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Quasi-Nonexpansive Mappings in a Convex Metric Space
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Abstract. In this paper, we study Ishikawa iterative scheme with error terms for a finite family of I-
asymptotically quasi-nonexpansive mappings in a convex metric space. We established strong convergence

theorems and their applications for the proposed algorithms in a convex metric space. Our theorems
improve and extend the corresponding known results in Banach spaces.

1. Introduction and Preliminaries

Throughout this paper, IN denotes the set of natural numbers and | = {1, 2, ..., } the set of first r natural

numbers. Denote by F(T) the set of fixed points of T and by F := (("\;_; F(T;)) N (=, F(I;)) the set of common
fixed points of two finite families of mappings {T;:i € [} and {[; : i € J}.

Definition 1.1. Let X be a metric space and T : X — X be a mapping. The mapping T is said to be:
1. Nonexpansive if

d(Tx, Ty) <d(x,y) forallx,y € X.
2. Quasi-nonexpansive if F(T) # 0 and

d(Tx,p) <d(x,p) forallx € X and p € F(T).

3. Asymptotically nonexpansive [1] if there exists u,, € [0, o) for all n € N with limy, e u, = 0 such that

d(T"x, T"y) < (1 + u,)d (x,y) forallx,y € X and n € IN.

4. Asymptotically quasi-nonexpansive if F(T) # 0 and there exists u,, € [0, c0) for all n € N with limy,_,co t, =0
such that

d(T"x,p) < 1+ u,)d(x,p) forallx € X, Vp € F(T) and n € IN.
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Remark 1.2. From the above definition, it follows that if F(T) is nonempty, then a nonexpansive mapping is quasi-
nonexpansive, and an asymptotically nonexpansive mapping is asymptotically quasi-nonexpansive. But the converse
does not hold (see, for example, [1-4]). It is obvious that if T is nonexpansive, then it is asymptotically nonexpansive
with the constant sequence {0}.

There are many concepts which generalize a notion of asymptotically nonexpansive mapping in Banach
space. One of such concepts is I-asymptotically nonexpansive mapping defined by Temir and Gul [8, 9].
Let us give metric version of these mappings.

Definition 1.3. Let X be a metric space and T,1 : X — X be two mappings. T is said to be
1. I-asymptotically nonexpansive if there exists a sequence {v,} C [0, 00) with lim, e v, = 0 such that
d(T"x, T"y) < 1 +v,)d (I"x, I'y)

forallx,y € Xandn > 1.
2. I-asymptotically quasi nonexpansive if F(T) N F(I) # O and there exists a sequence {v,} C [0, o) with
lim,,—0 v, = 0 such that

d(T"x,p) < (1 +vy)d (I"x, p)

forallx e Xandp e F(T)NF(I) andn > 1.
3. I-uniformly Lipschitz if there exists I' > 0 such that

d(T"x, T"y) <Td(I"'x-I"y), x,y€ Xand n > 1.

Remark 1.4. It is obvious that, an I-asymptotically nonexpansive mapping is I-uniformly Lipschitz with I =
sup {1 + v, : n > 1} and an I-asymptotically nonexpansive mapping with F (T) N F (I) # 0 is I-asymptotically quasi
nonexpansive. However, the converse of these claims are not true in general. It is easy to see that if I is identity
mapping, then I-asymptotically nonexpansive mappings and I-asymptotically quasi nonexpansive mappings coincide
with asymptotically nonexpansive mappings and asymptotically quasi nonexpansive mappings, respectively.

In 1970, Takahashi [5] introduced the concept of convexity in a metric space (X, d) as follows.

Definition 1.5. [5] A convex structure in a metric space (X, d) is a mapping W : X x X X [0, 1] — X satisfying, for
all x,y,u € Xand all A € [0,1],

A, W, ;) < Ad(u,x)+ (1 - A)d(u,y).

A metric space together with a convex structure is called a convex metric space. A nonempty subset C of X is said to
be convex if W (x, y; A) € C forall (x,y; A) e Cx C x[0,1].

Definition 1.5 can be extended as follows: A mapping W : X>x[0,1]*> — X is said to be a convex structure
on X, if it satisfies the following condition:
For any (x, v,z a,b,c) € X> x[0,1’ witha+b+c=1,and u € X,

d(u, W(x,y,z;a,b,¢)) <ad(u,x) +bd(u,y) +cd(u,z).

If (X, d) is a metric space with a convex structure W, then (X, d) is called a convex metric space.

Let (X, d) be a convex metric space. A nonempty subset C of X is said to be convex if W (x, y,z;a,b,c) € C,
V(x,y,z) € C3,V (a,b,c) € [0,1P witha+b+c=1.

It is easy to prove that every linear normed space is a convex metric space with a convex structure
W(x,y,z;a,b,c) = ax + by +cz, forall x,y,z € X and a,b,c € [0,1] with a + b + ¢ = 1. But there exist some
convex metric spaces which can not be embedded into any linear normed spaces (see, Takahashi [5] and,
Gunduz and Akbulut [6]).
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In 2009, Temir [8] introduced an iteration process for a finite family of I-asymptotically nonexpansive
mappings in Banach space as follows.

Let K be a nonempty subset of X Banach space. Let {T;}Y, be a finite family of I-asymptotically
nonexpansive self-mappings and {I;}}Y, be a finite family of asymptotically nonexpansive self-mappings of
K. Let {a,} and {B,} are two real sequences in [0, 1]. Then the sequence {x,} is generated as follows:

ki
{xn+1 = (1 - an)xn + anIi((nn))]/n

Yn = (1 - ‘Bn)xn + ﬁnTﬁ(nn))xn
where n = (k(n) — 1)N + i(n), i(n) € {1,2,...,N}.

Now, we transform iteration process (1) with error terms for a finite family of I-asymptotically quasi-
nonexpansive mappings in convex metric spaces as follows:

n>1, 1)

Definition 1.6. Let (X, d) be a convex metric space with convex structure W, {T; : i € [} : X — X be a finite family
of i-asymptotically quasi-nonexpansive mappings and {I; : i € J} : X — X be a finite family of asymptotically quasi-
nonexpansive mappings. Suppose that {u,} and {v,} are two bounded sequences in X and {a,}, {Ba}, {yn}, {@n}, {En},
(P} are six sequences in [0, 1] such that a; + By + Y = 1 = &, + B + P for n € N. For any given x; € X, iteration
process {x,} defined by,

Xn+l = W(xnzl?ynrun;a‘n/ﬁnlyn)/ (2)
Yn = W(xn/T?xn/vn;&nr,éanAn>rnZl/

where n = (k—1)r + i, i = i(n) € ] is a positive integer and k(n) — oo as n — co. Thus, (2) can be expressed in the
following form:

ki
Xn+l = W(xn/I,-((nn))ynrun}anlﬁmyn)/
k PO TN
W(xn/ Ti((:))xn/vn;an/ﬁnl Vn)/ n Z 1

Yn

Our purpose in the rest of the paper is to use the iteration process (2) to prove some strong convergence
results for approximating common fixed points of a finite family of [-asymptotically quasi-nonexpansive
mappings and a finite family of asymptotically quasi-nonexpansive mappings in a convex metric space.

In the sequel, we shall need the following lemma and proposition.

Lemma 1.7. [7] Let {a,}, {b,} and {c,} be three nonnegative sequences satisfying

o0 (o]
an < 0o, ch <0, dyy1 = (1 +by)a, +c,, n=0.
n=0 n=0

Then

i) lim, . a, exists,
if) if liminf, e a, = 0 then lim, e a, = 0.

Remark 1.8. [10] It is easy to verify that Lemma 1.7 (ii) holds under the hypothesis limsup,,_,  a, = 0 as well.
Therefore, the condition (ii) in Lemma 1.7 can be reformulated as follows:

it)’ if either liminf, . a, = 0 or limsup, , _a, = 0, then lim, . a, = 0.

Proposition 1.9. Let (X, d) be a convex metric space with convex structure W, {T;:i € J} : X — X be a finite
family of Ii-asymptotically quasi-nonexpansive mappings and {I; : i € [} : X — X be a finite family of asymptotically
quasi-nonexpansive mappings with F := (= F(T:))N(Niz1 F(I;)) # 0. Then, there exist a point p € F and sequences
{k,},{l,} C [0, 00) with lim,,_,c k, = lim, o [, = 0 such that

d(T0x,p) < (1 +ko)d (Ix,p) and d(I'x,p) < (1 +L,)d (x, p)

forall x € K, for each i € I.
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Proof. Since {T;:i€ ]} : X — X is a finite family of I-asymptotically quasi-nonexpansive mappings and
{Ii :i €]} : X — Xis a finite family of asymptotically quasi-nonexpansive mappings with F := (2 F(T;)) N
(Ni—; F(I;)) # 0, there exist p € F and sequences {ki,}, {lin} C [0, 00) with lim—,e ki = limy— lin = O for each
i € ] such that

d (T, p) < (1+ki)d (I'x, p) and d (I'x, p) < (1 + li)d (x, p)

for each x € X. Let k, = maxf{k;, :i € J} and I, = max{l;, : i € J}. So, we have that {k,},{l,} C [0, ) with
limy e kyy = lim, I, = 0. Hence, there exist p € F and {k,},{l,} C [0, c0) with lim, e kyy = limy 0o Iy = 0
such that

d(Tix,p) < (1 +k)d (I'x,p) and d (I'x,p) < (1 +1,)d (x, p)

forallx € K, foreachie ] O

2. Main Results

Lemma 2.1. Let (X, d, W) be a convex metric space with convex structure W, {T; : i € J} : X — X be a finite family
of i-asymptotically quasi-nonexpansive mappings and {I; : i € J} : X — X be a finite family of asymptotically quasi-
nonexpansive mappings with F # 0. Suppose that Y"1 ky < 00, Y771 I, < o0 and {x,} is as in (2) with {y,}, {Pn}
satisfying Yo q Yn < 00 and Y.~ 4 Pu < co. Iflimy_,eo d (x,, F) = 0 where d (x, F) = inf{d (x,p) : p € F}, then {x,} is
a Cauchy sequence.

Proof. Letp € F. Since {u,} and {v,} are bounded sequences in X, there exists M > 0 such that

max {sup d(un, p), sup d(v,, p)} <M.

n>1 nx>1

Then we have from Proposition 1.9 and (2) that

d(yn,p) = d (W (xn, T!'Xp, Un; év,,,ﬁn, 7?,1> ,p)
< aud (v, p) + Pudd (0%, p) + Pud(@a, p)
< d (v, p) + Pu (L + K d (I, p) + PuM
< dd (i, p) + Bu (LK) (1 + L) d (x, p) + PuM
< (14 Bl + 1y + kul))d (i, p) + 7uM 3)
and
d(wa,p) = d(W (% 1Yo, i On, B V) 1)
< ad (0, p) + Bud (I, p) + vl (11, )
< and (X, p) + Bn (L + 1) d (Yu, p) + vaM. 4)

Substituting (3) into (4),
d(xpe1,p) < and (X0, p) +Bu X+ 1) d (Yn, p) + yuM
tnd (%, p) + B (1 + 1) (14 B (o + Ly + Kl ) d (, p) + B (1 L) PuM + M
ud (X, p) + u (U 1) d (X, ) + B (1 + L) B (ki + Ly + Kali) d (%, p) + (Bu (14 1) P + ) M
(14 Bl + Bubn (L + 1) (ks + L + kali)] d (e, p) + (B (14 1) P + ) M.

INIA

IA

Thus we obtain

d(xn+1,p) < [1+x0]d (X0, p) + 1y (5)
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where «, = Bul, + ,Bn,@,, 1+ 1) (kn + 1y + knly) and £, = By (1 + 1) Pu + yn) M with Y07 ky < coand Yo q by <
oo. Hence, we have

d (xns1, F) < [1+ xu]d (xn, F) + 1y (6)

It follows from (6) and Lemma 1.7 that the lim,,_,«, d (x,, F) exists.
Next we prove that the sequence {x,} is a Cauchy sequence. In fact, since }.,~; k, < 00, 1 +x < e* for all
x > 0, and (5), therefore we have

d(xps1,p) < exp {Ku}d (xn, p) + ta. (7)
Hence, for any positive integers , m, from (7) it follows that

eXP {Kn+m—1} d (xn+m—1/ P) + tn+m—1
exp {Knm-1} [eXP {Knaem—2}d (xn+m—2/ P) + tn+m—2] + tnam—1
eXP {Kn+m—1} eXP {KrH—m—Z} d (xn+m—2/ P)

+ eXp {Kn+m—1} tn+m—2 + tn+m—1

n+m-1 n+m—1 n+m—1
exp{ Z Ki}d(x,,,p) + exp{ Z; K,‘} Z; ti

d (Xpsm, P)

INIA

IA

IA

i=n i=n i=n

n+m-1

Qd (xu,p) +Q Z ti,

i=n

IA

n+m—1
where Q =expq ), ki < oo.
i=n
Since lim, o d (x4, F) = 0 and Y, t, < oo, for any given ¢ > 0, there exists a positive integer 1y such
that

€ = €
< z - > 1.
d(x,,,F)<4(Q+1), n:ltn<2Q' Vn > ng

Therefore there exists p; € F such that

no.

&
d(xn,p1) < m, Vn >

Consequently, for any n > ny and for all m > 1 we have

A

d (xn+mr xn) = d (xn+m/ pl) + d(xn/ pl) < (1 + Q)d (xn/ pl) + Q Z:o:1 tn

(1+Q)+Q%=e.

This implies that {x,} is a Cauchy sequence in X. [

< &£
T 20+

Theorem 2.2. Let (X,d, W) be a convex metric space with convex structure W, {T;:i € J} : X — X be a finite
family of Ii-asymptotically quasi-nonexpansive mappings and {I; : i € [} : X — X be a finite family of asymptotically
quasi-nonexpansive mappings with F # 0. Suppose that Y, ky < 00, Y., 7"1 1, < co and {x,} is as in (2) with {y,},
{Pu} satisfying Yo"y yn < 00 and Yy Py < 0. Then

(i) liminf, o d (x,, F) = limsup,,_,  d (x,, F) = 0 if {x,} converges to a unique point in F.
(ii) {x,} converges to a unique fixed point in F if X is complete and either liminf, ,eod (x,,F) = 0 or
limsup, , d(x,,F)=0.
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Proof. (i) Letp € F. Since {x,} converges to p, lim,_,c d (x,,,p) = 0. So, for a given ¢ > 0, there exists nyp € N
such that

d(x,,p)<e Vn=n.

Taking infimum over p € F, we have
d(x,, F)<e Vn > ng.

This means lim,,_,., d (x,,, F) = 0 so that

liminfd (x,,F) = limsupd (x,,F) = 0.

n—oo n—00

(ii) Suppose that X is complete and liminf, . d (x,, F) = 0 or limsup,_, _ d(x,, F) = 0. Then, we have from
Lemma 1.7 (ii) and Remark 1.8 that lim, . d (x,, F) = 0. From the completeness of X and Theorem 2.1, we
get that lim,,_, x, exists. Put lim, . x, = g € X, we will prove that g € F.

For any given ¢; > 0, there exists a constant n; such that for all n > n;, we have

&1 €1
F)< ——.
d(xy,q) < 22+ and d (x,, F) < 2@ +30) (8)
In particular, there exists a s € F and a constant n, > n; such that
d(xp,,s) < g 9)
"2’ 2(4 + 3h)

For any I;, i € ], we obtain from (8) and (9) that

d(ig,q) < d(liq,s) +d(s, Lixp,) + d(Iixy,,s) + d(s, Xp,) + d(xXn,, q)
= d(lig,s) + 2d(Iix,,, s) + d(s, X,,) + d(xn,, )
< (1 +h)d(g,s)+2(1 + h)d(xn,, ) + d(s, Xn,) + d(xXn,, q)
< @+ 1o, ) + (& +31)d (5, 5)
&1 &1 o
< (2+l1)2(2+11) +(4+3ll)2(4+311) = £1.

Since ¢ is arbitrary, sod(l;q,q) = O foralli € J;i.e., Ig = g. Thisimpliesq € N, F(;). Similarly, g € N, F(T)).
Therefore, g € F. [

3. Applications

Now, we give some applications of Theorem 2.2.

Theorem 3.1. Let (X,d, W) be a complete convex metric space with convex structure W, {T;:ie ]} : X —» X
be a finite family of I;-asymptotically quasi-nonexpansive mappings and {I;:i € J} : X — X be a finite family of
asymptotically quasi-nonexpansive mappings with F # 0. Suppose that Y "1 k, < 00, Y771 1, < o0 and {x,} is as in
(2) with {yu}, {Pn} satisfying Yo"y vu < 00 and Y"1 Py < oo. Assume that the following two conditions hold.

) lim d (x,,, x41) = 0. (10)

ii) the sequence {y,} in X satisfying imy,_,co d (Y, Yn+1) = 0 implies
liminfd (y,, F) = 0 or limsupd (y,, F) = 0. (11)

n—oo

Then {x,} converges to a unique point in F.
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Proof. Using (10) and (11), we get

liminfd (x,,F) = 0 or limsupd (x,, F) =0.

n—o0 n—oco

Therefore, we obtain from Theorem 2.2 (ii) that the sequence {x,} converges to a unique pointin F. [J

Theorem 3.2. Let (X,d, W) be a complete convex metric space with convex structure W, {T;:ie ]} : X — X
be a finite family of I;-asymptotically quasi-nonexpansive mappings and {I;:i € J} : X — X be a finite family of
asymptotically quasi-nonexpansive mappings satisfying limy, e d (x,, Tix,) = imy, o0 d (X, Lix,) = O with F # 0.
Suppose that Y., 1k, < oo, Y11, < oo and {x,} is as in (2) with {y,}, {Pu} satisfying Y.,oqyn < oo and
Y1 Pn < 00. If one of the following is true, then the sequence {x,} converges to a unique point in F.

i) If there exists a nondecreasing function g : [0,00) — [0, 00) with g(0) = 0, g(t) > 0 for all t € (0, ) such
that either d (x,, Tix,) 2 g(d (x4, F)) or d(x,, Lix,) = g(d(x,,F)) for all n > 1 (See Condition A’ of Khan and
Fukhar-ud-din [11]).

ii) There exists a function f : [0, 00) — [0, 00) which is right continuous at 0, f(0) = 0 and f (d (x,, Tix,)) >
d (x,, F) or f(d (x4, Iix,)) = d(x,, F) foralln > 1.

Proof. First assume that (i) holds. Then

lim g(d (x,, F)) < lim d (x,, Tix,) = 0 or lim g (d (x,, F)) < lim d (x,, I;x,) = 0.

Thus, lim,, .« g (d (x,, F)) = 0; and properties of g imply lim,, . d (x,, F) = 0.
Now all the conditions of Theorem 2.2 are satisfied, therefore {x,} converges to a point of F.
Next, assume (ii) holds. In this case,

lim d (3, F) < lim £ (@ (v, Tiv) = f (lim d 5, Tiw) ) = £©0) =0,

or
lim d (v, F) < Jim £ (d (6, ) = £ (Jim d (o, 1)) = £0) = 0.

From above inequalities, lim,, . d (x,, F) = 0. Thus liminf, . d (x,,F) = 0 or limsup,_,  d(x,,F) = 0. By
Theorem 2.2, {x,} converges to a point of F. [J

Remark 3.3. Our theorems generalize and improve the corresponding results of Temir [8] (i) from Banach space
setting to the general setup of convex metric space (ii) from Ishikawa iterative scheme to Ishikawa iterative scheme with
error terms (iii) from a finite family of Ii-asymptotically nonexpansive mappings to a finite family of I;i-asymptotically
quasi-nonexpansive mappings.
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