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Abstract. For a two-dimensional time nonlinear hyperbolic equation with a power nonlinearity, a thresh-
old exponent depending on the space dimension is presented. Furthermore, the analysis is extended not
only to a system of two equations but also to a two-time fractional nonlinear equation with different time
order derivatives.

1. Introduction

In this paper we are concerned with the nonexistence of global weak solutions for multi-time hyperbolic
equations of the type

Lu = uy+us—Au=lulf, tx)eD,
ult,0;x) = u(t;x), ut,0;x) = ux(t; x), (tx) €Q, (1)
u,s;x) = upi(s;x),  us(0,5;x) = up(s; x), (s;,x) € Q,

where == u(t,s;x),u: D >R, D=R* XR* XRN,Q=R*xRV,NeN,N > 1;,p € R, p > 1; u, u, stand
for the first and second partial derivatives in the variable z; and A stands for the N-dimensional Laplacian
with respect to x. The nonlinearity ||’ is a prototype of nonlinearities that has been considered by John [9].
We will prove that no nontrivial global week solution of (1) exists under certain conditions depending
onpand N.
The result will be extended to a 2 X 2 system of two—time hyperbolic nonlinear equations of the form

Lu = o, in D,
{Lv - W, in D, @)
with initial conditions
u©0,5,x) = un(s;x), ul0,8x)=up(s;x), (sx)€Q,
ut,0;x) = u(t;x), us(t,0;x) =ux(t;x), (tx)eQ, 3)
v(0,5;x) = voi(s;x), v(0,8;x) = vpa(s;x), (s;%) €L,
u(t,0;x) = vt x), us(t,0;x) =v(tx), (5x)€Q,
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where u := u(t,s;x), v := v(t,s;x), u,v : O — R; and p,q > 1. The blowing-up conditions will depend on
p,q, and IN.

We will also consider equations involving fractional time derivatives in both time variables, with the
nonlinear term |ul’ as in (1),

Dy (1 = o1 (5; %) = tuton(s; X)) + Doyr ™ (u = uno(t; X) = suzo(t; %)) — Au = [uf?, (4)

for (t,s; x) € D, subject to the initial conditions

{ u(t,0; x)

u(0, s; x)

uo(t;x),  us(t,0;x) = ux(t;x), (tx)€Q), 5)
up1(s;x),  u(0,8;x) = upa(s;x), (s;x) €0,

where u := u(t,s;x),u: D - R;peR,p>1,and Dcl)f;b' 0 < 1+ 06 < 2, stands for the fractional time derivative
of order 1 + 0 in the variable t in the sense of Riemann-Liouville.

Finally we consider the system of fractional equations

Fomu=1F, in D, ©)
Fg,p,0 = ul?, in D,
where for 0 < py,0 <1,
Fy gt = Dyt (1 = 111 (53.%) = tutop(5; %)) + Dy (= so ;) = stizo(t; 1)),
subject to the initial conditions
u(0,5,x) = wupi(s;x), u0,5;x) = up(s;x), (s;x) € Q,
ut,0;x) = wui(t;x), us(t,0;x) =ux(tx), (tx)€Q, @)
v(0,5,x) = wvoi(s;%), vi(0,5;%) = va(s;x),  (s;%) €Q,
o(t,0;x) = wvip(tx), vs(t,0;x) =v(t;x), (Hx)€Q,

where u := u(t,s; x), v:=v(t,s;x),u,v: D - R,and p,q > 1.

Recent investigations on multi-time differential equations shed light on their applications to different
fields of sciences such as mechanics, physics, biomathematics, and cosmology, see for example the works
of Barashenkov [3, 4], Béez, Segal, and Zhou [1], Hillion [10, 11], Newton [18], Rendall [19], Uglum [22],
Matei and Udriste [16], Craig and Weinstein [6], Tucker [21], and the recent paper of Foster and Miiller
[8]; evolution equations with fractional time derivative or fractional space derivative have been discussed
in [5, 13-15]. Let us mention that in [6], the authors pointed out the role played by the nonlinearities
imposed in [8] for the existence of a unique solution of the homogeneous ultra-hyperbolic wave equation.
Concerning blowing—up solutions for one time nonlinear hyperbolic equations with power nonlinearities,
a lot has been said. For a review of the literature on the equation

Pu—Au=upP, p>1,

and a final result concerning a conjecture that lasted for twenty years, see the important paper [23].

The paper is organized as follows. Section 2 is devoted to study blowing—up solutions of a scalar
nonlinear hyperbolic equation with two time variables, while the extension of this result to a 2 X 2 system
of such equations is discussed in Section 3. In Section 4 we consider a nonlinear equation and a system of
nonlinear equations involving fractional time derivatives with two time variables.

Throughout the paper we use the following notations: for any p > 1 we denote by p’ the conjugate
exponent of p, that is, p + p’ = pp’. The symbol C denotes a positive constant which may vary from line to
line.

We will use the notation:

P = (t,s;x), dP := dtdsdx, dPy = dtdx or dPy = dsdx;
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P =(t,0;y), dP := dtdody, dPy = dtdy or dPy = drdy.
L : the space of non—negative regular functions ¢ : (2 — R with compact support in the space variable
x such that

p(t,s;x)
p(t,s; x)

0i(0,5x)=0, t>T, (s;x)€Q, @
0L 0;x) =0, s>T, (tx)eQ. )

We conclude this introduction with a short remark: In the course of the proofs, we frequently use the fact
that if ¢ is as above and y > 1, then it is always possible to select ¢ so that

f @'V |De|’ dP < +co,
D

where D = d*>/dforD = A. A justification of this fact is contained for instance in [17].

2. Results

2.1. Blowing—up for two—time hyperbolic equations

In this section we will show that under certain conditions on the initial data, p, and N, the solution of
(1) does not exist globally in time.
We set

Uo,p ::fuoz(s;x)(p(o,s;x)dP0+fuzo(s;x)(p(t,o;x)dPo,
Q Q

and

U, ;=fuoz(s;x)dPo+fMzo(s}x)dpor
Q Q

Definition 2.1. Let p > 1 be a real number. A function u := u(P) such that u € LZ)C(Z)) is a weak solution of (1) if,

f lu(P)Po(P)dP + U, = f u(P) {pu(P) + @ss(P) — Ap(P)} dP,
D D

for every test function ¢ € C3(D).
Let us assume that
(%), (%), un(5x),  uo(;x) € LY(Q). )
We have the following theorem.

Theorem 2.2. Ifp <1+ 2/N, and 0 < Uy, then no global non-trivial weak solution of (1) exists.

Proof. The proof is by contradiction. Let us assume that the solution is global. Let x : [0, +o0) — R, with,
0 < x £1, be aregular function defined by

1, for 0<&<],

X&) =4\, for 1<£<2,
0, for &>2.

We define ¢ to be the function

PeD. (10)

2 + 82 + |x|?
R? !

@@%=X(
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Then , s
2t (t7 + 57+ |x]
Pi(P) = X (T),

so @4(0,s; x) = 0; we also have @;(t,0;x) = 0.
We are going to distinguish two cases:
Case 1: p <1+ 2/N. Using e-Young’s inequality, for t; = t or s, we have

lugy | P, 07| < elulPp + C(e)lis V077,

udgl = P App~P| < eluPp + Cle)lApl P,

where p +p’ = pp’. Using (11) and (12), we may, for € small enough, write

[ wrpaps s, <c [ o7 llpu gt + 0¥} d
D D

Now, scaling the variables
t=Rt, s=Ro, x=Ry.

we obtain
f ulPp dP + Uy, < CRT+2N f {1 Prcl +Paol” + |G} dP,
D (O}
where
P(t,0;y) = x(T* + * + [yP).
In the case p <1+ 2/N, thatis, —2p’ + 2+ N <0, if R = +00, then from (14) we have

0<f|u|de+‘Llo£0;
D

this contradicts our assumption. Therefore problem (1) admits no global nontrivial weak solution.
Case 2: p =1+ 2/N. In this case, we have

0< f [uPpdP < C.
D
Using Holder’s inequality, we obtain

1
4

f P dP + U, < ( [ul o dP) H(p)

D Cr
where Cg = {(P) € D: R? < 2 +s? + |xf? < 2R?}, and
iy’ p 1y
H(p) := (f lpul? @71 dp) +( lpssl? @717 dP) + (f Al @7V dP) < C < +oo.
Cr Cr Cr

Observe that (15) implies that

lim f ulP dP = 0.
R—+c0 CR

Passing onto the limit when R — 400 in (16), we obtain
0< f [ulf dP + Uy < 0;
D

a contradiction. Hence non-trivial global weak solutions of problem (1) do not exist. [

2602

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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2.2. Blowing—up for a system of two—time hyperbolic equations

Let us consider the system of equations (2)-(3).
We set
Uo,p Jo, woa(s5; X)(0,5; %) dPo + [, wio(t; x)ep(t, 0; x) Py,

J, roa(s;2)(0,5;x) dPo + [, ra0(t; X)ep(t, 0; x) dPy.

Vo,

Definition 2.3. Let p,q > 1 be two real numbers, and let u := u(P), v := v(P), be two functions such that u € L?DC(Z)),
ve LfOC(Z)). We say that (u,v) is a weak solution of (2)—(3) if, for every ¢ € %,

f |U(P)|p(p(P) dP + (LIO,(P = f u(P) {(ptt(P) + (pSS(P) - A(p(P)} dP, (18)
D D
and
f u(P)igp(P) dP + Vo, = f o(P) {pi(P) + pus(P) — Ap(P)} dP, (19)
D D

for every test function ¢ € C3(D).
Now we assume the following conditions
Upp >0, and Vo, >0, forevery @€, (20)
and also that all initial data belong to L'(Q°) in a similar way as in (9).
Theorem 2.4. Let us consider system (2)—(3) under the assumption (20). If
N(pg-1)<2(p+1) or Nipg—1)<2(q+1),
then system (2)—(3) does not admit a global non—trivial weak solution.
Proof. We have from (18)

flvl”(de+fL{0,(,,=fu{(ptt+(pss—A(p} dpP.
D D

Let p’,q' € R* be the conjugates of p and g, respectively. Using Holder’s inequality, we have

1/q ) ) 1/q
f |”(Ptitj| dpP < (f [ul’gp dP) (f o /ql(ptjtjlq dP) ,
D D D

forj=1,2;t =t t, =s,and

1/q ) 1/q
f |uA(p|dP§( f |u|q(de) ( f o1 AQ|" dP) :
D D D

We proceed analogously for the second equation of (2).
Let us set

1/
Bi(9) = ( fD A dP) ,

1/9
A= ( f =% 1Aql” dP) ,
D

and
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where for j = 1,2, t1 =t,tp =5, 9 =qif j =1, 9 = pif j = 2. Using the same change of variables as in
Subsection 2.1, t = Rt, s = Ro, and x = Ry, in the integrals of 8;(9), j = 1,2, and A, we obtain

. 19
Bi(®) =R v (f PP 7 dP) ,
Q

and
N+2-2¢/ ’ ’ ~ ¥
A=R"7 (f @A, @ dP) .
Q
Whereupon,
1-1/pgq 1/q
( i |v|ﬂ(de) < (B +B ) +Ap) - (B'(9) + Bq) + A))
< R
Similarly, we have
1-1/pq p
( fQ |u|‘7<de) < (B@+B@+AQ) (80 +B )+ Ap))
< CRUFHE

If
N+2-2p N+2-27¢ N+2-29 N+2-2¢
p+ q<0 q+ p<0

qp’ q pq P’
then taking the limit as R — +oo, we obtain the contradiction

O<f|v|”dP§0, or O<f|u|‘7dP§0,
Q Q

respectively; this ends the proof. [

, or

7

In the case,
N+2-2p N+2-2 N+2-2¢ N+2-2p
+ =0, or + =

qp’ q pq P

we conclude like in the case of a single equation.

0,

2.3. Fractional two—time hyperbolic equations

- Basic definitions and properties on fractional calculus.

For the convenience of the reader, we recall some basic definitions and properties which will be useful
in the sequel.

Definition 2.5. The left— and right—sided Riemann—Liouville integrals of order o are defined as

a 1 ' a—1
(12.f) (t):m fo (t—s)""f(s)ds, >0, 1)

T
(12:f) (t):ﬁ ft (s - f(s)ds, t<s, 22)

where I is the Euler gamma function.
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Definition 2.6. The left— and right—handed Riemann—Liouville fractional derivatives of order n —1 <y < n fora
function f € AC"[0,T] := {f :[0,T] - R,D" ' f € ACO, T]}, n € IN are defined by (see [20])

D} )b = DIy, ), t>0; (23)

(D)) = (=1)"'D" (I F) ), (24)
d

where D = a The analogous formulas for the left— and right-handed Caputo fractional derivative of order
n—1<y <mn,fora function f € C"[0, T] are:

(CD)/Itf) (B) = (1)"T; D" ), t>0. (25)

(CD;T £) )= (1) "I, D" (). (26)

Furthermore, forevery f, g € C([0, T1), such that D, f(t), Dj;g(t) exist and are continuous, forall £ € [0, T],
0 < a <1, we have the formula of integration by parts due to Love and Young [20]

T
fo (D3, f) (hat) dt = f £ (Dizg) () dt. (27)
Note also that, for all f € AC?[0, T], we have (see (2.30) and (2.31) in [20])
Dyi*f =DDg.f,  —D.Dyf = Dyp*f, (28)

where D is the usual time derivative.
We also have the formulas (see [20])

D f(t) = L f(T) TT (1) dt d ‘D& f(t t)— f(0)—¢tf(0 29
00 = mg [~ | T O] and D)= DRG0 - FO -1 O)  29)

linking the Riemann-Liouville derivative to the Caputo derivative.
Later on, we will use the following results, see [12].

N
fd () =(1-£4),t20,T>0,1>>1, then

21

D; ®i(t) = —r(l—_y)z’kzoz’-kcllektl-k—l(T — V(=BT - 2L+ 1 - )], (30)
T(n+1-p) I0-1)1-2)---(-k+1)
— k k _
where My =T(1+1)Z ”OC”F(l+n+2 5 and Cj, k! .
a+1 T2 ik k-2 I+k—a-1
Do) = mzkzoz CiMyt ™ (T - 1)
X[ = k)1 —k—-1)T? - 2tT(l - k)2l — a) + 21 — a)(2] — a + 1)#?], (31)
[ 2\ T !
1 —
fo tDx (1 - ﬁ) dt = mzkzoLakc , (32)
T 2 1-8
5 t T
fo Dy (1 ) dt = =5 —— % LgC, (33)
and
5 £\
fo D) (1 - ﬁ) dt >0, (34)
T+ D)I(k+1-
where L = (DI + V)

Il-y+k+2)
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2.4. Blowing—up solutions for a two—time fractional hyperbolic equation

In this section we consider problem (4).
We begin with the definition of a weak solution for (4).
We set the space X of functions @ : D — (0, +0), such that @ compactly supported in the space variable

x and D(t,s;x) =0, DﬁlT(p(t, s;x)=0,t>T,@(t,s;x) = D;‘lzT(p(t, $;x)=0,s>T.

Definition 2.7. Let p > 1 be a real number, and 0 < oy, ap < 1. A function u := u(P) such that u € LZ)C(Z))), is said
to be a weak solution of (4)—(5) if

J, s ap+ [ 1= 150 = a0} 0 Py

+ f@ (1~ w10t ) = sizo(t; V)DL (53 x) dPy = f@ u(P)P(P) dP, (35)

for every ¢ € Ly.

Theorem 2.8. Ifp <1+ a/(N + 2 — a), where &« = min{ay, az}, and

[ 06520 + s pncon dpa > 0, (36)
Q
and
[ ) + sntz000 ) as > 0, 37)
Q

are satisfied for every @y, ©1 € L, then there is no nontrivial global weak solution of problem (4)—(5).

Let us highlight that in the case a; = a, = 2, the result in Theorem 3 is coherent with that of Theorem 1.

Proof. Suppose, on the contrary, that some solution exists for all time ¢ > 0. Let us suppose that ¢ is such
that

f (p—P'/P {lDzl;m(PlrJ’ + |Dil;az(P|P’ + |A(P|P'} dP < oo,
D
wherep +p’ =pp’.

Now, taking
P(t,8;x) = Do (x) D1 (£)D1(5),

and using the e-Young inequality, we obtain the estimates
[ Ppapert= [ i + i) o006 4Py + €T [ (a2 + et )00 (0 a2
D Q o}
<C L @ PP {IDix 1l + Dl + |Agl | dP, (38)

where p +p” = pp’, and C is a positive constant. Taking @y(x) = x (|x| /T 2), changing the variables t = T,
s = Ta, x = T%?y, and taking account of the constraints (36) and (37), we obtain the estimate

f lulP dP < CT%'+N+2, (39)
D

The remainder of proof is similar as in the previous situation and hence it is omitted. [J
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2.5. 2 X 2-Fractional Differential two—times Systems

In this section we only formulate the main result as its proof is similar to the previous ones.
Now we consider the system of equations (6)—(7).

Definition 2.9. Let p,q > 1 be two real numbers, and u € L;’M(D), ve Lfo (D). We say that (u,v) is a weak solution
of (6)—(7) if, for every ¢ € Ly,

f@ [0(P)Pp(P) AP + Up,y = f@ w(P) {D}* p(P) + D p(P) — Ap(P)} dP,

and
f@ [u(P)l"p(P)dP + Vo, = fD o(P) (D" 9(P) + D p(P) - Ap(P)} dP,

where
Uy, = f Hoa(s; ¥) D ()1 (5) Py + f trot )0 (x)1 (1) dPy,
Q

Q
Vag = [ o000 dn+ [ oo e,
We assume that
Upp >0, and Vo, >0, forevery ¢ €Ly, (40)
and also that all initial data belong to L!(Q).
Theorem 2.10. Consider system (6)—(7) subject to the conditions (40). If
N+2-ap N N+2-ag <0 or N+2-p8q . N+2-pp <
qp’ q pa’ I

wherep+p’ =pp’ and q+q' = qq’, and a = min{ay, @z}, f = min{B1, B2}, then there is no nontrivial global weak
solution of (6)—(7).

Proof. We have

0,

f@ [R(P)Pp(P) dP + Uy, = fD u(P) {D}* p(P) + D} p(P) - Ap(P)} dP,

and
f@ u(P)lp(P)dP + Vy,, = f@ o(P) {Djl;ﬁ%p(P) + D:l;ﬁz(p(P) — Ag(P)} dP.

Using Holder’s inequality, there exists C > 0 such that
1/q ) ) ) ) 1/q
Sy (PP p(P) AP + U,y < C( f@ u(PYp(P) dP) ( fD PP (D P + DL (P ~ [Ap(P) | dP) ,
and
1/g ) ) 1/q
Jo PP p(P)dP + Vo o < C( f o(P)I(P) dP) ( f P(P) T {ID I p(P) + DL (P ~ [Ap(P) | dP) .
D D

Let us denote

Alen, az,q) = fD P(P) 1D (P + DL (P — |Ag(P)I } dP,
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and

B(B1,Pa,p) = f;)@(p)—Q’/q {|D}|;a1¢(p)|q’ 4 |D;|;az@(P)|‘7’ - |A(p(P)|‘7’} dP.

If we set

I:fv(P)q(p(P)dP and ]:fu(P)”’(p(P)dP,
D D

then we may write
J1< CIAYT (a1, q),

and

P < CJBP (B1,B2,p),

as Upy 2 0,and Vy, > 0 by hypotheses.
Whereupon
Jt < CAP (g, a2, q) B (B, B2, ),

and
P17t < CAY (ay, @z, q) BV (B1, Ba, ).

Without loss of generality, we may assume
ﬁl < ﬁz, and a1 <ap < ﬁz.
Choosing @y = x(|x[>/T?°) where 20 = a,, ®;(t) and @(t) as before, we obtain the estimates

Jra~t < ¢ 7720t D+(N+2)(pg-1)
and analogously IP~1. Here also, we require —20(pq + 1) + (N + 2)(pq — 1) < 0, which is equivalent to

ar(pq +1)

N+2<
pq—1

7

to obtain a contradiction when we let T — +oc0. [
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