Filomat 31:7 (2017), 2167-2173
DOI 10.2298/FIL1707167T

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

On Regularly Weighted Generated Sequences
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Abstract. We introduce a new concept which is called a regularly weighted generated sequence for
sequences of real numbers. Moreover, we obtain some Tauberian conditions in terms of regularly weighted
generated sequences for the power series method of summability, and generalize some classical Tauberian
theorems given by Tietz [Acta Sci. Math. 54 (3-4) 355-365 (1990)].

1. Introduction

Letu = (u,) be areal sequence. Let ¢, and £, denote the space of sequences converging to 0 and bounded
sequences, respectively. Let 8. denote the set of all sequences a = (a,) such that for every (a,) € B. there
exists C > 0 such that o, > —C.

Assume that p = (p,,) be a sequence of nonnegative numbers with py > 0, that

n
Pn::Zpk—>ooasn—>00,
k=0
and that
p(x) :Zpkxk<oo for 0 <x<1.
k=0

The n-th weighted mean of (u,) is defined by

1 n
ol () = P, Z Pl
k=0

A sequence (u,) is said to be summable by the weighted mean method determined by the sequence p,
in short, (N, p) summable to a finite number s if

lim a;{;(u) =s. 1)
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If p, = 1 for all nonnegative #, then (N, p) summability method reduces to Cesaro summability method.
If Y20 prukx® is convergent for 0 < x < 1, and

1w .
xlg{l_ ) kZS prlgX” =, (2)

we say that (u,) is summable to s by the power series method (J, p), and we write u,, — s (J,p).

If p, = 1 for all nonnegative n, then the (J, p) summability method reduces to Abel summability method.

The sequence Au = (Au,), which is the backward difference of (u,), is defined by Au, = u,, — u,_1 for
n > 1and Aug = uy.

For any nonnegative integer m, we define A1, = A(Ayp—1un) = Ap—1(Auy) with Aguy, = uy,.

A sequence (u,) of real numbers is called totally monotone if A,;u, > 0 for all nonnegative integers m
and n.

Baron and Tietz [1] proved that if (1,) is (J,p) summable to s and (1’;” ) is totally monotone, then (0(1) (u))
is (J,p) summable to s.

The difference between u,, and G(l) p(1), which is called the weighted Kronecker identity [2], is given by

1y — 0\ (1) = Vi) (Au) 3)

where VfZO;(Au) = l - Yot ProaAug.

For each mteger m > 0, we define ¢ m)(u) and V,Yf;? (Au) by

m—1)
(m)(u) P Zpa ) m=1

,m=0
and
| & T
<°> (Au) ,m=0
respectively.

The weighted classical control modulo of (u,) is defined by a)(o) p(u) = P"‘l ==L Auy, and the weighted general

control modulo of integer order m > 1 of (u,) is defined by a)(m)(u) a)n » )(u) o (wm L(w)) (see [2]).
For a sequence (1) and any integer m > 1, the identities

P,
= Ad () = vV (Aw),
Pn
and
P,
aﬁ,;(”—lAv;’f; (Au )) Pt Ay ),
Pn Pn
and

VD (Au) - VI (Au) = ; AV (Aw)

are given in [8].
A sequence (u,) is called slowly oscillating [6] if

P
(th — 1) € o, forp—m—>l,(m>n—>oo).
n
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Denote by SO the class of all slowly oscillating sequences.
If (cu (u)) € {o with the condition

P,
1<P——>1when1<;—>1(n—>oo) 4)

holds, then (u,) € SO. Indeed, (w(o) (1)) € € implies that

un|<CZ:P1 ( —1),form>n.
-

j=n+1

< C, for some C > 0. Therefore,

nlAun

A sequence (u,) is said to be slowly decreasing if

P
lim inf(u,, — 1) > 0, for == — 1.
n—o0 P,

Denote by SD the class of all slowly decreasing sequences.
If (a)(o) (u)) € B. with the condition (4) holds, then (u,) € SD. Indeed, (a) (u)) € B, implies that
(p"—”lAu,,) > —C, for some C > 0. Therefore,

m— Uy = CZP11> (——1) for m > n.

j=n+1

In the classical Tauberian theory, the convergence retrieval problem of the sequence (u,) out of the
existence of a generalized limit, such as (1) and (2) with some conditions, so-called Tauberian conditions,
on (u,) reduces to proving that

lim u, =s. )
n—oo
Hardy’s theorem [5] asserts that if the limit (1) exists and (w,, © »(U)) € {s, then (5) holds. Canak and

Totur [2] obtained a one-sided Tauberian theorem that if the limit (1) exists and (a)(l) (u)) € B with certain
conditions on (p,,), then (5) holds. Canak and Totur [3] introduced a Tauberian cond1t1on of slowly oscillating
type for the power series method (J, p).

Tietz [7] gave some significant generalizations of Hardy’s theorem and obtained some classical Tauberian
theorems which are analogous to Hardy-Littlewood’s theorem [4] and Schmidt’s theorem [6] for the power
series method of summability.

Theorem 1.1. [7, Theorem 4.1] Let the condition (4) be satisfied. If (uy) is (J,p) summable to s and ( (0)( )) B,
then (u,) converges to s.

Theorem 1.2. [7, Theorem 3.9] Let the condition (4) be satisfied. If (u,) is (J, p) summable to s and (u,) € SD , then
(un) converges to s.

Notice that Theorem 1.1 generalizes Theorem 1.2.

2. Regularly Weighted Generated Sequences

Now, we introduce a new concept for sequences of real numbers.
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Definition 2.1. Let L be any linear space of sequences. If there exists a subclass A of L such that

for some (o) € A and for all nonnegative integers n, then we say that the sequence (u,) is regularly weighted
generated by the sequence (), and (o) is called a weighted generator of (u,).
The class of all sequences which are regularly weighted generated by (a,) in A is denoted by U(A).

e

Notice that since 0(1) () = o + Y4, o

V;{?;(Au), the identity (3) can be rewritten as
y = VO (Au) + Z V(O)(Au) + . 6)

We see by (6) that the sequence (V,(&), (Au)) is a weighted generator of (u,,).

Example 2.2.

(a) If Ais the class of all bounded and slowly oscillating sequences, then U(A) is the class of all slowly oscillating
sequences with the condition (4).

(b) If Ais the class of one-sided bounded sequences, then U(A) is the class of all slowly decreasing sequences with
the condition (4).

The representation (6) of the sequence (u,) suggests that we set conditions on the weighted generator

sequence (V,(&), (Au)) of (u,) rather than the sequence (1,) itself to obtain some classical Tauberian conditions.
Furthermore, the representation (6) of (u,) reveals some information about the structure of the sequences
on which we should impose Tauberian conditions to get convergence of the sequence (1) out of the power
series method of summability of (u,).

3. Main Results

Our first result is the following theorem similar to classical Tauberian theorems.

Theorem 3.1. Let (p,) satisfy the condition (4), and let (;—Z) be totally monotone. If (uy) is (J,p) summable to s and
(11,) € U(SD), then (u,) converges tos.

Proof. Since (u,) € U(SD), tty = ay + Y41 p P P+ Uo, for some (a,,) € SD. Hence we have

P, P, P,
Ay, — f};( Aun) = " Aa,.
Pn n n

It follows from the identity

Pn—lAun_Pn 1
Pn

that we get Puy AV(O) p(Au) = Py 1Aan Taking the weighted means of (7), we have

Ao (u) = Do 1AV(O)(A ), (7)

Pnl

Pn

AV (Au) = VI (Aa).

Since (a,) € SD, by Example 2.2, it follows (V(O) (Aa)) € B..
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Therefore,
(%AV@{;(AL{)) € B.. (8)

Since (1) is (J,p) summable to s and (p”) is totally monotone, (V;%;(Au)) is (J,p) summable to 0 by the
weighted Kronecker identity. Hence, by (8), Theorem 1.1 yields

(Vih(Aw)) € co. 9)
Since (VL?;(Aa)) € B., it follows from the identity

P,
;—1AV§,{;(Au) = VO (Au) - Vi) (Au)
n

that we obtain (V{))(Au)) € B, by (8) and (9). Thus,

(0'(u)) € SD. (10)
On the other hand, since (u,) € U(SD), we have

(VO (Au) € SD (11)

from the identity (6). It follows by (10) and (11) that (u,) € SD. Consequently, the proof is completed by
Theorem 1.2. O

Corollary 3.2. Let (p,) satisfy the condition (4), and let (lp,—) be totally monotone. If (uy) is (], p) summable to s, and
(a),(gz,(u)) € U(8B.), then (u,) converges to s.
Proof. Since ( (0)( )) e U(8B:), w(o)( )=+ Yy %ak + uy, for some (a,,) € B-. Hence we have

P
Aw)(u )= DA, +

n }’l

It follows from the 1dent1ty Py 1AV( wp(Au) = ay that

np
n

(P LA V“’)(Au)) €B.. (12)
p

The condition (12) implies that (V,(fl)?,(Au)) € 8D. Hence, it follows from the identity (6) that (u,) €
uso). 0O

Corollary 3.3. Let (p,) satisfy the condition (4), and let (1’;—:) be totally monotone. If (uy) is (], p) summable to s, and
(11,) € U(SO), then (u,) converges to s.

Corollary 3.4. Let (p,) satisfy the condition (4), and let (f)—:) be totally monotone. If (u,) is (], p) summable to s, and
(11,) € SO, then (u,) converges to s.

Proof. Since (u,) € SO, then (Vflo) (Au)) € SO. Hence, it follows from the identity (6) that (u,) € U(SO). O

Theorem 3.5. Let (p,) satisfy the condition (4), and let (?—) be totally monotone. If (uy) is (J,p) summable to s and
(Vf,(?;,(Au)) € U(SD), then (uy) converges to s.
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Proof. Since (Vf,(?;,(Au)) e U(SD), V(O) p(Au) = a, + Y, p
have %AV,(S;(Au) (1) Py 1AV(O) )(Au)) = Pnnl Aay,. That is,

) € SD. Hence, we

%AV“” () - = LAV () = %A(%&%(Aa) ~ Vip(du) = P;‘l Aa, (13)
n n

n

Taking the weighted means of (13), we have %A(Vﬁ;(Au) - V,%),(Au)) = V;?;(Aa). Since (a,) € SD, by
Example 2.2, ( ,W(Aa)) € B.. Therefore,

(P; LAV (Au) — V;%;,(Au))) €B.. (14)

Since (u,) is (J, p) summable to s, then it follows from the identity

Pu1 0 v v
p_nAVn,p(Au) =V p(Au) (AM)
that ( =l AV(2 (Au)) is (J, p) summable to 0.
Hence from (14), by Theorem 1.1, we obtain
Pu1, 0
p_AVTl,p(Au) € Cp. (15)
n

From (14), we have ( — AV(D (Au)) € B.. It from the (J, p) summability of (u,) follows that (Vf,lf’),(Au)) is(J,p)
summable to 0, then we have

(V(l)(Au)) € o, (16)
by Theorem 1.1. It follows from the identity

P
;1 AV (Au) = VO (Au) - V) (Au)

n

that
(VO(Au) € B, and  (0\)(u)) € SD. (17)

On the other hand, since (V,(B;(Au)) e U(SD), we have
Puct \y o
p— ‘rl,rl( M) eSD (18)

by the identity (6). Thus, from (16) and (18), we obtain (V(O) (Au)) € 8D. From (17), we have (u,) € SD by
the weighted Kronecker identity. Consequently, the proof is completed by Theorem 1.2.

|
Corollary 3.6. Let (p,) satisfy the condition (4), and let (1’;—’:) be totally monotone. If (u,) is (], p) summable to s, and
( () (u)) € U(B,), then (u,) converges to s.

Proof. Since ( () (1 )) € U(B,), a) (u) =an+ Y p i 7 + U, for some (a,,) € B>. Hence we have

n

P P
nlA (1;)7()_ nlAO(n+0(n
Pn p



U. Totur, I. Canak / Filomat 31:7 (2017), 2167-2173 2173

It follows from the identity %A (%AV,%(AM)) = ay,, that we get
Puct %AV;”(M) €B.. (19)
P Pn g

The condition (19) implies that (%AVS;(AM)) € 8SD. Hence, it follows from the identity (6) that (V,(f/);,(Au)) €
u Ssy). o

Corollary 3.7. Let (p,) satisfy the condition (4), and let (g—:) be totally monotone. If (1) is (], p) summable to s, and
(V;?;,(Au)) € U(SO), then (u,) converges to s.

Corollary 3.8. Let (p,) satisfy the condition (4), and let (%) be totally monotone. If (u,) is (J,p) summable to s, and
(V,(q(?,(Au)) € SO, then (u,) converges to s.

Proof. Since (Vﬁ,?r),(Au)) € SO, then (%AVSQ,(AM)) € 8O. Hence, it follows from the identity (6) that
(Vin(aw) € U(SO). O
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