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Abstract. The present paper unifies some aspects concerning the vertical Liouville distributions on the
tangent (cotangent) bundle of a Finsler (Cartan) space in the context of generalized geometry. More exactly,
we consider the big-tangent manifold 7"M associated to a Finsler space (M, F) and of its £-dual which is a
Cartan space (M, K) and we define three Liouville distributions on 7°M which are integrable. We also find
geometric properties of both leaves of Liouville distribution and the vertical distribution in our context.

1. Introduction and Preliminary Notions

1.1. Introduction

The vertical Liouville distribution on the tangent bundle of a (pseudo) Finsler space was defined for the
first time in [4] where some aspects of the geometry of the vertical bundle are derived via vertical Liouville
distribution. A similar study on the cotangent bundle of a Cartan space can be found in [11]. Also, other
significant studies concerning the interrelations between natural foliations defined by Liouville fields on
the tangent bundle of a Finsler space and the geometry of the Finsler space itself, as well as similar problems
on Cartan spaces are intensively studied in [6] and [2], respectively. See also [11, 14, 19, 20].

As it is well known, in the generalized geometry initiated in [10], the tangent bundle TM of a smooth #n-
dimensional manifold M is replaced by the big-tangent bundle (or Pontryagin bundle) TM@&T*M. On its total
space the velocities and moments are considered as independent variables. This idea was proposed and
developed in [21, 22] and later was used in the study of Hamiltonian-Jacobi theory for singular Lagrangian
systems [13]. The geometry of the total space of the big-tangent bundle, called big-tangent manifold, is
intensively studied in [25] and some its applications to mechanical systems can be found in [9].

Using the framework of the geometry on the big-tangent manifold, our aim in this paper is to extend
some results concerning the vertical Liouville foliation in the context of generalized geometry. Thus, some
aspects concerning the geometry of vertical bundle of the big-tangent bundle of a Finsler space can be
obtained via our generalized Liouville distribution. This extension yields new subfoliations of the vertical
foliation on the big-tangent bundle and some properties of these subfoliations are studied in the end of the
paper. In this sense, we consider the big-tangent manifold 7"M associated to a Finsler space (M, F) and of
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its £-dual which is a Cartan space (M, K). As usual, we reconsider the vertical Liouville distributions Vg,
and Vg, from the case of vertical tangent (cotangent) bundle of a Finsler (Cartan) space, see [4, 11], for the
case of vertical subbundles V; and V5, respectively, with respect to Liouville vector fields & and &,. Next
we define the Liouville distribution Vg with respect to the Liouville vector field & = &; + &,, we prove that
it is integrable (Theorem 2.2) and we study some of its properties (Theorem 2.5 and Proposition 2.6). Also,
some links between the vertical Liouville foliations Vg,, Vg, and Vg, respectively, are established.

On the other hand, it is well known that the vertical Liouville distribution on the tangent (cotangent)
bundle of a Finsler (Cartan) space is strongly related with the indicatrix of Finsler (Cartan) space, see
[6, 11], which inherits a natural almost contact structure, see [1, 8]. Thus, our generalized vertical Liouville
distribution, which is an odd dimensional integrable distribution over the big-tangent manifold, can serve
as an example of a contact Lie algebroid. This example is presented in the recent paper [12] when the Finsler
metric is the norm of a Riemannian metric. Also, some basic adapted connections with respect to vertical
subfoliations of the big-tangent manifold can be studied as in [11, 14].

1.2. Preliminaries and notations

Let M be a n-dimensional smooth manifold, and we consider 7 : TM — M its tangent bundle, 7" :
T*M — M its cotangent bundle and 1 = n® " : TM & T"M — M its big-tangent bundle defined as Whitney
sum of the tangent and cotangent bundles of M. The total space of the big-tangent bundle, called big-tangent
manifold, is a 3n-dimensional smooth manifold denoted here by 7M. Let us briefly recall some elementary
notions about the big-tangent manifold TM For a detailed discussion about its geometry we refer [25].

Let (U, (x')) be a local chart on M. If (Z +7lx}, x € U is a local frame of sections in the tangent bundle over
U and {dx'l,}, x e U is a local frame of sections in the cotangent bundle over U, then by definition of the
Whitney sum, (< e l, dx'|;}, x € U is a local frame of sectlons in the big-tangent bundle TM @ T*M over U.
Every section (y, p) of T over U takes the form (y,p) = ax, + p,dx and the local coordinates on 7~ (U) will
be defined as the triples (o, yi, pi),wherei=1,...,n=dimM, (x' ') are local coordinates on M, (v ') are vector
coordinates and (p;) are covector coordinates.

The change rules of these coordinates are:

oxt . _  ox

e B P N _ , 1
X=x(), y = ax]y Pi = 5=P) 1)
and the local expressions of a vector field X and of a 1-form ¢ on 7M are
i 9 J J _ iy Ry 4 vidn,
X—£$+ ;+Cl e and ¢ = a;dx' + Bidy' + y'dp;. 2)

For the big-tangent manifold 7M we have the following projections
T TM->M,11: TM—->TM, 75:TM —>TM

on M and on the total spaces of tangent and cotangent bundle, respectively.
As usual, we denote by V = V(7 M) the vertical bundle on the big-tangent manifold 7°M and it has the
decomposition
V=VieV,, 3)
where V] =1 1(V(TM)) Vs, = Tgl(V(T"M)) and have the local frames { 3(; bgs 0 } respectively. The subbun-
dles V3, V, are the vertical foliations of 7"M by fibers of 71,12, respectlvely, and 9 M has a multi-foliate
structure [23, 24]. The Liouville vector fields (or Euler vector fields) are given by

e 0
y (9 S F(Vl) 82 =pis— &P

In the following we consider that the manifold M is endowed with a Finsler structure F, and we present
a metric structure on V induced by F. According to [3, 5, 17], a function F : TM — [0, c0) which satisfies the
following conditions:

& = el(Vy), E=&E +&E eI(V). 4)
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i) Fis C® on TM® = TM — {zero section};
ii) F(x,Ay) = AF(x,y) forall A € Ry;

iii) the n X n matrix (g;;), where g;; = is positive definite at all points of TM®,

P2
3 33/’8 i’
is called a Finsler structure on M and the pair (M, F) is called a Finsler space. We notice that in fact F(x, y) > 0,
whenever y # 0.

There are some useful facts which follow from the above homogeneity condition ii) of the fundamental
function of the Finsler space (M, F). By the Euler theorem on positively homogeneous functions we have,
see [3, 5, 17]:

=gy ¥ =9, B =giy'y’ =y, Ciny* = Cagy" = Cuiy/ =0, (5)
o . . _ 19F? _ 2’F?
where (g) is the inverse matrix of (g;;) and we have put y; = %a—; , Cijk = }Iayia—yF/ayk'

Also, for a given Finsler structure F on TM' there is a Cartan structure K = F* on T"M° := T"M —
{zero section} obtained by Legendre transformation of F (the L-duality process, see [15, 16, 18]), that is a
function K : T*M — [0, c0) which has the following properties:

i) Kis C* on T"M’;

if) K(x, Ap) = AK(x,p) for all A > 0;
iii) the n X n matrix (¢*/), where g/ = %;;—gp is positive definite at all points of T*Mj.
Also K(x,p) > 0, whenever p # 0. The properties of K imply that
P =97, pi=gip K = gpip; = pip', Cpr = C¥p = Cpe =0, ©)
9. 2 ik _ 33 2
%(9_1;, 4 Cljk - _411 a"’p,a:apk °

It is well-known that g;; determines a metric structure on V(TM) and g*/ determines a metric structure
on V(T*M). Similarly, every Finsler structure F on M determines a metric structure G on V by setting

where (g;) is the inverse matrix of (9°/") and we have put p' =

G(X, Y) = gif(x, X, (x, ¥, P)Y](x,y,p) + 971, X2y, DY (X, y, ), 7)

for every X = X! (x, y,p)— + X2(x,y,p P 2y = Y](x y,p)aw + Yz(x y,p)gp eT(V).

2. Vertical Liouville Foliations on 7 M

In this section we reconsider the vertical Liouville distributions Vg, and Vg, from the case of vertical
tangent (cotangent) bundle of a Finsler (Cartan) space, see [4, 11], for the case of vertical subbundles V; and
Vi, respectively, with respect to Liouville vector fields & and &,. Next we define the Liouville distribution
Ve with respect to the Liouville vector field & = & + &,, we prove that it is integrable and we study some
of its properties. Also, some links between the vertical Liouville foliations Vg,, Vg, and Vg, respectively,
are established.

2.1. Vertical Liouville distributions Vg, and Ve,

Following [4], [11] we define two vertical Liouville distributions on 7"M as the complementary orthog-
onal distributions in V; and V5 to the line distributions spanned by the Liouville vector fields &; and &,,
respectively.

By (4) and (5) we have

G(&1, &) = F. (8)

Using G and &;, we define the V;-vertical one form (; by

60X = 260, E), VX1 = Xi(x, y,p) e T(Vy). ©)
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Let us denote by {&;} the line vector bundle over 7"M spanned by &; and we define the first vertical Liouville
distribution as the complementary orthogonal distribution Vg, to {&;} in V1 with respect to G. Thus, Vg, is
defined by (;, that is

['(Vg,) ={X1 € (V1) : Gi(Xq) =0} (10)

We get that every Vy-vertical vector field X; = X! (x, y, p)aiyi can be expressed in the form:

1
Xi =P Xi + 1—:C1(X1)81, (11)

where P; is the projection morphism of V; on Vg,.
Also, by direct calculus, we get

G(X1,P1Y1) = G(P1X1, P1Y1) = G(Xq, Y1) — Gi(X1)G(Yr), VX4, Y1 € I(Vy). (12)

Let us consider {6} the dual basis of {aiy,}. Then, with respect to the basis {0} and {Gf ® aiy[}, respectively, (;
and P; are locally given by
J 1 Yi 11‘

G =40 P =P ol L= 3 P—éi—ﬂ (13)
1 —Gi 4 1_]‘ ayi/ I_FI ]_ ] PZ/
where 6;. are the components of the Kronecker delta.

As usual for tangent bundle of a Finsler space (see Theorem 3.1 from [4]), the first vertical Liouville
distribution Vg, is integrable and it defines a foliation on 7°M, called the first vertical Liouville foliation on
the big-tangent manifold 7M. Also, some geometric properties of the leaves of vertical foliation V; can be
derived via the first vertical Liouville foliation Vg,.

Similarly, by (4) and (6) we have

G(&, &) =K, (14)
and using G and &,, we define the V,-vertical one form (; by
1 d
Q(X2) = EG(Xz,Sz) VX = X2, y, p)8_p eI'(V2). (15)
Let us denote by {&,} the line vector bundle over 7'M spanned by &, and we define the second vertical

Liouville distribution as the complementary orthogonal distribution Vg, to {&,} in V, with respect to G. Thus,
Ve, is defined by (y, that is

['(Vg,) ={X2 € [(V2) : G(X2) =0} (16)

We get that every V,-vertical vector field X, = Xf (x,y, p)a% can be expressed in the form:

1
Xp =PrXo + KCZ(Xz)Sz, (17)

where P; is the projection morphism of V, on Vg,.
Similarly, by direct calculus, we get

G(X2,P2Y3) = G(P2Xo, PoY)) = G(X2, Y2) — La(X2)Ca(Y2), VX, Y € I(V)). (18)

Let us consider {k;} the dual basis of { a%}. Then, with respect to the basis {k;} and {k]- ® a%}, respectively, C;
and P, are locally given by

2 2 2 i o2 i

. : 0 P )
_7i1. _pl 1. - i i_
CZ_C kl,PZ_Pik]@api’C_ K/P]_6

As usual for cotangent bundle of a Cartan space (see Theorem 2.1 from [11]), the second vertical Liouville
distribution Vg, is integrable and it defines a foliation on 7°M, called the second vertical Liouville foliation on
the big-tangent manifold 7 M. Also, some geometric properties of the leaves of vertical foliation V; can be
derived via the second vertical Liouville foliation Vg, .

;i— o (19)
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2.2. Vertical Liouville distribution Vg

In this subsection we unify the concepts presented in the previous subsection and we define a vertical
Liouville distribution on 7M as the complementary orthogonal distribution in V' to the line distribution
spanned by the Liouville vector field & = &; + &,. We prove that this distribution is an integrable one, and
also, we find some geometric properties of both leaves of Liouville distribution and the vertical distribution
on the big-tangent manifold 7M. Finally, some links between the vertical Liouville foliations Vg,, Vs, and
Ve, respectively, are established.

By (4), (5) and (6) we have

G(&,8) = F> + K2, (20)
Now, by means of G and &, we define the vertical one form C by

Ux) = \/%G(X &), VX =Xy, p) -+ X2(x, y, p) e L(V). (21)

Let us denote by {&} the line vector bundle over 7M spanned by & and we define the vertical Liouville
distribution as the complementary orthogonal distribution Vg to {&E} in V with respect to G. Thus, Vg is
defined by (, that is

I'(Ve) = {XeI(V) : {(X) = 0}. (22)

We get that every vertical vector field X = X/ (x, y, p) 2 4 X3(x,y, p) Jp can be expressed in the form:

1

where P is the projection morphism of V on V.
Also, by direct calculus, we get

G(X,PY) = G(PX,PY) = G(X,Y) - C(X)C(Y), VX, Y e (V). (24)
With respect to the basis {6, k;} and {Gf ® a‘; L0 ® a%_, kj ® (giy,.,kj ® 3%_}, respectively, C and P are locally given
by
o 2 9 9 d
i i 17 P Pl J 3. P] Pl 3. i
C=6"+ Tk 6®8y1+ k®8p+ ]6®8p+P k®8y (25)
where their local components are expressed by
Yi i p
Gi=——, (= ——, (26)
VF2 + K2 VF2 + K2
1 i 2 i 4 i
i Yy g PP 3 ypi S Py
Prti-mere P mre PR P TR @)
Remark 2.1. We have the following relations between C, P, C1, Cp, P1 and Py:
0X) = ——=0(X1) + —=0(Xy), (28)
\/7 \/7
1 GX1)  GX2)) 2 2
P(X) = P1(X1) + Pa(Xa) + e ( TR (K61 — F°&), (29)

for every vertical vector field X = Xy + Xo = X (x, y, p)— + X2(x, y, p)a%.
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Theorem 2.2. The vertical Liouville distribution Vg is integrable and it defines a foliation on T M, called vertical
Liouville foliation on the big-tangent manifold 7M.

Proof. Follows using an argument similar to that used in [4]. Let X,Y € I'(Vg). As V is an integrable
distribution on 7°M, it is sufficient to prove that [X, Y] has no component with respect to &.
It is easy to see that a vertical vector field X = Xi (v, y, p) -+ X2 (v, y, p) -is in I' (V) if and only if

70, Xy + g7 (x, p)XZp; = 0. (30)

Differentiating (30) with respect to y* we get

agij _, X! oy gl X2
akXy + ga X, +g,]&ky g Pjay =0,Yk=1,...,n (31)
and taking into account the relation 5 ‘q =1yl =0 (see (5)), one gets
i j&Xi +ij 8X1‘2
g,-kX1+gijya—yk+g p]-a—yk:0,\¥k:1,...,n. (32)
Similarly, differentiating (30) with respect to px we get
0X] dgii - 9X?
]_ *ik y72 _J 2 #ij o 1 — —
gzjya +g" X+ I Xipi+yg p]apk 0,Vk=1,...,n (33)

. . ogi
and taking into account the relation ag—pkp i = 0 (see (6)), one gets

*ik 72 &X’ *1 8X2
g X +gl]y] +9]Pjgpk O,szl,...,i’l. (34)

Let X = Xi(x, v, p)— +X2(x,y,p P 2y =y (5, Y03 57+ Y}Z,(x, Y, p)a%j € (V). Then, by direct calculations
using (32) and (34), we have

) d 9Y? X
G(X, Y], &)

%ky[ W_Ylla_yi +yg PkX{W—gkka]zgp

o 9Y] 8X2 28Y2 ,0X7
e X =0 G+ X Vi
—gi Vi X + g XiY] - gIYAX + g X2V
=0
which completes the proof. 0O

Remark 2.3. The proof of Theorem 2.2 can be also obtained using an argument similar to [7]. More exactly, if we

considerP(a‘;]) P' 24 pl] £ and P(£ ) pl] a +P]

j oy i 3+ by direct calculus we obtain

P(%)( VF?2 +K?) = P(%)( VF2 + K?) = 0. (35)
Yy j
Now, since V = Vg @ {E} is integrable, the Lie brackets of vector fields from Vg are given by

[( )P(—)] AkP< >+Bl,kP( >+cz,8 (36)
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d d ik
[P(a_yi)’P(a_pj)] D]P( )+E P(—)+F’8 (37)

d d
P(=—),P(5—)| = G"*P +H/P +LIg, 38
[(api) (gp])] o ) ) (38)
for some locally defined functions Al.]., Bij, Cij, D]k Efk, F] Gk, H and L', respectively. We notice that by the
homogeneity condition of F and K we have & VF2 + K2) = VF2 + KZ, Now, if we apply the vector fields in both sides
of formulas (36), (37) and (38) to the function VF* + K2 and using (35), we obtain C;; VF? + K2 = Flf VF2 + K2 =
LiNF2 + K2 = 0. This implies that C;j = F = LI/ = 0, and then the vertical Liouville distribution Vg is integrable.

As usual, the Theorem 2.2, we may say that the geometry of the leaves of vertical foliation V should be
derived from the geometry of the leaves of vertical Liouville foliation Vg and of integral curves of &. In
order to obtain this interplay, we consider a leaf Ly of V given locally by x' = a,i = 1,...,n, where the a'’s
are constants. Then, g;j(a,y) and g*/(a, p) are the components of a Riemannian metric G, = Gl on Ly. If
we denote by V the Levi-Civita connection on Ly with respect to Gy, then its local expression is

I _ck I _ 9 _ 9 _ il J
vai yi C( y)ak, 8y5}7j_0’v£f3yf_0'v%f8p C( ap (39)
where C?j(u’ y) = lk(a ]/) 9/1(11 ) and Cz](a p) = _jglk(‘l p) 3y (a p)’
Contracting Ci.‘].(a, y) by yf and Ck] (a,p) by pj, respectlvely, we deduce
Cija )y’ =0, Clta,pip; =0. (40)

In the following lemma we obtain the covariant derivatives with respect to V of &,  and P, respectively.

Lemma 2.4. On any leaf Ly of V, we have

Vi s ) - e @
VF2+K2) VFP2+K2
1
Vx0)Y = ———G,(PX, PY), 42
(Vx0) L ( ) (42)
and
1
(VxP)Y =~ 55— [GL, (PX, PY)E + VP2 + K2((Y)PX| (43)

forany X,Y e I'(TLy).

Proof. We take X = X/(a,y, p)— +X2(a,y, p) Y=Y Na,y,p) 5+ Y2(a y,p)Z= 57 € I'(TLy) and the relation
(41) follows by:
_ 8 ) K (v 9 mw 9
2 1 K2 2 2\ F2+ K29yl P2+ K20p;
F2+K F2+K y Pj
XX (5 PP 9 yp 2
V2 + K2 / 2+ K2 ap' F2 + K2 5yf
1
1 j J i 5 0 2 ]1 J 2 pi J
F2+K2[X P 5+ Xi P ap]+x PI X P] 5
PX

VEZrK2

+
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For the relation (42) we have

(VxOQY = X(C(Y) - C(VxY)
d j
le Y{ C] Xi YZ 8C XZY] C XZYZ aC
Ay I oyt L 9pi I dp;
_ X (07— 220 )- kil
VErrR2V P+ (e VRt K

242 .y
Xyt XY ( ii_ PP )
P+K)VE+K2 VR +K? F>+ K2
On the other hand we have
G, (PX, PY) GL, (X, Y) = C(X)C(Y)

XLy + X2ph)(Y]yj + Y2p))
F? + K?

= XY+ X -
and the relation (42) follows easily.

The relation (43) follows using (23), (41) and (42). O

Theorem 2.5. Let (M, F) be a n-dimensional Finsler space and Ly, Ly, and y be a leaf of V, a leaf of Vg that lies in
Ly, and an integral curve of ﬁ, respectively. Then the following assertions are valid:

i) y is a geodesic of Ly with respect to V.
ii) Ly, is totally umbilical immersed in Ly.
iii) Ly, lies in the generalized indicatrix I, = {(y,p) € T.M° & T:M° : F*(a,y) + K*(a, p) = 1} and has constant
mean curvature equal to —1.

is the unit normal vector

Proof. Replace X by ‘/7 in (41) and we obtain i). Taking into account that === W

field of Ly,, the second fundamental form B of Ly, as a hypersurface of Ly is given by

1
VF? + K?

On the other hand, by using (41) and taking into account that Gy, is parallel with respect to V, we deduce
that

B(X,Y) = Gi, (VxY,E) ,¥YX,Y €T (TLy,). (44)

Gi, (VxY,&) = =G1,(X,Y), VX, Y € T (TLy,). (45)
Hence,
1
XY)=—— XY), VX YeI(TL 4
B( 7 ) mGLv( 7 )/v 7 € ( Vg)/ (6)

that is, Ly, is totally umbilical immersed in Ly. Now, we have

95y _ 9 _ VP IVP K )
VE+ K VP + K dy! Ipj

which says that ‘/; is a unit normal vector field for both Ly, and the component I,. Thus, Ly, lies in I,
and F?(a, y) + K%(a,p) = 1 at any point (y, p) € Ly,. Then (46) becomes

B(X,Y)=-GL,(X,Y), YX,Y € T (TLy,) (48)
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which implies that
&B(Ei, Ei) = -1, (49)
2n-1 p

where {E;} ia an orthonormal frame field on Ly, of signature {¢;}. Hence, the mean curvature of Ly, is —1
which completes the proof. [

Proposition 2.6. Let (M, F) be a n-dimensional Finsler space and Ly be a leaf of the vertical foliation V. Then the
sectional curvature of any nondegenerate plane section on Ly which contain the vertical Liouville vector field & is
equal to zero.

Proof. Denote by R;, the curvature tensor field of V on Ly. Then, by using (41) and (43), we obtain

_évaTIE%]PX
V2 + K2

for every vector field X on Ly. Now, taking into account &( VF2 + K2) = VF2 + K2, the sectional curvature
of a plane section {X, &} vanishes on Ly. [

&Axasz—b (50)

Remark 2.7. Let (M, F) be a n-dimensional Finsler space. Then there exist no leaves of V which are positively or
negatively curved.

Finally, let us study certain relations between the vertical Liouville foliations Vg,, Vg, and Vg, respec-
tively.
We notice that we have the following decompositions of the vertical distribution:

V= Vgl (&) ng B {E D {E) and V = Vg @ {E). (51)

1 2
Taking into account that [Pj. aiy,-,Pf a%l] = 0 and [&1, &E] = 0 we get that both distributions Vg, @ Vg, and

{E1] ® {&,) are integrable. Evidently, {E} C {&E1} @ {&;} and by (28) we have also Vg, & Vg, C Vg. Thus, we
have the following vertical subfoliations on 7 M:

{E}c &l (&) cV, Ve, ®Vg, CVgC V. (52)

The relations (51) says that {E} and Vg, @ Vg, have the same orthogonal complement in {&1} ® {&;} and in
Ve, respectively. It is a line distribution {&’}, where & = K2&, — F28,, see (29) (or by direct calculations in
G(&E1 + @286y, E) = 0 it results a; = K? and a, = —F?). Thus

Bl @&} = {8l @{E}, Ve = Vg, @ Ve, @{E'). (53)

Proposition 2.8. The leaves of the foliation {E1} ® {E,} are totally geodesic submanifolds of the leaves of vertical
foliation V.

Proof. Follows easily taking into account that Vg, &1 = &1, Vg,E =V, E =0, Vg, & =6, O
Also by direct calculus we obtain Vg & = —K?F28 + (K? — FA)&' ¢ T({&'}), which leads to
Proposition 2.9. If y is an integral curve of & then it is not a geodesic of a leaf of vertical foliation V.

A natural question is if between the foliations Vg, @ Vg, and Vg exists certain relations. Although the
leaves of Vg, are totally umbilical submanifolds of the leaves of V3, the leaves of Vg, are totally umbilical
submanifolds of the leaves of V, and the leaves of Vg are totally umbilical submanifolds of the leaves of V,
we have
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Theorem 2.10. The leaves of Vg, @ Vi, are not totally umbilical submanifolds of the leaves of V.

Proof. Taking into account that FK\/%

form B’ of Ly, ev,, as hypersurface of Ly, is given by

is the unit normal vector field of ngl@vsz , the second fundamental

B'(X,Y) = Gr, (Vx Y, &), ¥ X, Y €T (TLv, ov,, )- (54)

1
FKVF2 + K2

Taking into account that Gy, is parallel with respect to V, we deduce that
Gr, (Vx Y, &) = =G (Y, Vx&), ¥ X', Y €T (TLy, ov, ). (55)

Now, let us take X’ = P1(X1) + P2(Xp) and Y’ = P1(Y1) + Po(Y2) for every Xi, Y1 € I'(V1) and X5, Y5 € I'(V>).
Then by direct calculus we get

Vx& = K2P1(Xq) — F2P5(Xo). (56)

Thus the relation (54) becomes

-1
B'(X',Y') = ————G,, (K*P1(X1) — F*P2(X2), Y') # AGL, (X', Y'), (57)
FKVE2E+ K2 ( ) '

that is, Ly, ev,, is not totally umbilical immersed in Ly,. 0O
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