, € IN satisfying

0 < p(xn,Xm) <& Vn,m=Np,
which together with (w,) and lim, . x, = u yields that

0 < p(xy, u) < liminfp(x,, x,) <&, VYn=N,,
m-—00
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which gives that
lim p(x,, u) = 0. (3.14)

Making use of (3.1), (3.14), ¢ € ® and Lemma 2.5, we obtain that

p(Tx,,Tu) (X, 10)
0< f pt)dt < cf et)dt -0 as n— oo,
0 0

that is,
p(Tx,,Tu)

lim et)dt =0,
n—o0 0
which together with Lemma 2.6 means that
lim p(xy41, Tu) = lim p(Tx,, Tu) =0,
n—o0 n—o0
which together with (w;) and (3.8) yields that

O < p(xn/ Tu) < p(xn/ xl’l+1) + p(xﬂ+1/ Tu) - O as n— o,

that is,
lim p(x,, Tu) = 0. (3.15)

Combining (3.14) and (3.15) and using Lemma 2.4, we derive at u = Tu.
Next we show that p(u, u) = 0. Suppose that p(u, u) > 0. It follows from (3.1) and ¢ € O that

p(1,1) p(Tu,Tu) p(1,1) p(u,u)
0< f Q(t)dt = f Q(tydt < c f Q(t)dt < f p(bydt, (3.16)
0 0 0 0

which is impossible. That is, p(u, 1) = 0.

Finally, we show that T possesses a unique fixed point in X. Suppose that @ and § are two fixed points
of T in X. Similar to the proof of (3.16), we infer easily that p(a, a) = p(B, ) = 0. Suppose that p(, &) > 0. It
follows from (3.1) and ¢ € @ that

P(B,) (T, Ta) P(B,) P(B,a)
0< f pt)dt = f p(t)dt < cf ptdt < f (t)dt,
0 0 0 0

which is absurd. Consequently p(B, @) = 0, which together with p(g, §) = 0 and Lemma 2.4 that § = . This
completes the proof. O

Theorem 3.2. Let (X, d) be a complete metric space and let p be a w-distance in X. Assume that T : X — X satisfies

that
p(Tx,Ty) p(Tx,x) p(Ty,y)
f pt)dt < uf e(H)dt + bf phdt, Vx,yeX, (3.17)
0 0 0

where @ € ® and
a and b arenonnegativeand a+b <1. (3.18)

Then T has a unique fixed point u € X, p(u, u) = 0, limy, o p(T"xo, u) = 0 and lim,,_,oc T"xo = u for each x € X.

Proof. Let xg be an arbitrary point in X and define x,, = T"x, for each n € INy. Now we consider the following
two cases:
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Case 1. Assume that x,,, = x,,—1 for some 1y € IN. It’s easy to see that x,,_; is a fixed point of T, x,, = xy,-1
for each n > ng and lim,,—,.o T"xp = xy4,-1. Suppose that p(x,,-1, Xn,-1) > 0. It follows from (3.17), (3.18) and

@ € @ that
P(Xg-1,Xg-1) P(Txng-1,TXny-1)
0< jo‘ pt)dt = L Q(t)dt

p(Txnofl/xnofl) P(Txno—lyxnofl)
< af pH)dt + bf Q(t)dt
0 0

p(xno—l/xno—l)

=(a+b) @(t)dt
0

p(xno—l:xno—l)
< f p(bdt,
0

which is a contradiction. Hence p(x,,,—1, X4,-1) = 0, which yields that
1im p(xn, Xny-1) = P(Xng-1, Xnp-1) = 0;

n—

Case 2. Assume that x,, # x,_1 for all n € IN. In terms of (3.17), we obtain that

p(xnﬂlxn) p(Txn,Txn—l)
[ e [ Pyt
0 0
p(Txn/xn) p(Txnflrxnfl)
<a f Q(t)dt + b f ()it
0 0

p(erl/xn) p(xn/xn—l)
= af e(H)dt + bf p®)dt, VneNN,
0 0

which yields that
P(Xn+1,%n) b P (X Xn-1)
f p(hdt < e et)dt, VYnelN. (3.19)
0 —aJo
Suppose that there exists some 1y € IN with
P(Xny, Xng-1) = 0. (3.20)

It follows from (3.19), (3.20) and ¢ € @ that

P(Xyzo+1lxr10) b p(xnorxno—l)
0< f (P(f)dt < m gD(t)dt =0,
0 0

which together with Lemmas 2.6 yields that

P(Xng+1, Xny) = 0. (3.21)

Linking (3.20), (3.21) and (w,), we infer that

O S p(xn0+1/xno—l) S p(xi’l0+1/xn0) + p(xﬂolxno—l) = O/

that is,
P(Xng+1, Xng-1) = 0. (3.22)

Using (3.21), (3.22) and Lemma 2.4, we know that x,, = x,,-1, which is impossible. Consequently, we get
that
p(xn, xp-1) >0, VYnelN. (3.23)
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In view of (3.18), (3.19), (3.23) and ¢ € ®, we deduce that

p(xnﬂrxn) b P(Xn,an)
0< f Pt < —— P(Ddt
0 I-aJy

b 2 p(xn—lzx;kZ)
S(—) f Hdt<---
1-al Jy ¢

p \* [PUx)
< (m) f ptdt -0 as n— oo,
- 0

which together with Lemma 2.6 yields that (3.9) holds.
Now we show that
lim p(xy, x,) = 0. (3.24)

m,n— o0

Otherwise there is a constant € > 0 such that for each positive integer k, there are positive integers m(k) and
n(k) with m(k) > n(k) > k such that
P(Xm(ky, Xn(ry) > €
For each positive integer k, let m(k) denote the least integer exceeding (k) and satisfying the above inequality.
It is clear that
p(xm(k),xn(k)) >¢ and p(xm(k)_l,x,,(k)) <e VkelN. (3.25)

Note that (3.9) and (3.25) yield that

€ < p(Xm(k), Xn(k))
< PGy Xim-1) + PXm(-1, Xn(r)
< Py, Xmg-1) + € > € as k— oo,

that is,
]}1_{1010 Py, Xn(r) = €. (3.26)

Making use of (3.9), (3.26), ¢ € ® and Lemma 2.5, we acquire that

0< f ' Q(t)dt
0

D (Xm(ky Xn(k))

= lim Q(t)dt

k—oo Jo

P(TXmgy-1,TXn)-1)

- lim (Dt
k—oo Jo
D(TXim()-1,Xm(k)-1) D(TXn(k)-1,Xn(k)-1)
< I}im (af e)dt + bf qo(t)dt)
P (Xm(k) Xm(k)-1) D (k) Xn(i-1)
=alim @(t)dt + b lim et)dt
k—o0 0 k—o0 0
=0,

which is a contradiction. Thus (3.24) holds. As in the proof of Theorem 3.1, we conclude that there exists
some u € X satisfying (3.14) and lim,,_,« X, = #, which together with (w,) gives that

p(Tu,u) < linm infp(Tu, xy). (3.27)

Clearly there exists a subsequent {x,, }ien € {X1}nen, satisfying

liminfp(Tu, x,) = lim p(Tu, x,,). (3.28)
n—oo 1—00
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By means of (3.9), (3.17), (3.18), (3.27), (3.28) and Lemma 2.5, we deduce that

p(Tu,u) p(Tu,x,)
j‘ Q(t)dt < lim Q(H)dt
0 1—00 0

P(Tu/“) p(Txni—lrxni—l)
< lim (af Q(Hdt + bf go(t)dt)
1—00 0 0
P(Tlt,u) p(xn,-/xnif])
=aj‘ ¢mm+bmnj‘ P(Ddt
0 1—00 0

p(Tu,u)
=a f p(t)dt,
0
which yields that
p(Tu,u)
1- a)f e®)dt <0,
0

p(Tu,u)
f e®)dt =0,
0

p(Tu,u) = 0. (3.29)
By virtue of (3.17), (3.18), (3.29) and ¢ € @, we gain that

p(Tu,Tu) p(Tu,u) p(Tu,u)
osj\ ¢mms¢f ¢@m+ﬂf Q(t)dt =0,
0 0 0

which together with (3.18) implies that

that is,

which ensures that
p(Tu, Tu) = 0. (3.30)

It follows from (3.29), (3.30) and Lemma 2.4 that u = Tu and p(u, u) = 0.
Finally, we show that T possesses a unique fixed point in X. Suppose that @ and § are two fixed points
of T in X. In light of (3.17), (3.18) and ¢ € @, we conclude that

pla,a) p(Ta,Ta)
f ¢®ﬂ=j‘ p(t)dt
0 0

p(Ta,a) p(Ta,c)
< af (t)dt + bf e(H)dt
0 0

p(a,a)
—(@+b) f POy,
0

which gives that
pla,a)
0<(1-a-b) p(t)dt <0,
0

that is,
p(o,a)
f et)dt =0,
0

pla,a) = 0. (3.31)

which yields that
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Similarly we infer also that p(8, ) = 0. It follows from (3.17), (3.18) and ¢ € ® that

p(a,B) p(Ta, TP)
o;f Wth Q(t)dt
0 0

p(Ta,a) P(THp)
<a f e)dt + bf (t)dt
0 0
=0,
which implies that
pla,p) = 0. (332)
On account of (3.31), (3.32), ¢ € ® and Lemmas 2.4, we deduce that a = . This completes the proof. [J

Theorem 3.3. Let (X, d) be a complete metric space and let p be a w-distance in X. Assume that T : X — X is an
orbitally continuous mapping satisfying

p(Tx,Ty) p(x,Tx) (v, Ty)
f p(t)dt < af o(t)dt + bf phdt, Vx,yeX, (3.33)
0 0 0

where ¢ € @ and (3.18) holds. Then T has a unique fixed point u € X, p(u,u) = 0, lim,—,co p(T"x9, u) = 0 and
limy, e T"x0 = u for each xo € X.

Proof. Let xj be an arbitrary point in X and define x,, = T"x( for each n € INy. Without loss of generality we
assume that x, # x,1 for all n € IN. Similar to the proofs of Theorem 3.1 and 3.2, we conclude that (3.10)
holds and there exists some u € X satisfying lim,_,. x, = # and (3.14). Since T is orbitally continuous, it
follows that

Tu = lim Tx, = lim x,41 = u.
n—oo

n—oo

It follows from (3.18), (3.33) and ¢ € ® that

() p(Tu,Tu)
[ = [T gt
0 0

p(u,Tu) (1, Tu)
Saj‘ ¢mm+bf‘ o(Ddt
0 0

p(1,1)
—@+b) [ gt
0

which implies that
p (i)

0<(1-a-b) p)dt <0,
0
which together with (3.18) means that
p(u,1t)
f etdt =0,
0

that is, p(u, u) = 0. The rest of the proof is similar to that of Theorem 3.2 and is omitted. This completes the
proof. [

Problem 3.4. If the condition that T : X — X is an orbitally continuous mapping in Theorem 3.3 is removed, and
other conditions of Theorem 3.3 do not change, the conclusions of Theorem 3.3 hold ?
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4. Remarks and Examples

In this section, we construct three nontrivial examples to compare the fixed point theorems obtained in
Section 3 with the known results in Section 1.

Remark 4.1. In case p(x,y) = d(x,y) for all x,y € X, then Theorem 3.1 reduces to Theorem 1.2. The following
example reveals that Theorem 3.1 extends substantially Theorem 1.2.

Example 4.2. Let X = R" be endowed with the Euclidean metricd = |-|, p : X X X - R*, ¢ : R* —» R* and
T : X — X be defined by
p, )=y VYyvyeX o) = 43, VteR*
and
. {0, vxe[0,1]

3, Yx e (1, +o0).

Put ¢ = 1. It is clear that p is w-distance in X and ¢ € . In order to verify (3.1), we have to consider two possible
cases as follows:
Case 1. Let x € X and y € [0, 1]. It follows that

p(Tx,Ty) p(x,Y)
f pt)dt =0 < cf e(t)dt;
0 0

Case 2. Let x € X and y € (1, +00). Note that

p(TxTy) Vi 22
f oDt = f =L <L
| ; =72

1 VY P(x,Y)
= f 483dt = ¢ f @(t)dt.
2 0 0

Hence (3.1) holds. Thus the conditions of Theorem 3.1 are satisfied. It follows from Theorem 3.1 that T has a unique
fixed point in X.

Now we show that the mapping T does not satisfy the conditions of Theorem 1.2. Otherwise, there exist ¢ € (0,1)
and @ € © satisfying (1.2). It follows from (1.2), ¢ € ® and Lemma 2.5 that

A(T1,Ty)

; 0-4
0< f @(Hdt = lim f p(Hdt = lim p(b)dt
0 y—=1* Jo y—=1 Jo

1y) [1-yl
<c lim fd @®)dt = c lim f e(t)dt
y—1* 0 y—1* 0
=0,

which is impossible.

Remark 4.3. In case p(x,y) = d(x,y) for all x,y € X and @(t) = 1 for all t € R*, then Theorem 3.2 reduces to
Theorem 1.1. The following example proves that Theorem 3.2 generalizes indeed Theorem 1.1.

Example 4.4. Let X = R* be endowed with the Euclidean metricd = ||, p: XX X —- R*, ¢ : R* — R* and
T : X — X be defined by
piuy)=vy*, YxyeX, @) =2t VteR*

and

Vx Vx € [1, +00).

2+x37

{0, Vx e[0,1)
Tx =
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Puta = % and b = 11—6 It is clear that p is w-distance in X, ¢ € ® and (3.18) holds. In order to verify (3.17), we have
to consider two possible cases as follows:
Case 1. Let x € X and y € [0,1). It is clear that

p(Tx,Ty) p(Tx,x) P(Ty.y)
f pdt =0 < af pt)dt + bf e(H)dt;
0 0 0

Case 2. Let x € X and y € [1, +00). Note that

p(T,Ty) (2%) 2 2
_ 2+y _ y y_
fo go(t)dt_fo 2tdt = T

2 2

x Y
< af 2tdt + bf 2tdt
0 0

p(Tx,x) P(Ty.y)
= af e(t)dt + bf Q(t)dt.
0 0

That is, (3.17) holds. Hence the conditions of Theorem 3.2 are satisfied. It follows from Theorem 3.2 that T has a
unique fixed point in X.

However we cannot use Theorem 1.1 to prove the existence of fixed points of the mapping T in X. Otherwise, there
exists ¢ € (O, %) satisfying (1.1). It follows that

<

4

<

(o)}

% - d(O, %) — d(T0, T1) < c(d(0, TO) + d(1, T1)) = %

which together with ¢ € (O, %) yields that

N~
N =

which is impossible.

The following example is an application of Theorem 3.3 and shows that Theorem 3.3 differs from
Theorem 1.2.

Example 4.5. Let X = [0, 2] be endowed with the Euclidean metricd =|-|,p: XXX —- R*, ¢ : R* — R* and
T : X — X be defined by

pix,y)=x+y, VYxyeX, @) =2t VteR"

and

e i Yxelo
0, VYre(,2].

Puta=b = 1. It is obvious that p is w-distance in X, ¢ € ® and (3.18) holds. Observe that

Ty — T Vx€[0,1],n € N
)0, ¥xe(@,2],neN,

which implies that T is orbitally continuous in X. In order to verify (3.33), we have to consider four possible cases as
follows:
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Case 1. Let x,y € [0,1]. It is clear that

p(Tx,Ty) % (X+y)2 5(X2 + y2)
j; (p(t)dt=f0 2tdt = T ST

(x+7) v+3)
= af 2tdt + bf 2tdt
0 0

p(x,Tx) Py, Ty)
= af et)dt + bf e(t)dt;
0 0

Case 2. Let x,y € (1,2]. Note that

p(Tx,Ty) p(x,Tx) (v, Ty)
f et)dt =0 < af et)dt + bf e(H)dt;
0 0 0

Case 3. Let x € [0,1] and y € [2,3]. Note that

p(Tx,Ty) i 2 5y2 p(x,Tx)
= _—— < —_—
f) p(t)dt fo 2tdt TR RT aj(; @(H)dt
p(x,Tx) p(y,Ty)
< af @(H)dt + bf @(t)dt;
0 0

Case 4. Let x € [2,3] and y € [0, 1]. It is clear that

= =—< — =
fo Q(bdt fo 2t = o< == =b fo (bt

p(x,Tx) (v, TY)
< af et)dt + bf e(t)dt,
0 0

that is, (3.33) holds. Thus the conditions of Theorem 3.3 are satisfied. It follows from Theorem 3.3 that T has a unique
fixed point in X.

However, we claim that Theorem 1.2 is unapplicable in proving the existence of fixed points of T in X. Suppose
that there exist c € (0,1) and ¢ € @ satisfying (1.2). It follows from (1.2), ¢ € O and Lemma 2.5 that

1

i (T1,Ty) Ly)
0< f pt)dt = lim f p(t)dt < lim cf p(t)dt
0 =1 Jo y—1* 0

y—1
= lim cf p(t)ydt =0,
1 Jo

y=1
which is a contradiction.
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