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Disjoint Topological Transitivity for Cosine
Operator Functions on Groups

Chung-Chuan Chen?

*Department of Mathematics Education, National Taichung University of Education, Taichung 403, Taiwan

Abstract. In this paper, we study finite sequences of operators, generated by the powers of weighted
translations on discrete groups, and give sufficient conditions for such sequences to be disjoint topologically
transitive and mixing in terms of the group elements and weights. The sequences of operators are cosine
operator functions. Moreover, we also obtain necessary conditions for cosine operator functions to be
disjoint transitive and mixing.

1. Introduction

Recently, Bernal-Gonzalez, Bés and Peris studied new notions of linear dynamics, namely, disjoint
transitivity and disjoint hypercyclicity in [2] and [7] respectively. Since then, disjoint transitivity and disjoint
hypercyclicity were investigated by many authors [3-6, 13, 14, 19, 24-36]. For instance, the existence of
disjoint hypercyclic operators on separable, infinite-dimensional topological vector spaces was studied in
[33, 34]. In [3, 4], Bes, Martin and Peris investigated disjoint hypercyclic composition operators on spaces of
holomorphic functions. Disjoint mixing composition operators on the Hardy space in the unit ball were also
characterized by Liang and Zhou in [28]. In addition, Salas considered dual disjoint hypercyclicity in [31].
The characterizations for weighted shifts and powers of weighted shifts on ¢’(Z) and weighted sequence
spaces to be disjoint hypercyclic and supercyclic were obtained in [6, 7, 27, 29] respectively. In [36], Zhang
and Zhou studied disjointness in supercyclicity on the algebra of Hilbert-Schmidt operators. Also, Puig [30]
introduced the study of disjoint hypercyclicity along filter, and extended some results of Bés, Martin, Peris
and Shkarin [5]. The necessary and sufficient condition for operators, which map a holomorphic function
to a partial sum of the Taylor expansion, to be disjoint hypercyclic was given by Vlachou in [35]. Kosti¢
studied disjoint hypercyclicity of C-distribution cosine functions and semigroups in [24, 26]. It should be
noted that a survey of recent results on hypercyclic and topologically mixing properties of various types of
abstract (time-fractional) PDEs in Banach and Fréchet spaces is contained in this monograph [25].

These new notions, disjoint topological transitivity and disjoint hypercyclicity, are kind of generalizations
of transitivity and hypercyclicity respectively. A sequence of operators (T},) is called topologically transitive
if given two nonempty open subsets U, V of a Banach space X, there is some n € IN such that T,, (L) N V # 0.
If T,(U) NV # 0 from some n onwards, then (T},) is called topologically mixing. For (T,), it is known that
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topological transitivity is equivalent to hypercyclicity with dense set of hypercyclic vectors. A sequence
(Ty) is hypercyclic if there exists a vector x € X such that the orbit {T,,x : n > 0} is dense in X; if this is the case,
then we say that x is a hypercyclic vector of (T,). Transitivity and hypercyclicity have been studied intensely
in the past three decades. We refer to these three books [1, 18, 25] for a survey.

In this paper, we study finite sequences of operators (T1n)y 1, (T2u)yys e+ (TN ), ona complex Banach
space X for some N € IN, and give a sufficient condition for them to be disjoint topologically transitive,
provided that each sequence (T;,) (1 <[ < N) is generated by a weighted translation operator on groups,
and (T},) is a cosine operator function.

First, we recall some definitions of disjointness for further discussions.

Definition 1.1. ([7, Definition 2.1]) Given N > 2, the sequences of operators (T1,,)," 1, (Ton)yey, -+ (Tnn),q acting
on a Banach space X are disjoint topologically transitive or diagonally topologically transitive (in short, d-topologically
transitive) if given nonempty open sets U, V1, - - -, Vy C X, there is some n € N such that

0#UNT; (V)N T3 (V) N---NTRE (V).

(o)

If the above condition is satisfied from some n onwards, then (T1,);,,

(Ton)yq s (T, are called d-mixing.
If these sequences of operators are generated by the iterates of one single operator, that is, T}, := T} (1 <
I £ N), then we say these operators T4, T5, - -, Ty are d-topologically transitive.

Definition 1.2. ([7, Definition 1.1]) Given N > 2, the sequences of operators (T1,1),” 1, (Tan)yeqy, -+ (Tnn),, acting
on a Banach space X are disjoint hypercyclic, or diagonally hypercyclic (in short, d-hypercyclic) if there is some vector
(x,x,- -, x) in the diagonal ofXN = XXX X--+X X such that

{(T1,nx, Toux, - - -, Tnpx) : 1 € Np}

is dense in XN, if this is the case, then we say that x € X is a d-hypercyclic vector associated to the sequences of
OPffmtOTS (Tl,n)zozl/ (TZ,n):Ozll Y (TN,n):,ozl'

Wesay T1, Ty, - -+, Ty are d-hypercyclic if there exists a vector x € X such that {(T}x, T}x, -+, T},x) : n € No}
isdensein XN. For1<r <, <---<ry,in [13, 14], we have recently studied the operators T1, T, - -, T
and the powers of operators T}', T,*, - -, Ty}, and given sufficient and necessary conditions for the operators
and the powers of operators to be d-topologically transitive (equivalent to be d-hypercyclic with dense set
of d-hypercyclic vectors), where each T; (1 < [ < N) is a weighted translation operator on the Lebesgue
space of a locally compact group. Some results obtained in [13, 14] subsume some works in [6, 7, 29] about
d-hypercyclic weighted shifts on ¢¥(Z), which can be viewed as special cases of d-hypercyclic weighted
translation operators on a locally compact group. It is interesting to learn that Han and Liang recently also
characterized disjoint hypercyclic weighted translations on groups in [19] by using a different approach
from ours.

We note that there are more examples of disjoint transitive operators Ty, Ty, - - -, Ty in the literature than
examples of disjoint transitive sequences of operators (T1,n) 1, (Tou)yys e+ (TN ey - Therefore, inspired
by the work in [24-26] and based on our previous study in [9-12], we will continue our investigation and
give a class of concrete examples of disjoint topologically transitive sequences of operators on groups.

In what follows, let G be a discrete group with identity e. We denote by £/(G) (1 < p < o) the complex
Lebesgue space. A bounded function w : G — (0, o) is called a weight on G. Let a € G and let 6, be the
unit point mass at a. A weighted translation on G is a weighted convolution operator T, : {/(G) — (G)
defined by

Tow(f) = wTu(f)  (f € £(G))

where w is a weight on G and T,(f) = f * 5, € {F(G) is the convolution:

(fro)@) =Y. fay ouy) = fa™)  (x€G).
G
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If w™! € €*(G), then the inverse of T, is Tp1 w15, » Which is also a weighted translation. To simplify
notation, we write S, ;, for T e,y thatis,

Sull) = 108 (1 P(G)

so that
Ta,an,w(h) =h (h € KP(G))

We assume w, w™! € £*(G) throughout, and then define a sequence of bounded linear operators C,, : £/(G) —
t7(G) by

1
C, = E(Tg,w + Sg,w)

for all n € Z where T, := (T, )" = SI,.
consider the sequence of operators (Cy)neN,-

In fact, such a sequence of operators (C,),cz is a cosine operator function by letting C,, := C(n). A cosine
operator function on a Banach space X is a mapping C from the real line into the space of continuous linear
operators on X satisfying C(0) = I, and 2C(t)C(s) = C(t +s) + C(t — 5) for all s,t € R. The latter equality
is called the d’Alembert functional equation, which implies C(t) = C(-t) for all t € R. In [8], Bonilla and
Miana gave a sufficient condition for a cosine operator function C(t) defined by

By the fact that C, = C_, for all n € Z, we will only need to

C(H = 5(T(H) + T(-1)

to be topologically transitive, where T is a strongly continuous translation group on some weighted
Lebesgue space L7(R). Also, for a Borel measure u and Q ¢ R?, Kalmes characterized in [21] transitive
cosine operator functions, generated by second order partial differential operators on L?(£2, u). Moreover,
Kosti¢ displayed the main structural properties of hypercyclic and chaotic integrated C-cosine functions
and C-distribution semigroups in [22-24].

2. A Sufficient Condition for Disjoint Transitivity
Givensome N € IN, in this section, we will study N sequences of operators, and give a condition sufficing

them to be disjoint transitive. First, we denote these N sequences by (Ci,,n); 1, (Coran)i g, * + (Crn)
and define

o0
n=1’

Cunn = 5Tt + Si) (LTS N)
where each 7, € Nwithl1 <r <r <---<ry,and Tgfwl is the power of a weighted translation T, with
inverse S, ,, generated by the group element a € G and the weight w; for/ =1,2,--- ,N.

Before discussing the main result, some elements 2 € G and weights w should be excluded from our
consideration. For example, if [[w|lc < 1, then ||T,4|l < 1 and T, is not transitive. Also, it is showed in
[15] that T, ,, is not transitive if a is a torsion element of G. Hence these sequences (Cy,,1);> 1, (Corn)q, -
, (CN,ryn);e; cannot be disjoint transitive if they are generated by torsion elements. An element a in a group
G is called a forsion element if it is of finite order. It is characterized in [15, Lemma 2.1] that an element a of
a discrete group G is not torsion (non-torsion or torsion free) if, and only if, for any finite set K C G, there
exists some N € IN such that K N Ka*" = ( for all n > N.

As in [11-13, 15], the result in this paper for the {F-space of a discrete group can be extended without
difficulty to the L7-space of a locally compact group. For simplicity and exposing the essential idea, we will
confine our discussion on discrete groups. We refer to these two classic books [17, 20] and the recent book
[16] on this subject of abstract harmonic analysis on locally compact groups.

Now we are ready to give a sufficient condition for these N sequences of operators (Cy,r,n)5 1, (Caryn )iy,
- (C I\J,an)i‘f’=1 to be disjoint topologically transitive in terms of the non-torsion group element and the weights.
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Theorem 2.1. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oo. Given some
2 < N €N, let T} = Ty, be an invertible weighted translation on (*(G), generated by a and a weight w for
1<I<N. Letr; € Nand Cp,,, = %(Tl”” + 8)"), where Sy is the inverse of Tj. Then for 1 <y <1y <--- <71y, we
have (ii) implies (i).

@) (Crrn)yq (Comn)rys - (Cpyn)sey are disjoint topologically transitive.

(ii) For each non-empty finite subset K C G, there are sequences (E;,k) and (El_,k) of subsets of K, and a sequence (ny)

of positive numbers such that for K = E;k U E, ,, both sequences

Lk

rnm

) rm-1 ‘ -1
PLrn = l_[ w6 and Qi = 1_[ w; * 0,
j=1

=0
satisfy (forall1 <I<N)
I}l—)r?o ”(Pl,r,nkIK”oo = I}l—{?o ”Eﬁl,r,nklknoo = 0/

lim ||(Pl,2rlnk| i leo = lim ||al,2r/nk| o =0,
k—o00 Ek k—o0 Elk

and (for1 <s<I<N)

li Ps,(r1—rm * Plrng . Pir—r)n * Ps,ramy
m ~—‘ = llm ,.—l = 0,
k—eo Ps,rini Mleg ko Plreng oo

li Ps,(r1—rm * Plrng . Pi(r—r )i~ Ps,ramy

m —‘ = llm —l = 0,
k—co Ps,rimy Mlog koo Pl rony Koo

. Ds,(ri+r)me * Plrm . DL ri+r)ng * Ps,ren

lim (r+7s)m 1Mk — lim (r1+7s)mg k| =0,
k—co Ps,ring Mleo koo Plrem Moo

li Ps,(r1+rm * Pl . Pi (41~ Ps,ramy

m ~—‘ = llm ~—| = O
k—co Ps,rmi Mleo ko Pl Moo

Proof. We show that (Cy,r,u); 1, (Corn)yy, -+ (CNyn)y are disjoint topologically transitive. For 1 </ <N,
let U and V; be non-empty open subsets of {/(G). Since the space C.(G) of continuous functions on G with
finite support is dense in ¢7(G), we can pick f,g; € C.(G) with f € U and g; € V}. Let K be the union of the
finite supports of f and all g;. Let the sequences (@), (¢1,,n) satisfy condition (ii).

Since a is torsion free, there exists M € IN such that K N Ka*" = ( for all n > M.

First, we show that ||T;”1kf||p -0, ||Tlr’"k(gl)(1<)||p — 0and ||T12””k(g,;(51+k)||p —Qask — coforl <I<N. Let

. : ’ P sa(_E _E 4 £ ’
e > 0. There exists M’ € N such that n, > M, (pl/rmk)K < mm(Hf“;,, “91“5) and (Pl,Zrmk|E,fk < ol for k > M’. Hence

IN

Tl <Y owia) - - wy(xa )P f e

Ka't"k

Yl ywy(xa ™) -y (xa) I ()P
K

Y ol @I @P <e,
K
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and [|IT)"(gixx)ll, < &, similarly. Moreover, for k > M’, we have
IT>"™(g1x E;k)IIZ Z lwi(e)ywi(xa™) - - - wi(xa V)P |g (xa 2P
’ Ezkﬂzylnk

Y leoy(xa® ey (ea? ) - coy(xa)P g (o)

El,k

Y @l Ol < c.
E+

Lk

Applying similar arguments to S;"* and SIZrmk' and using the sequences () and (Q2rn,), we get
lim 5] £1}, = Tim 15" (guxlfy = lim 115} (g I, = 0.
Let1 < s << N. In the following, we consider eight types of composition operators, and show
Jim T SE" (gl = Lim TS S[™ (gix0lly = 0,
Jim | TFTE™ (gl = lim ITE™ T ™ (quxi)lly = 0,
Jim IS TE (gl = lim (ISE™ T/ ™ (gixolly =0,
Jim (IS SE™ (goxiolly = lim 1T ST™ (gl = 0.
First, we have the estimation for the type of T;S; below.

T (2™ (gl
Z le(x)wl(xa—l) Ce wl(xa—(rmk—l))|P|S;snkngK(xa—r,nk)lp
G

|wl(x)wl(xa_1) e wl(xa_(rl"k_l))|p _
- Z Jws (xa |gs xx(ea™ ")
G S

—rmk+l)ws(xa—71‘flk+2) . ws(xa—71”k+"snk)|p

|wl(xa_(rs_rl)"k)wl(xa_(rs_rl)nk_l) e wl(xa_(rs”k_l))|p
=) 19:()P
K

|ws (a0 e, (xa—rsm=2)) - - - wg(x)|P

Z q07,(r1—r,-)nk(x) ’ af,rsnk(x)

~p
K (pl,rsnk (x)

|gs(x)IP — 0

as k — oo. Similarly, we have

T (TE™ (gsxi)ly

Z i (x)wy(xa™) - - - wi(xa” DY TE gy (xa ™" )P
G

Z |wz(x)w1(xa‘1) cee wl(xa—(ﬁ"k—l))lp
G

‘|w5(X{f”n")ws(xafrmk*l) . ws(xafrmrrsnwl)|p|gSXK(xa7r,nrr5nk)|p

Z |wl(xarmk+r5nk)wl(xarmkwmk—l) .. w](xarsnk+1)|p
K

|ws (xa”>"™ )ws(xa“‘"k_l) - ws(xa)l|gs(x)F

Z ¢§7/(rl+r5)nk(X) : (Pg,rsnk(x)

|gs(x)F — 0
e @} )

2417



C-C. Chen / Filomat 31:8 (2017), 2413-2423 2418

as k — oo.
A similar line of reasoning shows that the remaining six terms go to zero as k tends to infinity. Now we
are ready to achieve our goal. For each k € IN, we let

ve=f o+ 2T gixge ) + 2T (gaxg: ) + - - + 2T (gnice:, )
+ ZSglnk(gl)(E;k) + 2S;2nk(g2)(E;k) +oeet ZS;G]nk@NXE;Lk)'

As KN Ka*" = (), we arrive at

N N
o = £l <27 Y ITE" (o DIl + 20 Y ISE™ (g I,
s=1 ” s=1 ’
and
IC1 im0k — aull
N
< ||T”“kf||”+Z||T“'“T’“”(gsxE M+ Y T SE o I
s=1 s=1,s#1
N
+ IISr’”kfIIp+ZIIS””kS“”"(ngE W+ Y IS T (gsice I
s=1,s#l

Hence limy_,o, vk = f and limy—,e C1 5, 0% = ¢ which imply that, for each [, we have
Cl,r,nk(u) NV #0

for some k. Therefore (C1,r,1))" 1, (Coran)yq, "+ s (CNyn);, are disjoint topologically transitive. [

n=1""

We note that Theorem 2.1 is closely related with the assertion of [24, Theorem 45] where Kosti¢ in-
vestigated disjoint hypercyclicity of a class of cosine operator functions on weighted function spaces. As
the weight conditions in the above theorem is quite complex and is not easy to be verified, we assume
all the operators T; are generated by the same weight w and the same group element a € G, that is,
T =T, (1 £1 < N), in order to simplify the weight conditions.

Corollary 2.2. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oo. Given
some 2 < N € N, let T, be an invertible weighted translation on {(G) with inverse S,y. Let v; € IN and
Crn = $(T)0 + Si%) for L <I < N. Thenfor 1 <1 <1y < - -+ < ry, we have (ii) implies (i).

@) (Crin)yqs (Crn)yys s (Cryn)yy are disjoint topologically transitive.

(if) For each non-empty finite subset K C G, there are sequences (E;k) and (E, ) of subsets of K, and a sequence (ny)

of positive numbers such that for K = E i U E, ., both sequences

Lk
rm

1
] rn—1
O = Hu)*ézﬂ and @y = [H w*é’]
j=1

satisfy (forall1 <I<N)
hm ”(Pr,nlenoo = llm ||(Pr/nk|;<||oo = 0/
k—o0 k—o0
llm ”(PZrmkl + ||00 = llm ||$271Hk| - ||00 = 0/
k—o0 Ek k—o0 Ek

and (for1<s<I<N)
%1_)1’1; ||(P(V]—75)‘rlk|]<||00 = }}1_,1’2, ||(p(}’1—75)‘rlk|]<||00 = 0/

llm ||$(Y[+T5)nk|](”00 = llm ”(P(r,+r5)nk|;<”oo = 0
k—o0 k—co



Example 2.3. Let G = Zand a = 1. Let w be a weight on Z with w™! € £*(Z). Then the weighted translation
T1,u:5, oN {*(Z) is the bilateral weighted forward shift T with a weight sequence (w)), defined by Te; = wje;.1
for j € Z where w; = w(j) and (e;) is the canonical basis of £2(Z). Let S = T~ and let Cy,,
1<I<N.Chooser; =1,r, =2,--+,ry = N. Then, by Theorem 2.1, (C1);> ;, (Cau);>, - -+, (Cnn);, are disjoint
transitive if given ¢ > 0 and g € IN, there exists an arbitrarily large n such that, for all |[j| < gand 1 <[ < 2N,

we have

ou()=[Jwi+d<e, @)=
i=0

If we define w : Z — (0, o0) by

In-1

w(j) =

then w satisfies the weight condition above.

Strengthening the weight condition (ii) in Theorem 2.1, we obtain a sufficient condition for the sequences

NI—=

C-C. Chen / Filomat 31:8 (2017), 2413-2423

1
(i

if j<0

4

ifj>0

(Crnm)yeyr (Corn)iys e+ (CNyyn),req to be disjoint mixing.

Corollary 2.4. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oco. Given some
2 < NeN,let Ty = Ty, be an invertible weighted translation on {¥(G), generated by a and a weight wy for1 <1 < N.
Let r, € N and Cy,p = %(Tl”” +5,") where Sy is the inverse of Tj. Then for 1 < 1y <1y < --- < ry, we have (ii)

implies (i).

@) (Crrn)yq (Comn)rys - (CNpyn)iey are disjoint mixing.
(if) For each non-empty finite subset K C G, both sequences

Plrm = H wp * 6271
1

satisfy (forall1 <I<N)

and (for1<s<I<N)

lim

n—oo

lim

n—oo

lim

n—oo

lim

n—oo

Proof. Using the full sequences (¢;,,), (¢1,,n) instead of the subsequences (¢; ), (P1rn,) in the proof of

Theorem 2.1, and letting

Oy = f+2T71" g1 + 2T go + - - - + 2T "gn + 251" 91 + 25" g2 + - - - + 25" g,

one can deduce that for each I,

from some n onwards. Therefore (Cy,,1);" 1, (Corn)yqs -+ (CNyyn)y are disjoint mixing. [J

nn

1im sl o = lim 150l o =0,

@MﬁM'@m”
q?s,rm
Ps,(r-royn * Plrn
©Dsrin
Ps,(r+rs)n * Plrn
©Dsrin
as,(r,ws)n : al,rm ‘
as,r,n

K

K

K

K

(o8]

0o

= lim

n—oo

= lim

n—oo

= lim

n—oo

= lim

n—o0

Priri=rsn as,rsn
Pl
Pir-ron (Ps,rsn|
Plrn
Pl r+r)n = Ps,ren |
Plrn
Purtrn* Psrn
al,rsn

Cl,rm(u) N Vl #0

K

K

K

K

<e.
)

1
H,’i1

(T + S for
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Next, we turn our attention to some special case of T;. We assume T; = T,;, (1 < < N), generated by
the same weight w and the same group element a € G.

Corollary 2.5. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oo. Given
some 2 < N € N, let T,,, be an invertible weighted translation on €¥(G) with inverse S,,. Let r € IN and
Con = (T + Si%) for 1 < I < N. Then for 1 <11 < rp < - < ry, we have (ii) implies (i).

(1) (Crn)y (Cran)ys - - o (Cryn)S, are disjoint mixing.
(if) For each non-empty finite subset K C G, both sequences

rm

-1
) rn—1 )
Qrn = Hw*éi_l and @y = [H w*é{z]
j=1

=0

satisfy (forall1 <1< N)
7];1_1110 ||(Pr1n|1<”oo = gi_l;l;lolkppdr;anlloo =0,

and (for1<s<I<N)

’}gl"}o “a(rl—rs)nIK”oo = ng; ||(P(r1—rs)n|1<“oo =0,
31_1;130 ||(-Pd(r1+rs)7lk|1<||OQ = &1_1;130 ||(P(r1+r5)n|,<“oo =0.

Example 2.6. Let (C,,) be defined as in Example 2.3 for [ = 1,2 with #; = 3,7, = 8. Then, by Corollary 2.5
above, (C3,)7,, (Csn),, are disjoint mixing if given ¢ > 0 and g € IN, there exists some M € N such that

3n-1

— 1

P3n(j) = w(j+i) <g, Pan(j) = —5——— <&
L] T
8n—1

e = | [w(G+D)<e,  @8u() = =g———= <&
g ?:1 w(j—1)
5n-1 1

psa(f) = | |w(i+D)<e,  Qsu(f) = =s———= <&
1:0[ H?:l w(j—1)
11n-1 1

Q11a()) = w(j+1) <eg, P11a(j) = . . <&

H [T w(j - i)

forall |jl <gand all n > M.

3. A Necessary Condition for Disjoint Transitivity

In this section, we will give a necessary condition for disjoint topological transitivity of the sequences
(Cl,rln):;lr (Cz,rzn)f,ozl, Yy (CN,an)Zozl-

Theorem 3.1. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oo. Given some
2 < N €N, let Tj = Ty, be an invertible weighted translation on {¥(G), generated by a and a weight w; for
1<I<N. Letr; € Nand Cy,,, = %(Tlr’" +S,") where Sy is the inverse of T;. Then for 1 <1y <1y <--- <71y, we
have (i) implies (ii).

1) (Crnn)yrqr (Comn)ieyse s (Cryn) iy are disjoint topologically transitive.
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(ii) For each non-empty finite subset K C G, there are sequences (E,tk) and (E;/k) of subsets of K, and a sequence (ny,)

of positive numbers such that for K = E;k UE,

| both sequences

rm

) rm—1 ‘ -1
— ] = — ]
Pl = | | wy * 61171 and @y = | | wy * 0,
j=1

j=0

satisfy (forall1 <I<N)
111_)1‘?0 ”(Pl,r,nklknoo = 111_)1‘?0 ”(El,r,nklknoo = 0/

and

]}1_{1; “(Pl,ZrlnklEZk”oo = }}1_)12’ ||(Pl,2rmk|E;k“oo =0.
Proof. Let (C1,rn)5 1, (Comn)oeqs -+ (CNyryn),r.y be disjoint topologically transitive. Let K C G be a non-empty
finite set. Let g be the characteristic function, and let ¢ € (0,1). By the assumption on disjoint transitivity
and the fact that a € G is non-torsion, there exist a vector f € {/(G) and some m € IN such that KN Ka*" = ()
forall n > m,

”f_XK“p <e and ||Cl,r1mf_ XK”p <¢

for 1 <[ < N. By the continuity of the mapping 1 € /(G,C) — Re h € {#(G,R) and the fact T; and
S; commute with it, we can assume without loss of generality that f is real-valued. Then we have the
following estimates

fx)y>1-¢e>0 and Cromf(x)>1—-e>0 (1<I<N,x€eKk).

Combing all above, we have

e > 112Cmf - 22kl = IT™ (k) + S (Face) — 2xkl,

> Y T )+ S e oF
Karlm
= YT ™) + S ™)
K
= ) Ipum ) fxx) + @i L, (k™) fiea? P
K
= ) L@ fax@P
K
>

a-ey Y @ @
K

For a subset F of G, we have ||(Cy 1) x£llp < |ICynhlly for arbitrary nand h € €P(G, R). Let h™ := max{0, —h}
and h* := max{0, h}. Obviously the mapping i € {/(G,R) = h~ € {F(G, R) satisfies ||(h + 9)7|l, < [Ii™ + g7 1|,
and commutes with T; and S; so that we have

”(Cl,r;mf_)XF”p ||(Cl,r,mf)_||p = ”(Cl,r;mf — XK+ XK)_”p
NCrrimf = x1)7llp + llxllp
||(Cl,r,mf - XK)_”p < ”Cl,rlmf - XK”p <E.

Now define E; = {x € K: T} f(x) > 1 — ¢} and E; = K\ E,. Then for x € E;, one has §/" f(x) > 1 — ¢
which follows from the fact

IA

IA

f— Lo 1 Tor
1-e<Cpmf(x) = ETZ’ "f(x) + ESllmf(x) < E(l -8+ ESl’mf(x).
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By K N Ka*™ = ), the inequality ||f + gl[, < 2”||f||5 + 27||gll", and the positivity of T,™ f* and §;"™ f*, we have

1=V Y @)@
5
< ) iy (e - a) IS £ (0

E+
1
= Y lw@wia™) - wyxa @)™ (a2

E+u271m
1

= ), TS

E+ aZr,m
1

= ) AT P

E+ aZr,m
1

2 Y IChmfr @

£
= 2°(Crpmf +)XE;’a2’/’“”5

= 2NCrrm(f™ + f))XE;’uZ’I”‘Hz

2N Crm fIXEr a2 + (Conm f = XKXE? o + X ng;,ﬂnm”i
Zp(zp”Cl,r;mf_XE;'uz’lmH;r; + 2|Chn f = xll)

< 2W(eF + &P).

IA

IA

The final conclusion of theorem follows by plugging 1, = m(e) = m(1/k). O

As in Section 2, one has the necessary condition for disjoint mixing.

Corollary 3.2. Let G be a discrete group and let a be a torsion free element in G. Let 1 < p < oco. Given some
2 <N eN,let Ty = Ty, be an invertible weighted translation on {¥(G), generated by a and a weight wy for1 <1 < N.
Letr, € Nand Cy,, = %(Tl”” +5,") where Sy is the inverse of Tj. Then for 1 < 1 < ry < -+ < ry, we have (i) implies
(id).

@) (Comn)yy (Conn)yrys o (CNpyn)yy are disjoint mixing.

(ii) For each non-empty finite subset K C G, both sequences

rnm

) rm-1 ‘ -1
PLyn = H w6 and Qi = 1_[ w0,
j=1

j=0

satisfy (forall1 <I<N)
&1_1){}0 ”(Pl,rm|1<”oo = JI_I)IL}O ||(Pl,r1n|1<||oo =0.

(o)

Remark 3.3. We end up this paper with an observation that T,,, is mixing if, and only if, (C1,);2 1, (Con)iey, - -
-, (Cn)S>, are disjoint mixing where Cp, = 3(Ti, + S ). Indeed, with r, = 1 and w; = w for each | and the weight w
in Corollary 2.5 and Corollary 3.2, we can deduce that

Tim [lul e = lim ke = 0

is a sufficient and necessary condition for (C1,)y" 1, (Can)yy, -+, (CNn)yy to be disjoint mixing. The above condition
also characterizes the mixing weighted translation operator T, 4, in [15, Corollary 2.6].
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