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Asymptotic Behavior of Second-Order Impulsive Partial Stochastic
Functional Neutral Integrodifferential Equations with Infinite Delay

Zuomao Yan?, Xiumei Jia?

?Department of Mathematics, Hexi University, Zhangye, Gansu 734000, PR. China

Abstract. In this paper, the existence and asymptotic stability in p-th moment of mild solutions to a class
of second-order impulsive partial stochastic functional neutral integrodifferential equations with infinite
delay in Hilbert spaces is considered. By using Holder’s inequality, stochastic analysis, fixed point strategy
and the theory of strongly continuous cosine families with the Hausdorff measure of noncompactness, a
new set of sufficient conditions is formulated which guarantees the asymptotic behavior of the nonlinear
second-order stochastic system. These conditions do not require the the nonlinear terms are assumed to be
Lipschitz continuous. An example is also discussed to illustrate the efficiency of the obtained results.

1. Introduction

The theory of stochastic partial differential equations has attracted much attention since it plays a vital
role in many important areas such as insurance, finance, population dynamics (see [6,7, 18, 19, 21, 24, 34, 36]).
Neutral stochastic partial differential equations arise in many areas of applied mathematics and for this
reason these equations have been investigated extensively in the last decades. The existence and uniqueness,
and stability for first-order neutral stochastic partial differential equations with delays and without delays
have been extensively studied by many authors; see [8, 12, 16, 22] and the references therein.

In many cases, itis advantageous to treat the second-order stochastic differential equations directly rather
than to convert them to first-order systems. The second-order stochastic partial differential equations are
the right model in continuous time to account for integrated processes that can be made stationary. We
know that it is useful for engineers to model mechanical vibrations or charge on a capacitor or condenser
subjected to white noise excitation through a second-order stochastic differential equations. Further, many
authors investigated the the qualitative analysis of solutions for those equations in Hilbert spaces by using
different techniques. Among them, Balasubramaniam and Muthukumar [4] established the approximate
controllability of second-order neutral stochastic evolution differential equations by using the Sadovskii
fixed-point theorem. Ren and Sun [25] discussed the existence and uniqueness of mild solutions for
second-order neutral stochastic evolution equations with infinite delay under Carathéodory conditions by
means of the successive approximation. Using the Banach contraction mapping principle, Mahmudov and
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McKibben [23] derived the approximate controllability of abstract second-order neutral stochastic evolution
equations. Sakthivel et al. in [27, 31] studied the asymptotic stability of second-order stochastic partial
differential equations. Chen [9] also considered the exponential stability and the asymptotic stability for
mild solution to second-order neutral stochastic partial differential equations with infinite delay by using
Picard approximations and the elementary inequality.

However, in addition to stochastic effects, impulsive effects likewise exist in real systems. A lot of
dynamical systems have variable structures subject to stochastic abrupt changes, which may result from
abrupt phenomena such as stochastic failures and repairs of the components, changes in the interconnections
of subsystems, sudden environment changes, etc. Therefore, it is necessary and important to consider the
existence, uniqueness and other quantitative and qualitative properties of solutions to stochastic systems
with impulsive effects [33, 35, 37]. Recently, based on the above stochastic analysis method, the existence,
uniqueness and stability of mild solutions for various first-order impulsive stochastic partial differential
equations and integrodifferential equations have been extensively studied. For example, Sakthivel and Luo
[29, 30], Anguraj and Vinodkumar [2], He and Xu [17], Chen et al. [10, 11], Long et al. [20]. Ren and Sun [26]
investigated the existence, uniqueness and stability of solution to second-order neutral impulsive stochastic
evolution equations with delay by using the successive approximation. Using the Banach contraction
mapping principle and the cosine function theory, Sakthivel et al. in [32] discussed the asymptotic stability
of second-order impulsive stochastic differential equations but the result is only in connection without
delay. Arthi et al. [3] proved the exponential stability of mild solution for the second-order neutral
stochastic partial differential equations with impulses.

In this paper we consider the existence and asymptotic stability of mild solutions for second-order
impulsive neutral partial stochastic functional integrodifferential equations with infinite delay in Hilbert
spaces of the form

f
L) = g0t 3(t = pu(®O))] = [ Ax(V) + h{t, 2 - pa(t), fo alt 5, 3(5 = pa(s))ds |

:
+f{t 20t = pa(o), fo bt 5,3(5 — ps(e))ds (), M)

t>0,t#t,
Ax(ty) = Ik(x(t)), t=t,k=1,...,m, )
Ax'(t) = Jr(x(ty)), t=t,k=1,...,m, (3)
xo() = @ € By, ((0), 0L H),  ¥'(0) = ¢, @

where the state x(-) takes values in a separable real Hilbert space H with inner product (-, -)y and norm || - || .
The operator A : D(A) — H is the infinitesimal generator of a strongly continuous cosine family on H. Let K
be another separable Hilbert space with inner product (-, -)x and norm | - [|x . Suppose {w(t) : t > 0} is a given
K-valued Wiener process with a covariance operator Q > 0 defined on a complete probability space (Q, 7, P)
equipped with a normal filtration {#}};»0, which is generated by the Wiener process w; and g : [0, 0) X H —
H,h:[0,00)xHXH — H,a,b:[0,00)x[0,00) xH — H, f : [0,00) x HX H — L(K, H), are all Borel measurable,
where L(K, H) denotes the space of all bounded linear operators from K into H; I, Jy : H - H(k =1, ...,m),
are given functions. Moreover, the fixed moments of time #; satisfies 0 < t; <--- < t,; < limy_,0 tx = 00, x(t;)
and x(t,) represent the right and left limits of x(t) at = f;, respectively; Ax(tx) = x(t]) — x(t), represents the
jump in the state x at time f; with I, [y determining the size of the jump; let p;(t) € C(R*,R*)(i = 1,2,3,4,5)
satisfy t — p;(t) = o0 as t — oo, and (0) = max{infs>o(s — pi(s)),i = 1,2, 3,4, 5}. Here B ([71(0), 0], H) denote
the family of all almost surely bounded, ¥o- measurable, continuous random variables ¢(t) : [#(0),0] — H
with norm || ¢ |ls= sup,; )<< E Il () 11 -

To the best of the authors” knowledge, no results about the existence and asymptotic stability of mild
solutions for second-order impulsive neutral partial stochastic functional integrodifferential equations with
infinite delay, which is expressed in the form (1)-(4). Although the papers [29, 30, 32] studied the asymptotic
stability for nonlinear impulsive stochastic differential and functional differential equations with delay and
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with infinite delay, besides the fact that [29, 30, 32] applies to the asymptotic stability of systems under
the Lipschitz conditions, the class of nonlinear impulsive stochastic systems is also different from the one
studied here. From a practical viewpoint, the second-order impulsive stochastic partial differential and
neutral functional differential equations with infinite delay deserve a study because they describe a kind of
system present in the real world. Hence, for a more realistic abstract model of the equation and for studying
the asymptotic stability property, this can be considered by introducing stochastic systems. Motivated by
the above consideration, we study this interesting problem, which is natural generalizations of the concepts
for impulsive equations well known in the theory of infinite dimensional systems.

The most common and easily verified conditions to guarantee the existence and stability of mild solutions
are the impulsive stochastic systems with the nonlinear function is a Lipschitz function. In this paper, we
discuss this problem by introducing a more appropriate concept for mild solutions. Then, using Holder’s
inequality, stochastic analysis, the Darbo fixed point theorem and the theory of strongly continuous cosine
families combined with techniques of the Hausdorff measure of noncompactness, we get the existence and
asymptotic stability of mild solutions for system (1)-(4). Especially, as compared to the case for the previous
results, we no longer require the Lipschitz continuity of f, and the compactness assumption on associated
operators. In fact, we assume that the nonlinear items f, h are continuous functions while the neutral item
g satisfies the generally Lipschitz continuity condition, and some suitable conditions on the above-defined
functions, which can make the solution operator satisfies all conditions of the Darbo fixed point theorem.
Though the results are not must be limited to apply this theorem under our assumptions, for example, we
can choose the Krasnoselskii-Schaefer type fixed point theorem. However, the Darbo fixed point theorem
is first used to consider the stability for second-order impulsive partial stochastic functional differential
equations. The known results appeared in [9, 29, 30, 32] are generalized to the impulsive neutral stochastic
functional integrodifferential systems settings and the case of infinite delay.

The rest of this paper is organized as follows. In Section 2, we introduce some notations and necessary
preliminaries. In Section 3, we give our main results. In Section 4, an example is given to illustrate our
results. Finally, concluding remarks are given in Section 5.

2. Preliminaries

Let K and H be two real separable Hilbert spaces with inner product -, -)x and (-, -)i, their inner products
and by || - Ik, || - ||4 their vector norms, respectively.

Let (Q, 7, P; F)(F = {¥ }1»0) be a complete probability space satisfying that ¥ contains all P-null sets. Let
{ei}2| be a complete orthonormal basis of K. Suppose that {w(t) : t > 0} is a cylindrical K-valued Brownian
motion with a trace class operator Q, denote Tr(Q) = Y.;5; Ai = A < oo, which satisfies that Qe; = Ae;.
So, actually, w(t) = Y7y VAw;(t)e;, where {wi(t)}2, are mutually independent one-dimensional standard
Brownian motions. Then, the above K-valued stochastic process w(t) is called a Q-Wiener process. Let
L(K, H) be the space of bounded linear operators mapping K into H equipped with the usual norm || - ||z
and L(H) denotes the Hilbert space of bounded linear operators from H to H. For i € L(K, H) we define

19 18y= Tr(@QE) = Y Il VAide: I
i=1

If || l[z ||i0< oo, then ¢ is called a Q-Hilbert-Schmidt operator, and let Lg(K, H) denote the space of all
2

Q-Hilber-Schmidt operators 1 : K — H.

Let Y be the space of all Fy-adapted process y(t, @) : [171(0), 00) x QO — R which is almost certainly
continuous in f for fixed @ € Q. Moreover (s, @) = ¢(s) for s € [#(0),0] and E || (¢, @) ||§I—> Oast — oo.
Also Y is a Banach space when it is equipped with a norm defined by

I 1y=sup E [l 9(0) II; -

>0

The notation B, (x, H) stands for the closed ball with center at x and radius r > 0 in H.
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Definition 2.1. ([15]) The one parameter cosine family {C(t) : t € R} € L(H) satisfying
(i) C(0)=1;
(ii) C(t)x is in continuous in t on R for all x € IR;
(iii) C(t + )+ C(t —s) = 2C(t)C(s) for all t,5 € R
is called a strongly continuous cosine family.

The corresponding strongly continuous sine family {S(t) : t € R} C L(H) is defined by S(t)x =
fot C(s)xds,t € R,x € H. The generator A : H — H of {C(t) : t € R} is given by Ax = (d?/dt*)C(t)xli=o
for all x € D(A) = {x € H : C(-)x € C*(R, H)}. It is well known that the infinitesimal generator A is a closed,

densely defined operator on H. Such cosine and the corresponding sine families and their generators satisfy
the following properties.

Lemma 2.2. ([14]) Suppose that A is the infinitesimal generator of a cosine family of operators {C(t) : t € R} Then,
the following holds:

(a) There exists My > 1 and o > 0 such that || C(t) |lz< Mqe® and hence || S(t) ||g< Mie™.
(b) A [ SGuyxdu = [C(r) - Cu)]x for all 0 < s < 7 < oo
(c) There exists My > 1 such that || S(s) — S() ||lu< Mo fys e49do)| forall 0 < r < s < co.
Definition 2.3. A stochastic process {x(t),t € [0, T}(0 < T < o) is called a mild solution of Egs. (1)-(4) if
(i) x(t) is adapted to F,t > 0.
(ii) x(t) € H has cadlag paths on t € [0, T] a.s and for each t € [0, T, x(t) satisfies the integral equation

t
(1) = COP(O) + SO = 90 9-pr O]+ [ Cle =gt (s = pr ()
S(t —9s)hls, x(s — , T, x(T — dt |d
+£(t@$ﬂsm©KfmrﬂTpmmﬂs

t S
+ fo S(t—s)f(s,x(s—p4(s)), fo b(s,T,x(T—pg(T)))dT)dw(s)
+ ) Clt =) + Y| St = tJk(x(E), (5)

O<tr<t O<tr<t

and

x0(-) = ¢ € By ([(0), 0], H), x'(0) = ¢.

Definition 2.4. Let p > 2 be an integer. Eq. (5) is said to be stable in p-th moment if for arbitrarily given € > 0 there
exists a 0 > 0 such that || ¢ |ls< 0 guarantees that guarantees that

E[sup I x(t) ||7;] <e.
t>0

Definition 2.5. Let p > 2 be an integer. Eq. (5) is said to be asymptotically stable in p-th moment if it stable in p-th
moment and for any ¢ € B, ([171(0), 0], H),

: Pl —
Jim E| sup I (0 If| =0
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Now, we introduce the Hausdorff measure of noncompactness yy defined by
Xv(B) = inf{e > 0; B has a finite ¢ — net in H},
for bounded set B in any Hilbert space Y. Some basic properties of xy(-) are given in the following lemma.
Lemma 2.6. ([5]) Let Y be a real Hilbert space and B, C C 'Y be bounded, the following properties are satisfied:
(1) Bis pre-compact if and only if xy(B) = 0;
(2) xvy(B) = xy(B) = xy(convB), where B and convB are the closure and the convex hull of B respectively;
(3) xy(B) < xy(C) when B C C;
(4) xy(B+C) < xy(B) + xy(C) where B+ C={x+y:x€B,yeC};
(5) xy(BUC) = max{xy(B), xv(C)};
(6) xy(AB) < [Alxy(B) for any A € R;

(7) Ifthe map @ : D(®) C Y — Zis Lipschitz continuous with constant « then xz(®B) < xxy(B) for any bounded
subset B € D(®), where Z is a Banach space;

Definition 2.7. ([28]) The map ® : V C Y — Y is said to be a xy-contraction if there exists a positive constant
K < 1 such that xy(P(B)) < kxy(B) for any bounded close subset B C V where Y is a Banach space.

In this paper we denote by x¢ the Hausdorff’s measure of noncompactness of C([0, b], H) and by xy the
Hausdorff’s measure of noncompactness of Y.

Lemma 2.8. ([13]) For any p > 1 and for arbitrary L(K, H)-valued predictable process ¢(-) such that

t p
< o= 07( [ (€190 7], t<10,0),

sup EH f cp(v)dw(v)

s€[0,t]
In the rest of this paper, we denote by C, = (p(p — 1)/2)/%.

Lemma 2.9. ([1] Darbo). If V C Y is closed and convex and 0 € V, the continuous map ® : V. — V isa xy-
contraction, if the set {x € V : x = ADx} is bounded for 0 < A < 1, then the map @ has at least one fixed point in
V.

3. Main Results

In this section we present our main results on the existence and asymptotic stability in the p-th moment
of mild solutions of system (1)-(4). To do this, we make the following hypotheses:

(H1) A is the infinitesimal generator of a strongly continuous cosine family {C(t) : t > 0} on H and the
corresponding sine family {S(#) : t > 0} satisfy the conditions || C(t) [[y< Me™* and || S(¥) |lu< Me ', t >
0 for some constants M > 1,a > 0 and §§ > 0.

(H2) The function g : [0, 00) X H — H is continuous and there exists L, > 0 such that
Ell g(t, 1) = g(t, @) < LeE N g = g llyy, £20,¢1,¢2 € H,
and
Ellgt, ) IG<LENYI,, t=20,p€H

with MPL,a? < 1.
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(H3) There exists a function continuous function m, : [0, 00) — [0, o) such that

EH I)t a(t,s, P)ds

fora.e.t > 0 and all ¢ € H, where ©, : [0, o) — (0, o) is a continuous and nondecreasing function.

14
}me@MHW@

(H4) The function & : [0, 00) X H X H — H satisfies the following conditions:

(i) The function h : [0, 0) X H X H — H is continuous.

(ii) There exist a continuous function my, : [0, ) — [0, c0) and a continuous nondecreasing function
©, : [0, 00) — (0, ) such that

E |l h(t, ¢, %) < muOWE NN @ 1) + E I x I}, > 0,¢,x € H.

(iii) The set {S(t —s)h(s, ¢, fos a(s, T, Y)dt) : t,s € [0,b], ¢ € B,(0, H)} is relatively compact in H.

(H5) There exists a function continuous function m, : [0, o) — [0, o) such that

E H j: b(t,s, )ds

fora.e.t > 0 and all ¢ € H, where © : [0, 00) — (0, o) is a continuous and nondecreasing function.

p
<m®BE Y )

(H6) The function f : [0, 00) X H X H — L(K, H) satisfies the following conditions:

(i) The function f : [0, 0) X H X H — L(K, H) is continuous.

(ii) There exist a continuous function 1y : [0, 00) — [0, o0) and a continuous nondecreasing function
Oy : [0, 00) — (0, ) such that

ENl f(t, 4, 2) < meOOFE | ¢ ) + Ell x Il ¢ >0,4,x € H.
(iif) The set {S(t —s)f(s, ¥, fos b(s, 7, ¢p)dr) : t,s € [0,b], ¢ € B,(0, H)} is relatively compact in H.
(H7) The functions I,y : H — H are completely continuous and that there are constants a0k =

1,2,...m,j = 1,2,3,4 such that E || L(x) [[,< dVE || x IF, +d®,E || Jx) If,< dPE || x |}, +d for
every x € H.

In the proof of the main results, we need the following lemmas.

Lemma 3.1. Assume that conditions (H1), (H2) hold. Let @, be the operator defined by: for each x € Y,

@M@=LCW@WM%M®W& ©®)

Then @4 is continuous on [0, co) in p-th mean and maps Y into itself.
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Proof. We first prove that @; is continuous in p-th moment on [0, ). Let x € Y, f > 0 and || be sufficiently
small, we have

E || (@1x)(F + &) = (@) () I},

<2 1E l f [CF+ & —5) = C(F - 5)]g(s, x(s — p1(s)))ds
0

p

H
p

+2r1E

H

F+&
‘ ]j C(t+¢&- s)g(s, x(s — Pl(S)))dS

f P
< 2’7‘1E[f | [C(E+ & —s) = C(F—s)]g(s, x(s = p1(5))) Il ds]
0
F+& ) )
2P—1MPE —a(f+&E—s) ) _ i
’ [.[ ¢ Il 9(s, x(s = p1(s)) llex s]
' - - _ p—1 F
< zr’—l[j(; | CE+&—s)—C(E—s) |87 ds] j; E |l g(s,x(s — pr(s))) If, ds

t+& - p-1 f+&
+ Zlep[f e’(”“/”’l)(”‘f’s)ds] f E |l g(s,x(s — p1(s) II; ds > 0 as & — 0.
t t

Thus @ is continuous in p-th moment on [0, o).
Next we show that ®;(Y) C Y. By (H1) and (H2), from the equation (6), we have for ¢ € [771(0), o),

t 14
E1 @00 I < E| [ 1C(= 965,165 = pro) s
0
t I
< WE[ [ gts,365 - i) I ]
0
¢ p-1 ot
< fo s fo e IE || gls,x(s — pr() I ds
t
< MPalr f e U || x(s — pa(s)) I, ds
0
¢
— i [ e IE s pa) I
0
However, for any any ¢ > 0 there exists a f; > 0 such that E || x(s — p1(s)) ||il< ¢ for t > f;. Thus, we obtain
t
EN@OO I <K [ e IElx(s- pio) I, d
0
b
< Kle‘“tf ¢ E || x(s — p1(9)) I}, ds + Kya .
0
Ase™ — (0 as t — oo and, there exists f, > ; such that for any t > f, we have
h
Kle“tf(; ¢“E || x(s — p1(9)) I}, ds < e — Kyae.

From the above inequality, for any ¢ > f, we obtain E || (®1x)(F) IIZ< ¢. That is to say E || (®1x)(f) ||Z—> 0as
t — 0. So we conclude that ®1(Y) C Y. O
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Lemma 3.2. Assume that conditions (H1), (H3), (H4)(i)-(ii) hold. Let ®, be the operator defined by: for each x € Y,

(Dox)(t) = j{; S(t— s)h(s, x(s — p2(s)), foa(s, T, x(T — p3(r)))d’c)ds. (7)

Then @, is continuous and maps Y into itself.

Proof. We first prove that @, is continuous in p-th moment on [0, ). Let x € Y, f > 0 and || be sufficiently
small, we have

E || (@x)(F + &) = (@22)(D) I},

£ P
< 2’71E l [) [SE+&—s)—S(F- s)]h(s, x(s — pa(s)), f: a(s, T, x(t — pg(r)))d’r)ds ;
F+& s
+ 271 l ft SF+& - s)h(s, x(5 — pa(s), fo als, 7, x(z — pg,(T)))dT)ds Z
< 2P-1E[ fo [S(F+&—s)— S(E— s)]h(s, X(5 = pa(s)), fo als, T, x(T pg(T)))dT) Hds]p

F+&
+ 2P 1P E[ f o BE+E=s)
F

F
< 27’—1[f
0

t+& - p
+ 2P—1Mp[f e—(Pﬂ/P—l)(Hé—S)ds]
E

P
ds]
H

ds]p1 fo £ s, x5 = p2(5), fo s, (T ps(0))

h(s, x(s — pz(s)),j(; a(s, 7, x(t — p3(T)))dT)

(p/p-1)

p
ds
H

SEF+&E—5)—S(F-5s)

H
-1

p
ds— 0 as& — oo.
H

F+& s
x [ E|i{sxts = g2, [ ats, e - patonie)
f 0
Thus @, is continuous in p-th moment on [0, o).
Next we show that ®,(Y) c Y. By (H1), (H3) and (H4)@i)-(ii), from the equation (7), we have for
t € [m(0), ),

E || (@22)(1) I},

< E[ j; t S(t—s)h(s,x(s — (), j; (s, x( p3(’c)))d’t) Hds]p

< MPE[ fot e Pt=9) h(s, x(s — pa(s)), fos a(s, 7, x(t — p3(’c)))d1) Hds]p

< M"’[jo‘t e"g(t_s)ds]p_1 fot e‘ﬁ(t_s)EHh(S,x(S - p2(s), I)Sﬂ(sz T, %(T — PB(T)))dT)

t
< MBI | e Py (5)Ou(E 1| x(5 — p2(9)) Ilyy) + ma(5)@u(E | x(s = p3(s)) If)]ds

p
ds
H

=K, fo e P (5)Ou(E 1| x(s = pa(s)) IIyy) + 1a(5)Ou(E | x(s = p3(s)) 1) 1ds.

However, for any any ¢ > 0 there exists a 7; > 0 such that E || x(s — p2(s)) ||’;I< e and E || x(s — p3(s)) ||’;I< €
for t > 71. Thus, we obtain

E || (@2x)(1) IIf; < Ko fo e P, (5)Ou(E 1| x(s = p2(9)) Ifyy) + 1a(5)@a(E | x(s = p3(s)) IF)1ds

< Koe P fo B &OE | x5 - pae) 1)
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+1114()O4(E || x(s — p3(9)) IIF)1ds + KoLy, q[On(e) + Oa(e)],
where Ly, = sup,,, thl e P9 [my,(s) + m,(s)]ds. As e P — 0 as t — oo and, there exists 7, > 7; such that for

any t > 7, we have

Kae f eP*[my(5)Ou(E || x(s = pa(s)) Ilyy) + 1a(5)Oa(E Il x(s = p3(s)) Ily)]ds < & = KoLy,o[On(e) + Ou(e)].
0
From the above inequality, for any ¢ > %,, we obtain E || (Px)(t) ||2< ¢. That is to say E || (Dpx)(t) |IZ—> 0as
t — 0. So we conclude that ,(Y) C Y. O
Lemma 3.3. Assume that conditions (H1), (H5), (H6)(i)-(ii) hold. Let ®3 be the operator defined by: for each x € Y,

(@s2)(8) = fo St = 9)f(5, (5 = a9, fo b(s 7, x(x ~ ps (O ). ®)

Then @s is continuous and maps Y into itself.

Proof. We first prove that @; is continuous in p-th moment on [0, o). Let x € Y, f > 0 and || be sufficiently
small, we have

E || (@3x)(F + &) = (@3x)(D) I

<we| [ 15-+£ -9~ - 91515 ), [ 0655366 pstampa ot |
’ F+& S O 4 H
+2”‘1E‘ I S(F +<S—s)f(s,x(s—p4(5)), fo b(s,T,X(T—Ps(T)))dT)dw(S) .
<2 fo Z(EH[S(ha—s)—S(f = Nf{s, 6 - pa), fo b5, (e ~ pt)t Z)Z/pdsr/z

+ 2#—1(:7,[‘[%E (EHS(E+ &—5s)
t

p\2/p qp/2
) ds] —0 as& — oo.

X f(s, x(s — p4(s)),fo‘ b(s, T, x(t — p5(T)))dT)

H

Thus @3 is continuous in p-th moment on [0, o).
Next we show that ®3(Y) c Y. By (H1),(H5) and (H6)(i)-(ii), from the equation (8), we have for t €
[71(0), 00),

E Il (@30 Il

<c fo | (E |5 = )1(s.x6 - pae, fo b6, %305~ pef)e) ;)2/pds]p/2

pi2/p p/2
[
H

oAb 2/p qp/2
<C,M fo eI OOLE I (5 - pa(s) 1) + muOWE Il x65 = ps) IE)1] ]

< CpMp:jO‘f :e_pﬁ(t_s)EHf(S’x(s — pa(s)), j; b(s, T, x(T — pg;(T)))dT)

r 21 p/2-1 t
< | [ EI] T et 90 E 115 - pus) 1) + mOU(E x5 - ps(9) Il
L JO 0

2p(p - 1
<C,MP ifp_Z)

1-p/2 t
] fo e PEImy(5)O4 (E Il x(s = pa(s)) 1) + mp($)Op(E Il x(s — ps(s)) I)]ds

t
=Ks fo e P mp(s)OF(E Il x(s — pa(s)) ) + mu(s)O(E Il x(s — p5(s)) IIf;)]ds.
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However, for any any ¢ > 0 there exists a 0; > 0 such that E || x(s — p4(s)) ||;;< eand E || x(s — ps(s)) ||£l< £
for t > 0. Thus, we obtain

t

E | @0 IF, < Ks fo PO E || (s — pal)) I1) + m(s)O(E | x(s — ps(s)) I1)]ds
01
<K fo [ (9O || x(5 — ps(s)) 1)
4 my(&OE [l 365 — ps(s)) IE)1ds + KaL1s[©1(e) + Onle)],

where Ly, = sup,,, fétl e P mp(s) + my(s)lds. As e — 0 as t — oo and, there exists 0, > 0 such that for

any t > 6, we have

hoo
Kae_btf P [ms(S)O(E || x(s = pa(s)) Ify) + mp($)O(E || x(s = p5(s)) )]s < & = KzLp[@f(e) + Op(e)]:
0
From the above inequality, for any t > 0,, we obtain E || (®3x)(t) IIZ< €. That is to say E || (P3x)(t) ||£I—> 0as
t — 0. So we conclude that 3(Y) C Y. [
Now, we are ready to present our main result.

Theorem 3.4. Assume the conditions (H1)-(H7) hold. Let p > 2 be an integer. Then the impulsive stochastic
differential equations (1)-(4) is asymptotically stable in p-th moment, provided that (14m)P~'MP Y'[" (df{l) + d](;’)) <1,
and

w0 1
f1 5+ O4() + 0,(5) + O(5) + O () ds = oo ©)

Proof. We define the nonlinear operator W : Y — Y as (Wx)(t) = ¢(t) for ¢ € [172(0),0] and for ¢t > 0,
¢
(Wx)(t) = C(H)e(0) + S(t)[P — 9(0, p(=p1(0))] + fo C(t = 5)g(s, x(s — p1(s)))ds
t S
; fo S(t - s)h(s, X(5 = pa(s)), fo as, 7, x(t — pg,(T)))dT)dS

t S
+f(; S(t—s)f(s,x(s - p;;(s)),f(; b(s, T, x(t —p5(T)))dT)dw(S)
+ ) Cl— N + Y, S(E = ().

O<ty<t 0<ty<t

Using (H1)-(H7), and the proof of the Lemmas 3.1-3.3, it is clear that the nonlinear operator ¥ is well
defined and continuous. Moreover, for each t > 0 we have

E |l (Wx)(®) II}< 777" E 1l C()p(0) Il +77E || S#)[¢ — 90, p(=p1 (O] I},

+77-1E ft C(t — 5)g(s, x(s — p1(s)))ds
0

P
H

p
H

t S
+7P71E f S(t— s)h(s,x(s - pz(s)),f a(s, T, x(t — p3(T)))dT)ds
0 0

p
H

t S
17 E fo S(t—s)f(s,x(s—p4(s)), fo b(s,’c,x(’c—p5(T)))dT)dw(s)

+7P1E Z C(t—tk)lk(x(t,;))Hp +7P1E
H

O<tp<t

Y, ste-thate)]| (10)

O<tr<t
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Using (H1) and (H2), we have

7PE | CH@O) I}, < MPePYE || @(0) |I,—> 0 ast— oo,

7PE |1 S — (0, p(—p1 O] II},< 147 "MPe PP E || ¢ |IF, +LoE | o(—=p1(0) II};] = 0 ast — oo.

By (H1)-(H7) and the proof of the Lemmas 3.1-3.3 again, we obtain

p
— 0 ast— oo,
H

t
7'-E f C(t —8)g(s, x(s — p1(s)))ds
0

t S
7-1E fo S(t—s)h(s,x(s—pz(s)), fo as, 7, x(t — p3(T)))dT)dS

P
— 0 ast— oo,
H

t S
7''E f U(t,S)f(S,x(s—P4(S)), f b(s,T,x(T—Ps(T)))dT)dw(S)
0 0

P
—0 ast— oo,
H

and
p
7E Z S(t = t)l(x(8)) H <7 Z E | S(t - t)Ie(x(t) IIF;
O<ty<t H O<ty<t
< 7PIMPePME || In(x(t)) I, — 0 ast — oo,
p
7| Y st-wne)| <7 Y ENSC- ) I
O<te<t H O<te<t
< 7PIMPePPE || Ju(x(£) IF,— 0 ast — oo
So W maps Y into itself.

Next we prove that the operator W has a fixed point, which is a mild solution of the problem (1)-(4). We
shall employ Lemma 2.9. For better readability, we break the proof into a sequence of steps.

Step1. For0 < A <1, set{x € Y:x=AWx}is bounded.

Let x € Y be a possible solution of x = AW(x) for some 0 < A < 1. Then, by (H1)-(H7), we have for each
te0,T]

E |l x(t) I,
< 7PE N Ct@(O) I}, +77E | S = 9(0, p(=pr (O] Iy,
¢
+777E f C(t = s)g(s, x(s — p1(s)))ds ’
0 H

14
H

t S
+ 77 1E fo S(t—s)h(s,x(s — 0a(9)), fo as, 7, x(t — pg(T)))dT)ds

t S
+7P7E f S(t— s)f(s, x(s — p4(s)),f b(s, 7, x(t — p5(T)))dT)dw(S)
0 0

P
H

p
+7P1E Z C(t—tk)lk(x(t,;))ll +7P1E
H

0<ty<t

Y, st-nee)|

O<ty<t

<77 MPE || (0) Il +1477 e PMPIE || ¢ I}, +LgE Il o(=p1(0)) If]



Z. Yan, X. Jia / Filomat 31:9 (2017), 2727-2748 2738

t p
+ 7" IMPE [ f e | g(s, x(s = p1(9)) ds]
0

t
+7P-1MPE[ f e Pt
0

N 7r’-1cp[ fo t [e-Pﬁ“-S)Ell f(s, x(5 — pa(s)), fo b(s, 7, x(t - pg,(T)))dT)

p
ds]
H
p12/p qp/2
| o
H

£ myIMP Y e | () Iy +Tmp MY e PEWE | et I
k=1 k=1

< 77T PIMPE || (0) 11}, +147 7' PPMPIE || @ Il +LgE Il o(=pa(0)) 7]

h(s, x(s — pz(s)),j; a(s, 7, x(t — p3(T)))dT)

t

FTIMPTL, f e IE | x(s - pr(s) I, ds
0
t
+ 7P Ipprl f e PP [1my,(8)On(E || x(s — pa(s)) I7,) + 114(5)Oa(E || x(s — p3(s)) IIF)]ds
0

+ 7p—1CPMPTP/271 f efﬁp(tfs)[mf(s)Gf(E Il x(s — pa(s)) II7,) + mu(5)Op(E || x(s — ps(s)) IF,)1ds

0

m m
+ TmyPMP Z e EWAVE || x(t)) I, +dP] + (7my T MP Z e PPEEAVE || x(t) I, +d0.
k=1 k=1

By the definition of Y, it follows that

Ellx(s — pi(s)) IF, <2771 [ o [l +27" Sl{t}?] | x(s) IF,i=1,2,3,4,5.
s€l0,

If u(t) =201 || @ Iy, +2¢" SUPp, o Il %(s) |If,, we obtain that
ut) <277 @ lly +1477 e MPE || @(0) |IF, +287 e PP'MPE ||  IF, +LyE || o(—p1(0)) 1]
+ 1477 I MP TP Lje ! fo‘t e u(s)ds
+ 14P I MPTP Lo PP fot ePPE [my,(3)O (1 (s)) + ma(3)@a(i(s))]ds
+ 14771 C,MP TP/ > 1Pt fo t P [ms(5)O f(u(s)) + my(5)Oyp(1i(s))1ds
+ (14m)P I MPe et Zm" e[ dD u(t) + dP] + (14m)p - MPe i e [d0 () + d1.

k=1 k=1

Since L = (14m)P~1MP ZZ;l(d]((l) + d](f)) < 1, we obtain

t
et u(t) < %[M+14P—1MPTW-1L9 f e’ u(s)ds
1-L 0
t
+ 14 Mt f eV [my(s)On((s)) + ma(s)Oa(i(s))1ds
0

¢
+ 147”‘1Cp]\/17’T”’/z‘1 fo e’ [m(s)®f(u(s)) + my(s)Oy(u(s))lds|,
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where

M=2"" @ lly +147'MPE || 9(0) Il +28" " MPIE || ¢ IIf; +LgE Il 9(=p1(0)) IIf;]
+ (4myP~'MP Z d](cz) + (14my~'mP Z d®, y = min{a, B}.
k=1 k=1
Denoting by C(t) the right-hand side of the above inequality, we have
e’P'u(t) < ((t) forallt € [0,T],

and C(0) = =M,

7
() = %[14” TIMPTP Ly (t) + 1477 MP TV P [y (DO (1)) + 11 (@4 (u(1))]
+ 171G M1 [y (DO (1) + (DO 1)1
< é[l‘Lp_lM”Tp‘ngC(f) LMY [y (YO TE) + ma()On(e 7 T(E)]
+ 14771 C,MP TP P [ ()@ (e 77! (1)) + mb(t)®b(e_yptw))]]‘

If £(t) = eP'L(t), then £(0) = C(0), C(*) < &(F), and

() < ﬁ[w—lwﬂ-%é(w £ 1 MPT P [y (DOWED) + ma(HOL(E(D)]

+ 14771 C,MP TP e [m (O (E(H) + Mb(f)@b(é(t))]],

and we have
&) = (=yp)e PIL(t) + e (1)
< (=yp)e(t) + ) L 1[14” TMPTP T Lge MPHEE) + 147 MP TP [y (DO(E(H) + ma(1)Oa(E(H)]

+ 1477 CMP TP m s (DO (1)) + (DO (E(H))]
< m*(HIEE) + On(E(?)) + Ou(E(H) + Of(E(H)) + Op(E(H))],
where
m*(t) = max {(—yp) + %14P—1MPTP-1Lge—W, %14P—1MPTP—1mh(t), %14!’—11\/1'?1?—1%(15),
1-L 1-L 1-L

1
%L,w-lcpw:rp/z-lm (1), ﬁ.14!’—1cjpzvﬂ’TP/2—1mb(t)}.

This implies for each ¢ € [0, T] that

E(t) du T
f < f m*(s)ds < co.
f0) U+ Op(u) + Op(u) + Of(u) + Op(u) ~ Jy

This inequality shows that there is a constant K such that &) < K,t € [0,T], and hence || x IIF;S ut) < R

where K depends only on p,y, M, T and on the functions m(-), ©,(-), m(-), ©y(-). This indicates that x(-) are
bounded on [0, T].
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Step 2. W : Y — Y is continuous.
Let {x,(t)})", € Y with x, — x(n — o0) in Y. Then there is a number r > 0 such that E || x;(t) IIZS r for all
nanda.e. t € [0,T],s0x, € B,(0,Y)={xe Y| x IIFYS r} and x € B,(0,Y). By the assumptions (H3)-(H7), we

have
2

s, (s~ pa), f a(5, T, (% — pa(E))dT

— 0 asn—o oo,

)
s, x5 - a9, f a(s, 1, (1 - po T»)dT)

Hf S, Xu(s — pa(s)), f b(s, T, x4(T — ps5(1)))dT

=

)
- f(s, x(s — pa(s)), fos b(s, T, x(t — p5(1) ))d’l’)

for each s € [0, t], and since
d

s S P
EHf(s, Xn(s — ‘94(5:)),fO b(s, T, x, (T — p5(T)))dT) - f(s, x(s — p4(s)),fo b(s, T, x(t — P5(T)))d1) ;
< 2max{@¢(r*), Op(r)}[m(s) + my(s)].

s S P
h(s, Xu(s = pa(s)), f a(s, T, xu(T — p3(T)))dT) - h(s, X(s = pa(s)), f a(s, T, x(t - ps(T)))dT)

0 0 "
< 2max{O(r"), @, (r)mu(s) + my(s)],

Then by the dominated convergence theorem and Iy, J,,k = 1,2, ...,m, are completely continuous, we have
fort €[0,T],

E I (Wxn)(t) = (Wx)(B) I}

t p
fo C(t = 9lg(s, (5 = pa6) = 965, (5 — pr(Nls |

fo 50- o) i{s 0165 = p2(o), fo als, 700 - ps(0)))

s P
~ (5,16 - pa(s), f als,t2( — pae))te |
0 H

<5E

+571E

+57'E fo t S(t - S)[f(sf Xu(S = pa(s)), fo S b(s, T, xu(T — pS(T)))dT)
- f(S/ x(s — pa(s)), fs b(s, 7, x(1 — p5(7))) dT)]dw(s) ’
H

+5E| Yt - ottt - hee|

O<tp<t

+5E| Y - 0l - Rl |

O<ty<t

<51 f e PEIE || g5, 1005 — p1(6)) — g6, x5 — pr(8) I ds
0

¢
+ 5P 1p-1 f e PPU=S)E
0

(s, x5 = pato), fo ats, 3, (x ~ pr ()

s P
(s, x5 = pae), [ ats a0 pacone)| s
0 H
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t
+ 57 IMPC, TP f e—ﬁr’“—S)EH f(s, a5 — pa(s)), f b(s, T, xu(T — p5(’t)))d’1’)
0 0

p
ds
H

~ {56 - pao), fo b(s 7 x(x ~ ps()))

1=

+Gmpt Y e CE || L(xa(t) — L)) I,

o~
1l

1

3

+(GmpPt Y e PERWE || (1)) = Tk(x(5) ;= 0 asn — oo.
k=1

Then, we have for all t € [0, T],
| Wx, — Wx ||f(—> 0 asn— oo.

Therefore, WV is continuous.
Step 3. W is y-contraction.
To see this, we decompose W as W + W, for t € [0, T], where

t
(P10)(t) = C(Hp(0) + SB[ = 9(0, p(=p1 ()] + fo C(t = 5)g(s, x(s = pa(s)))ds,

and
Wox)(t) = S(t —s)h(s, x(s — , | oa(s, T, x(t — p3(7)))dt |d
(Wax)(t) j(; (t-s) (S (s — p2(s)) f(; (s, 7, x(T — pa(7))) ) s

t S
+ fo S(t — (s, 36 - pute), fo bls 7, x(x ~ ps(0)d ()
+ ) Clt = L) + Y S = tJ(E)).

O<t<t O<t<t

(1) W1 is a contraction on Y.
Lett €[0,T] and x, y € Y. From (H1) and (H2), we have

E Il (W10(t) = (V1)) Il

¢
=E fo C(t = 5)[g(s, x(s = p1(s))) = (s, y(s = p1(s)))lds

p
H

t 14
< MPE[ f eI | g(s, x(s = p1(9)) = g(s, y(s = p1(9))) Il dS]
0
t -1 t
< MPLg[ f e—““‘s)dsr f e UIE || x(s - pa(s)) — y(s — pa(s)) Ily, ds
0 0

t
< M”Lgal"’f e s sup E || x(s) — y(s) I},
0 s€[0,T]
SMPLua P |l x—y ||’f( .
Taking supremum over ¢

| Wix—WylE<Lollx—ylf,

where Ly = MPL,a™F < 1. Hence, W1 is a contraction on Y.
(2) ¥, is a compact operator.
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For this purpose, we decompose W, by W, = Y1 + Y5, where

t S
(Yox)() = fo S(t—s)h(s,x(s—pz(s)), fo a(S,T,x(T—pg(T)))dT)dS

t S
+ j(; S(t— s)f(s, x(s — p4(s)),j(; b(s, T, x(t — p5(T)))dT)dw(s),
and
) = Y Clt— () + Y St = tl(x(E).
O<ty<t O<ty<t

(i) Yy is a compact operator.
We now prove that Y1(B,(0, Y))(t) = {(Y1x)(t) : x € B,(0,Y)} is relatively compact for every ¢ € [0, T]. If
x € B,(0,Y), from the definition of Y, it follows that
E |l x(s = pi(s)) If, < 277" 1 @ Il +27~" sup E || x(s) Iy
s€[0,T]
<Pl +27r=r,i=1,2,3,4,5.

It follows from conditions (H4)(iii) and (H6)(iii) that the sets {S(t — s)h(s, ), fos a(s, T, P)dr) = t,s € [0,T], ||

P IIZS r} and {S(t —s)f(s, ¥, fos b(s, 7, ¢¥)dr) : t,s € [0, T], || ¢ IF.< v} are relatively compact in H. Moreover,
for x € B,(0,Y), from the mean value theorem for the Bochner integral, we can infer that

(o) € tconV{S(t - s)h(s, ¥, f a5, gl))d’() s e[0Ty I< r*}
0

+ t%m{sa —s) f(s, ¥, fo bs, 1, l,b)dT) s e[0,TLI ¢ IF,< r*}

forallt € [0, T], and conv denotes the convex hull. As a result we conclude that the set {(Y1x)(¢) : x € B/(0,Y)
is relatively compact in H for every t € [0, T].

Next we show that Y; maps bounded sets into equicontinuous sets of Y. Let 0 < ¢ < t < T. From
(Y1B,(0, Y))(t) is relatively compact for each ¢t and by the strong continuity of 5(t), we can choose 0 < 6 < T—t
with

ISt + E)x = S(H)x [lu< €

for x € (PB,(0,Y))(t) when 0 < & < 6. For any x € B,(0,Y). Using (H1)-(H5) and Holder’s inequality, it
follows that

E |l (i)t + &) = (Y1x)(#) Il

f—e o
<6 'E l f [S(t+&—s)— S(t - s)]h(s, x(5 - pa(s)), f as, 7, x(t — pg,(T)))dT)ds
0 0

4
H

t S
+& || [ [Stt+&—s)— St s)]h(s,x(s — 02()), f als, T, x(t pg(T)))dT)ds
0

t—e

t+& S
+6/7E f St+& - s)h(s, x(s — pz(s)),f a(s, T, x(t — p3(’()))d’[)ds
t 0

P
H

p
H

P
H

t—e S
+61E fo [S(t+ & —5) = S(t—9)] f(s,x(s — s, fo b(s, 7, x(7 - p5(T)))dT)dw(S)

+6"'E [S(t+&—s)—S(t- S)]f(S, X(s = pa()), fs b(s, 7, x(t - Ps(T)))dT)dw(S) ;
0

t—e

p
H

t+& S
+6E f S(t+&—s) f(s, x(5 = pa(s)), f b(s, 7, x(t — p5(T)))dT)dw(S)
t 0
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p

ds
H

t—¢ S
<o t-ort [ E|istr £ =9 =S 9{sx6= p20), [ ats, (e = pa(ie)

p
ds]
H

v e [ s e=9=5e-9) s w66 o0, [ ats e - psoye]
Hds]p

+ 6p_1Cp jo‘t_f [E H [St+E—s)—S(t— s)]f(s, x(s — pa(s)), j: b(s, T, x(T — p5(’c)))d7:)

t+& S
+ 6P—1E[I [| S(t+ & —5) || Hh(s, x(s — pz(s)),j(; a(s, T, x(t — p3(T)))dT)

py2/p  qp/2
|
H

p2lp P2
|
H

py2/p  qp/2
ds]

+o-iC, £ [ 1S(E+E—5)—S(t—3) Il EHf(s,x(s ~ 04(s)), fo b(s, 7, x(t pg,(T)))dT)

. 6p—1cp IHE [ I S(t+ & —s) ||i! Ellf(s' x(s — pa(s)), j: b(s, t,x(t — p5(T)))dT)

H

<ol -eyer + 127w f e-ﬁ“-S)ds]pl f @O E 36~ i) 1)
+ M (5)OUE Il x(5 = pa(s) IE)]ds
v f - e—ﬁ<f+é—s>ds]p_l f B i, ()0, E (s - pr) I
+ M (S)OE I x(5 = pa(s) IE)]ds

f—& S
+@IG -y [ s £-9 - 595165 - pao), [ b6 7 x(x - ps(oie)
0 0

P
ds

H

¢

p/2
127,00 | ft [Py )OS 11 (5 = pa(e)) ) + m(©O(E Il x5 = ps(o)) 11|

t+& p/2
+ 6”*1CpMP[ f [e PP m ()@ H(E | x(5 = pa(s)) IIf) + mi(S)Op(E Il x(s = ps(s)) ||;;)]]2/pds]
t
t
<677t — e)Pef + 12V MP max{®y (), ©, (1)) e PNy (s) + ma(s)]ds
t—¢

t+&
+ 67 MP max(©,(r'), ©,(r)}p f e Py (5) + o)
t

+ 6P TIC,(t — ) 2el

_1\41-p/2 ot
+12P71C,MP max{®((r"), @ (r")} 26p — D1 e P (s) + my(s)]ds
P f p-2 e f

4 w[2BE =D e
+671C, M max(®,(r"), Oy(r )}[ s ] f P () + 1y (5)ds.
t
Then the right-hand side of the above inequality is independent of x € B, and tends to zero as {¢ — 0 and
sufficiently small positive number ¢. Thus, the set {Yyx : x € B,(0, Y)} is equicontinuous.
(ii) Y, is a compact operator.
To prove the compactness of Y, note that

(000 = Y St = L) + Y S = BJ(E)

O<ty<t O<ty<t
0, te0,t],
C(t — )L (x(£7)) + St — t) 1 (x(£))), te(t, b,

Yoer C(t = t)Ik(x(t) + Lyt S(t = t)Jr(x(t), t € (tn, T),
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and that the interval [0, T] is divided into finite subintervals by #, k = 1,2,...,m, so that we only need to
prove that

W ={C(t — )1 (x(t])) + S(t — t1) 1 (x(t)), t € [t1,t2], x € B,(0,Y)}

is relatively compact in C([t1, t2], H), as the cases for other subintervals are the same. In fact, from (H1) and
(H?7), it follows that the set {C(t — t1)[1(x(t])) + S(t — t1)J1(x(t])), x € B,(0, Y)} is relatively compact in H for all
t e[t to].

Next, using the semigroup property, we have fort; <s <t <t,

E || [C(t - t1) = C(s — t)]I1(x(t))) + [S(t = t1) = S(s — )1 (x(t]) IIF;
<2PTE | [C(t = t1) = C(s — t) I (x(]) IF, +2P"E || [S(t = t1) — S(s — t) [ (x () 115, -

Thus, we see that the functions in W are equicontinuous due to the compactness of I, J; and the strong
continuity of the operator C(t), S(t) forall t € [0, T]. Now an application of the Arzeld-Ascoli theorem justifies
the relatively compactness of W. Therefore, we conclude that operator Y5 is also a compact map.

Let arbitrary bounded subset V C Y. Since the mapping W is a compact operator, we get that xy(W,V) =
0. Consequently

XY(WV) = xy(W1V + W, V) < xy(W1V) + xy(W2V) < Loxy(V) < xy(V).

Therefore, V¥ is y—contraction. In view of Lemma 2.9, we conclude that W has at least one fixed point
x* € V c Y. Then, x is a fixed point of the operator ¥, which is a mild solution of the system (1)-(4)
with x(s) = ¢(s) on [#1(0),0] and E || x(t) ||¢I—> 0 as t — oo. This shows that the asymptotic stability of
the mild solution of (1)-(4). In fact, let ¢ > 0 be given and choose > 0 such that y < ¢ and satisfies
[1477IMP + 147" Y (KoL + KaLpply + (1477 Ko™t + L)e < e. If x(t) = x(t, ¢) is mild solution of (1)-(4), with
Il ¢ IIZ; +E || ¢ H?I +L,E || o(=p1(0)) ||i1< 7, then (Wx)(t) = x(t) and satisfies E || x(f) ||¢I< ¢ for every t > 0.
Notice that E || x(t) ||f1< e ont € [m(0),0]. If there exists f such that E || x(f) ||]IZ= e and E || x(s) ||’;< ¢ for
s € [11(0), f]. Then (10) show that

E |l x(t) < 4P MPe P + 147" (KoL, + KsLgp)l7 + (1477 Kia ™ + D)e < ¢,

which contradicts the definition of f. Therefore, the mild solution of (1)-(4) is asymptotically stable in p-th
moment. [J

Remark 3.5. In[9, 32], the authors get the asymptotic stability results under the Lipschitz continuity of the nonlinear
items when A generates a strongly continuous cosine family, respectively. Here, the Darbo fixed point theorem is
effectively used to study the asymptotic stability of the system (1)-(4). The results are obtained by using the mixed
Lipschitz and continuous conditions, and some appropriate assumptions without the Lipschitz assumption on f, h.
Also, the results can generalize and improve the existing ones.

4. Example

Consider the following second-order impulsive partial stochastic neutral differential equations of the
form

2 t
d[%z(t, x) = S(t, z(t — p(t), x))] = %z(t, x)dt + g(t, z(t - p(t),x),jo‘ cit, s, z(s — p(s),x)ds)dt
t
,Z(t = /X)), ,8,2(s — ,x) |dw(t), 11
+w(t z(t = p(t), x) fo‘ @1(t, s,z(s — p(s) x)) w(t) (11)

t>0,0<x<m,t#t,

z(t,0) = z(t, 1) =0, t>0, (12)
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z(t, x) = p(t, x), %Z(O, X)=¢kx), t<0,0<x<m, (13)

3

fr
2, = [t = 260, 62 (0,0 = [t - 92650, (14)
0 0

where (f)r € N is a strictly increasing sequence of positive numbers, p(f) € C(R*,R*), and 1y, fjx €
CR*,R*),k = 1,2,...,m. w(t) denotes a one-dimensional standard Wiener process in H defined on a
stochastic space (Q, 7, P).

Let H = L*([0, 7t]) with the norm || - || and define the operator A by Aw = @” with the domain

D(A) :={w(-) € H : w, &’ are absolutely continuous, w” € H, w(0) = w(n) = 0}.

It is well-known that A is the infinitesimal generator of a strongly continuous cosine family {C(f) : t € R}
in H. Furthermore, A has a discrete spectrum with eigenvalues of the form —n2,n € N, and corresponding
normalized eigenfunctions given by e, (x) = v2/m sin(nx). Then the following properties hold:

(a) The set {e, : n € N} is an orthonormal basis of H and Aw = — Y ; n”*(w, e, )e, for every x € D(A).

(b) Forw € H,C(H)w = ¥, cos(nt){w, e,)e,, and the associated sine family is S(H)w = ¥, % sin(nt){w, e, ye,-

Consequently, || C(¢) [I< e ™| S(t) |I< e ™ forallt € R and 5(t) is compact for every t € R.

(c) If @ is the group of translations on H defined by ®(t)w(&) = &(& + ), where @ is the extension
of w with period 2n, then C(t) = %(CD(t) + ®(-t)) and A = B?, where B is the generator of ® and
D = {w € H' : w(0) = w(m)}(see [17] for details). In particular, we observe that the inclusion ¢ : D — H
is compact.

Additionally, we will assume that

(i) The function ¥ : [0,00) x R — R is continuous and there exists a positive constant Ly such that
3(t,0) =0, and

[9(t, u) — S, v)| < Lglu—v|, t 20,u,veR.

(ii) The function ¢ : [0,00) X R X R — R is continuous and there exists a positive continuous function
mc(-) : [0, 00) = R such that

lo(t, u, 0)| < mo(t)lul +21P[v|, t > 0,u,v € R.

(iii) The function ¢ : [0, 00) X [0, 0) xR — R is continuous and there exists a positive continuous function
M, () : [0,00) — R such that

f
f it s, w)ds
0

(iv) The function 9 : [0,0) X R X R — R is continuous and there exists a positive continuous function
Me(+) : [0,00) = R such that

<mg(Hul, t>0,u e R.

lo(t, u,v)| < me®)|ul +27Pl0), t >0,u,veR.

(v) The function 91 : [0,00) X R — IR is continuous and there exists a positive continuous function
Mg, (+) : [0, 00) — R such that

¢
f @1(t, s, u)ds
0

<me,(Dlul, t >0,ueR.
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Let z(s)(x) = z(s, x). We can define respectively g : [0,00) X H — H,h : [0,00) x HXH — H, f : [0, 00) X H X
H—- LK H)and I, [y : H— Hby

g(f, Z(t - P(t))(x) = S(t,Z(i’ - p(t)/ X)),

t t
h(t, z(t — p(t)),j(; a(t,s,z(s — p(s))ds)(x) = g(t,z(t - p(t), x),f(; ci(t,s,z(s — p(s), x))ds),

t t
f(t,z(t o), fo b(t, s, 2(s — p(s))ds)(x) - cD(t,z(t — p(H), ), fo ou(t, s, 2(s — p(s),x))ds),

L(2)(x) = f Mk(8)z(s, x)ds,  Ji(z)(x) = f fk(s)z(s, x)ds.
0 0
Then the problem (11)-(14) can be written as (1)-(4). Moreover, using (i) we can prove that

Ellg(t,z1) - gt z2) I = E[( fo " 190 210) - (22 ()P dx)%]p

1

< E[( fo Lol (@) zz(x)lzdx)i]p

<LElzi-2z|

forall (t,zj) € [0,+00) X H,j=1,2,and E || g(t, z) “5715 Lg || z ||V for all (t,z) € [0, +00) X H. By assumptions (ii)
and (iii) we have

Ellh(t,zy) P = E[( j; et 2, y<x)>'2d");r

< E[( fo L0k + 21‘”Iy<x>”2dx);]p

<L OVE Iz P +2"PE || y IIP]
=muME |z P +E |l y I

for all (t,z,y) € [0, +o0) X H X H, and

EH [)t a(t, s, z)ds ’ = E[( [)n fot ¢1(s, z(x))ds de)z]p
< E[( fo " Imgl(t)z(x)|2dx)%]p

<ma(hE [ z|IP

for all (¢,s,z) € [0,+00) X [0, +00) X H, where my,(t) = mg(t), my(t) = m’;(t). Similarly, by using assumptions
(iv) and (v) we have
Ell ft,z,y) IP<meE Nz P +E |l y IIP

forall (t,z,y) € [0, +00) X H X H, and
t
E H f b(t,s,z)ds
0

forall (t,s,z) € [0, +00) X [0, +00) X H, where m (t) = mb (t), my(t) = mf’nl(t). Therefore (H1)-(H6) are all satisfied
and condition (9) holds with ©y(s) = ©,(s) = ©¢(s) = ©y(s) = s. It is clear that I, J; are bounded linear maps
with

P
<my(E | z I’

El L@ IP<&ENzIP, ElJ) P<dElNzIP, zeHk=12,...,m,
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where d; = (fon Ink(s)lzds)P/Z,Jk = (fon Iﬁk(s)lzds)P/Zlk =1,2,...,m. Moreover, the map I, [y are completely
continuous. Further, suppose that (14m)r-1 Yo (di + dy) < 1 holds. Then, from Theorem 3.4, we can
conclude that the mild solution of (11)-(14) is asymptotically stable in p-th mean.

5. Conclusion

This paper has investigated the existence and asymptotic stability in p-th moment of mild solutions
for a class of second-order impulsive partial stochastic functional neutral integrodidifferential equations
with infinite delay in Hilbert spaces. Firstly, we introduce a more appropriate concept for mild solutions.
Secondly, the existence and asymptotic stability of mild solutions is investigated by utilizing Holder’s
inequality, stochastic analysis, the Darbo fixed point theorem and the theory of strongly continuous cosine
families combined with techniques of the Hausdorff measure of noncompactness. Here, the results are
obtained under the nonlinear items f, i are continuous functions and not the assumptions of compactness
on associated operators. Finally, an example is provided to show the effectiveness of the proposed results.

There are two direct issues which require further study. We will investigate the asymptotic stability for
second-order impulsive stochastic partial functional differential equations with not instantaneous impulses.
Also, we will be devoted to study the stability of pseudo almost periodic solutions to impulsive stochastic
partial functional differential equations.
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