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A Trace Formula for Discontinuous Eigenvalue Problem
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Abstract. In this paper, we deal with a Sturm-Liouville problem which has discontinuity at one point
and contains an eigenparameter in a boundary condition. We obtain a regularized trace formula for the
problem.

1. Introduction

Consider the boundary value problem

Tu):=-y"+q)y=Ay, xel, (1.1)
with boundary conditions

y(0)=0, (1.2)

¥ (m) - Ay(n) =0, (1.3)
and transmission conditions

SRR

/ E S E —_ E —_ =
]/(2+0)—111 y(z 0)+a2y(2 0) 0, (1.5)

where [ := [O, %) U (g, n] , Alis an eigenparameter, g (x) is a real valued function which is continuous in [O, g)
and (%, n] and has finite limits g (% + O) = limx_,gio q(x), a1, a; are real numbers and a; > 0.

Gelfand and Levitan [9] first calculated the regularized trace for the classical Sturm-Liouville problem.
After this work, developing trace formulas for continuous problems were investigated by many authors
(see[1,2,4-8,10-13,17, 21]). The history and the current state of the theory of the regularized traces of the
linear operators were presented in the survey paper [16]. As far as we know, there are a few works about
the regularized trace of discontinuous eigenvalue problems (see [19, 20]). In [20], the author obtained some
formulas for the regularized traces of similar problem that none of the boundary conditions contains an
eigenparameter.

This paper is organized as follows: Firstly, the asymptotic formulas of the eigenvalues and eigenfunc-
tions are derived. Then the regularized trace formula for the problem (1.1)-(1.5) is obtained similar to the
techniques of [14,15].

2010 Mathematics Subject Classification. Primary 34B24; Secondary 341.20, 47E05

Keywords. Regularized trace formula, Gelfand-Levitan trace formula, discontinuous eigenvalue problem.

Received: 04 February 2016; Accepted: 18 October 2016

Communicated by Dragan S. Djordjevi¢, Jelena Manojlovi¢

Email addresses: fatmahira@yahoo.com.tr or fatmahira@hitit.edu.tr (Fatma Hira), anihat@omu.edu.tr (Nihat Altinisik)



F. Hira, N. Altunigik / Filomat 31:8 (2017), 2425-2431 2426

2. Preliminaries

The asymptotics formulas of the eigenvalues and eigenfunctions can be derived similar to the classical
techniques of [3, 18].
We will define the solution of (1.1) by

~ ¢1(x,A), xe [O,g),

¢ (x,A) = (2.1)
P2(x,A), x€ (gn]
as follows: Let ¢ (x, A) be the solution of (1.1) on [0, g], which satisfies the initial conditions
y©O,A) =0 y (07 =1 (2.2)

After defining this solution, we define the solution ¢, (x, A) of (1.1) on [g,n] by means of the solution
¢1 (x, A) by the initial conditions

s T (T (T T
y(zA)=aon(34) v(34)=a0i(5A)+mor(3.2) (23)
Consequently, ¢ (x, A) satisfies of (1.1) on I, the boundary condition (1.2) and the transmission conditions

(1.4) and (1.5).
Let A = s%. Then the following integral equations hold for j = 0 and j = 1:

¢1f) (x, ) = %(sinsx)(j) + % fo ) sins (x = 0)D g (B o1 (1, 1) dt, 2.4)
and
D= (s I+ 25 )l )

1 . 2.5)
+2 J; Gsins (x - 1) g (t) pa (¢, 1) dt.

Solving the equations (2.4) and (2.5) by the method of successive approximations, we obtain the following
asymptotic representation for [A| — oo:

o1 (x, A) = % sinsx — Slel (x) cos sx + éw sinsx + O (e”::s'x), (2.6)
¢} (x,A) = cossx + 1(21 (x) sinsx — lM CoS SX + lw sin sx
1 2 3
ellms?x S 4 5 8 (27)
+ O( = ),
and
1 . . 1 n ap
P2 (x, A) = 3 {Aysinsx — Ay sins (x — )} — 2 {[Al (Q1 (5) + Qs (x)) + E] COS SX
+ [Az (Q1 (g) -Q (x)) - (Zz—z]coss(x - n)} + s% Aq M
q(x)+4q(0) (2:8)

Qi (3)QW-Z(Q(3)+Q <x>)] sinsx - [Az(

+Q1 (%

4
Q@)+ % (Ql (%) -Q (x))] sins (x — n)} +0 (EI:|X),

)
)
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¢ (x,A) = Ay cossx — Ay coss (x — ) + {[A1 O % +Q2(x))+%2 sin sx

+ [Az (Ql (§> -Q (x)) - 112—2] sins (x — n)} + Slz [—/h (M

q(x) - q(0) (2.9)
4

- (g) Q» (x)) - %2 (Q1 (%) - (x))] coss (x — n)} +0 (el;,;slx),

+Q1(3) QW) -5 (@ (3)+ @ (x))] cossx + Az(

where

a; +a7l a; —a7l

1 1
Q=3 [ a0t Qu=; [ et 4= =T @10

Since the function ¢ (x, A) satisfies the boundary condition (1.2) and the transmission conditions (1.4)
and (1.5) to find the eigenvalues of the problem (1.1)-(1.5), we have to insert the function ¢ (x, A) in the
boundary condition (1.3) and find the roots of this equation. It is obvious that the characteristic function
w (A) of the problem (1.1)-(1.5) is as follows

w(A) = ¢h (1, A) = s (1, A),, 2.11)

and the eigenvalues of the problem (1.1)-(1.5) coincide with the roots of w (1) . Using equations (2.8) and
(2.9), we obtain

w(A) = —sAjsinTs + [Al (1 + Q1 ( ) +Q; (n)) + E] COS TS

#42(0i(3)- @20 -1)- 2]+ T a2 (5) +
+Q1 ( )Q (m) — M] 2 (1 + Q4 (%) + Qs (n))} sin 7ts @12)
+0 ('Sz')
Using the Rouche theorem in (2.12), we obtain
Sp=n+ n:Al + O(%), (2.13)
where
C=m(1+Qi(5)+ Q)+ Z+ 1 (42(@(F)- 2m-1)-Z). 214
It follows from (2.13) that
Ay =2+ ;j +0(=). (2.15)

3. Traces of the Problem

The series

(e8]

2C
2
Z(/\n—n _7'(_141)<00/

n=0

converges and is called the regularized first trace for the problem (1.1)-(1.5). The goal of this paper is to
find its sum.
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Theorem 3.1. Suppose that q(x) has a second-order piecewise integrable derivatives on [0, ], then the following
regularized trace formula holds

s\ = f(An—nz—E)

n=0 e 2 3.1
=Q1(%)+Qz(n)—w+;—i(l+&(§))—%—%,

where A;, Qi (x) (i = 1,2) and C satisfy the equations (2.10) and (2.14).
Proof. Since w (A) is an entire function from Hadamard’s theorem (see [11]), using (2.11) we have

w() = AD (M), (3.2)

where @ (A) = ] (1 - /\i) and A is a certain constant to be determined below.
n=0 n
Let A = —u?. We calculate the sum of the series (3.1) by comparing the asymptotic expressions obtained
from (3.2) on the right and left.

Put
o0 2 A 2
CD(—yz) = g (1 + ;1—”) = (%)B\If (yz) sinh urm, (3.3)
where
1 ks 2 ks 2 Ay
=5 v-11p-5)

To study the asymptotic behaviour of W (;12) as |1 — oo, we consider

ln\I/(yz) = i ln(l - nZ_—A")

(o) nz_/\ o 1 o] nz_A k
z ( ”) (3.5)

n=1 !Jz +1n2 kg ,Uz +n?

I
D18

=
1l
—_

|
18
==
D18
——
Iy
N
|
=
=
N—
-

o~
L
N

2c
T(A1 )
Asymptotic expressions can be obtained according to the following lemma (similar to [15, Ch5]).

where C; =

Lemma 3.2. If |n2 - /\n| < p, then

|1’l2 - An s pk
Z oy S (3.6)
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It follows from (3.6) that

and since sup,, )A,, —n?- C1| n? < oo, it follows from (3.6) that

As we know,

= ncothum 1 m 1
= — = e s+ O(e72).
; 2 +n? 2u 2u? 2 2u? ( )

Therefore, substituting (3.7)-(3.9) into (3.5) then, we obtain

ln\I’([uz):n—Cl+‘ul ( /\0+%)+O(H)

nC 1 1 1
\I/(!JZ) = eXp{ﬁ + - (S/\ - Ao + ?)‘f‘ O(E)}
nCq C RZC% 1
=1 _2H+_2 SA )\0+—2+ 3 +0 —#3 .

Relying on (3.11), then we derive from (3.3) that

1 . nC, 1 ¢ m™C 1
CD(—[JZ)ZEBEH {[,l T+;(SA+7+ 3 +0 P .

We now study the asymptotic behaviour of the function

o (—12) = 5 (1, —12) + 12 (0, — %),

using the Liouville equation. Then according to formula (2.8) and (2.9), we have

02 (x, —yz) :1 {Aq sinh px — Az sinh p (x — 1)}

+

+?2]cosh‘ux+[A2(Q1( ) Qs x))
1

+O(—3 ,
U

&tml =

] cosh u (x - n)}

{[Al (Ql ( ) +Q (X))

2429

(3.7)

(3.8)

3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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and
(04 (x y) Aj cosh ux — Ay cosh p (x — 1) + — {[A1
+ [Az (Q1 (5) -Q (x) - —]smhy(x— n)}

+%2Q1(§)]cosh[ux+[ Ql( ) —q(X)4q( )]

1
Ut

Putting ¢, (x, _”2) and ¢} (x, —yz) at 7 and also using formulas sinh un = i O(%), coshum =
e LTT

2
et 1
—+0 (82?) into (3.13), we have

(3)+ Q)+ %]sinhyx
2

L |A1q(x)1q(0)

(3.15)
cosh u (x — n)}

2
o(-42) = e‘m{yA1+A1(1+Q1()+Q2 )+32
+(—1)( 2(Q1(3) - Q(m) - —52)+—A1[Q1 (3)+Qm (3.16)
() +4(0)
A0 20 ) o)

It follows from the equalities (3.2), (3.12), (3.16) and comparing the coefficients of i, we obtain

AB
_A1/
%%Q—Al(MrQl( )+Q2(7I))+—+( 1)" ( (Ql(%)—Qz(n)—l)—%), (3.17)
2
SA—QI( )+Q2( ) — M+%( +Q1(%))_n£141_%'
1

Therefore, we obtain
- 2C

2 — —
Z (/\ - T(A1 )

n=0
a(3)rem- 1210, 2 (1 g (“))—n%—%,

SA

"2

where

C=m(1+Q(3)+ Q@)+ Z+1' (42(Q(5)-2m-1)-Z),

ay +a;t ay —a;’ 1 2 1 "
A== A= 2o (D) =5 [ a0 =5 [ awa
0 3

completing the proof of Theorem 3.1. [
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