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Stancu-Variant of Generalized Baskakov Operators

Nadeem Rao?*, Abdul Wafi?

*Department of Mathematics, Jamia Millia Islamia, New Delhi-110025, India

Abstract. In the present paper, we introduce Stancu-variant of generalized Baskakov operators and study
the rate of convergence using modulus of continuity, order of approximation for the derivative of function
f. Direct estimate is proved using K-functional and Ditzian-Totik modulus of smoothness. In the last, we
have proved Voronovskaya type theorem.

1. Introduction

In 1998 V. Mihesan[8] constructed an important generalization of the well known Baskakov operators
on [0, o0) with non-negative constant a independent of n,

B0 = Y we,mr(s) Q0
k=0

where f € C[0, c0) and

a o pk(nr a) xk
Wn,k(x) =e = k! (1 + x)k+n’ (2)

such that ) W, (x) = 1 and pi(nn,a) = }. C)(n),-ak"', with(n)o=1,(n)i=nmn+1)...n+i-1).
k=0 i=0

In the last decade, many papers were published for generalized Baskakov operators on order of approxi-
mation, Voronovskaya type theorem, Kantorovich form, and order of approximation for the derivative of
the function([[13]],[14]).

For f € C[0, o), Stancu[[10] introduced the sequence of positive linear operators

k+a)

B = ) pn,k<x>f(m :
k=0

where p,, i (x) = (:’)xk(l —x)"*and a, B are any two two non negative real numbers such that 0 < a < . Ifa =
B = 0, it reduces to so called Bernstein operators. Recently, many researchers ([11,[4],[5],[6],[°],[11],[15])have
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introduced Stancu-variant for different linear positive operators. Motivated by the above development, we
are giving a Stancu-variant of the operators (1) as:

BN - k+a
Lo (fix) = Z Wfl,k(x)f(m)/ (3)
k=0
where W7, (x) is defined in (2) and 0 < a < B. For & = = 0, we get the operators (1).
2. Approximation Properties of L:f
To prove the approximation properties of Lif , we need the following lemma[13].
Lemma 2.1. Fora,x >0,n=1,2,..., we have
Bi(L;x) = 1,
e 3 ax
Bultin) = x+ n(l+x)’
x? a’x? 2ax? ax
B'(t%x) = —+=+x*+ + + ,
n(t55%) P n2(1+x)2  n(l+x) n3(1+x)
3x2(1+x)  x(1+x)(1+2x) 3ax? 1 3a%x3 3ax?
B(fx) = _(3 2 )
n(t) o n " n2 n(l+x)+n2 ax +(1+x)2+(1+x)
+_( ax_ 3a%x? N a3x® )
m\l+x (1+x)2 (1+x)3/)
Bty = 2+ 6x3(1 + x) . x*(1+x)(7 + 11x) N x(1 + x)(6x + 6x + 1) dax*
n n? n3 n(1+ x)
+l( 12ax* 18ax3) l( 8ax*  6a’x* 4adx* 18ax® . 18a%x3 N 14ax? )
n? (1+x)+8¢f§;2 T+x/) m\1+x (1+x? (@(Q+xP ((A+x) ((A+x2 ((A+x)
1 ( ax 7ax? 6a’x3 atxt )
+— + + .
n\1+x  (1+x)2 (Q+x° ((A+x*
Next, we prove
Lemma 2.2. Leta,x > 0andn =1,2,3... Then for the operators defined in (3), we have
(i) Ly = 1,
.. aBy,. _ n a X a
(@0 Liat:3) = n+ﬁx+ n+p1l+x * n+p’
i) L) = n+n , n(l+ Za)x N a? x? L 2 x? a(l+2a) x a? ,
’ (n + p)? (n+p)>? m+pP?A+x2? m+pP?1+x) m+p)? 1+x (n+p)?
i) ) = n®+3n2+2n ; n*B3+3a)+nB+3a+3a) , n(l+3a+ 3a2)x N 3an®>  x°
’ (n+ By (n+ By (n+p)? (n+p)p (1+x)
n ( 3a’x®  3ax? 6aax2) 1 ( ax 3a%x? a3’
+ + + + +
m+pP\1+x? 1+x 1+x/ @m+p>P\1+x (1+x)? (1+x)3
Baa*x*  3a’ax 3)
—_— + ,
1+x)?2 1+x
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n* + 6n® + 11n® + 6nx4 (6 +4a)yn® + (18 + 12a)n> + (9 + 8a)n 4 ((7 + 1200 + 6a%)n?

Q,
@ L@ = B . v By i+ P
(7 + 120 + 1200 + 60:2)71) , (1+4a+6a%+ 4a3)nx 4an® + 12an® + 8an  x*
(n+p)* (n+p)* (n+p)* 1+x
6a’n® + 6a’n  x* N 4a’n ¥ N a* xt N 18an* +18an  x°
m+p)* A+x? m+p*A+x3 O+p*A+x* n+p* (1+x)
(18a% + 122%a)n  x° N 6a® +4aa® A8 N (12a0? + 12aa + 14a)n  x?
(n+p)* (1+x)? n+p* (1+x)3 (n+pB)* (1+x)
7a% + 12a%a + 6a%a®  x? Lot 4aa + 6a%a + 4ada  x N at
(n+p)* (1 + x)? (n+p)* 1+x (m+p*

Proof To prove these identities, we use the lemma(2.1) and linearity property

n o
L‘;ﬁ(t, .X) = mBZ(t, .X') + Tl_-i-ﬁBZ(l’ .X).

In similar manner, we can prove identities (iii), (iv) and (v).

Lemma 2.3. Let ¢i(t) = (t —x)’,i=1,2,3,... Fora,x >0andn =1,2,3..,,

LBl = 1,

Lia@it;) = (n:B _1)“ niﬁl ix * niﬁ'
R n+ p? n-2a a2 x2 2q x? a(l+2a) x a?
LiaWiti = o+ g)zxz e ﬁ)‘[jx T pEAr? +Z)2 N ((n T ,8)2) T+x  (n+pR’
., (3 —12B)n* + (6 + 4B + 28> + 48°%)n + p* (6—12a—12B8)n* + (9 + 8a — 128(1 + a + a + aP))n
L0 = T v r p
(6—12a—-128 - 120452)) 3, 3n? + (7 — 4B + 12aa — 12af + 60°)n + 60> 2
(n+p)* (n+p)*
(1+4a+6a*)n—4a®f  12an* +8an —4ap®  x* 6a’n + 6a°p>  x* 4’ x*
(1t ) PTG gt Arn i pE A+xE (it pr Aty
at x* 12an? + 18an + 6a(1 + 2a)B> x®  6a*n— (124* + 12aa®)f 3
Tt 1+ P T+x 1+ PP 1+ 27
(6a® + 4aa®) X3 (12aa + 8a — 6aa®)n — (6a + 18a2a)f x> 7a® + 12a%a + 6a2%a®  x?
P Aty i+ p) T+x ' Pt Arxap
(a) + 4aa + 6aa + 4a’a  x N ot
(n+p)* 1+x (@m+p*

Proof In view of lemma(2.2) and using the equalities,

L) = Lyftx) —xLyf(1;x),
L@@ = Lafx) - 2xLi (%) + LY (1; %),
Lif @i, x) = Lyf(thx) — 4xLyf (%) + 6x°Lok (1% x) + 4°Lyh (5 x) + KLyt (1;%).

we get the proof of this lemma.
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Lemma 2.4. Let Yi(t) = (t —x)’,i=1,2,3,... Fora,x > 0and n = 1,2,3..., we have

lim nLg@A0;x) = a-pr+az —,

lim nLy @00 = x+x,

L 2raf 4 4 3 2 X x3
&gﬁlon L @i(t);x) = (B-120)x" + (6 —12a — 12f)x” + 3x~ + 12a1 e + 12511 et

3. The Degree of Approximation

Theorem 3.1. If f € C[0, ), x € [0, o) and w(f; 0) is the modulus of continuity, then

L3206 = ol < {1+ yade o foup),

where O, = (n + ﬁ)‘% and

n+p? n—2ap a2 X 20 2 a(l+2a) «x a?
2 4+ X+ - )
n+p n+p n+p1+x? n+p(1l+x) n+p l+x n+p

yaP(x) =

Proof Let f € C[0, o) and x > 0. Then, using linearity property and monotonicity of the operators defined
by (3), we can easily find, for every 6 > 0, and n € N, that

L3203 = el < {1+ 5,5 LW o o).

n+ B2 n—2ap a2 X2 208 2 a(l +2a) «x a?
s{1+ x? X+ - + +
n+p n+p n+p1+x? n+p(1l+x) n+p l+x n+p

}w(f; Onp),

which obtained by using Lemma 2.2 and choosing 6,5 = (n + ,B)‘%. Thus, we arrive at the result.

Remark 3.2. If we put o = p = 0, we find the same result given by Mihesan[8||

ax (@+Dx+1

BL(Fx) - F()] < {1+\/x(1+x)+n(1+x) ey }w(f;é),

where 6 = ‘/Lﬁ, which shows that 6,5 < 0. Therefore, rate of convergence of LZf is better than B,

Now, we will find the rate of convergence of operators defined by (3) in terms of modulus of continuity of
first derivative of function i.e. w(f’;6,) = w1(f; O4,p), which is an improvement over the Theorem 3.1. This
type of result was given for Bernstein polynomials by Lorentz ([7],p.p. 21).

Theorem 3.3. Let f'(x) is the continuous derivative over [0, c0) and w1(f; Onp) is the modulus of continuity of f'(x).
Then, fora,x 2 0,0 < a < B, we have

L0 - 01 < an((n+ ) YL waoin {1 + o+ By LI wiei o)
Proof For x1,x, € [a,b], we have

fx) = f(x2) (x1 = x2)f" (&),
(x1 = x2) f"(x1) + (x1 = 2)[f" (&) = f(x1)], (4)
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where x; < £ < x3. As we know that
[(x1 = x2)[ (&) = f )]l < [x1 = x2l(A + D)w1(5), A = Axq, x2;0).

Next, we get

e f(355) - sl 6

From (4) and (5), we obtained

ILeB(f;x) = f@) =
n=0

Lra(fi0) = f@l < ‘i Wi x)(k+ . )f ()] + wl(énﬁ)z kra A RS
=0
k a a
< wl(én,,g){;; nig — W () + ; |— - xl/\(xl, 5 6)Wn/k(x)}
< w1(6np) Z ‘k ra_ X Wfl,k(x) +o7t Z (% - x) Wflrk(x)}
k=0
< @) VLW {1+ 8,4 L0 )

Taking 6,5 = (n + p)”!, we get

i (f:2) = F < on((n+B)7) Lud (W30 x){l + o+ B L)) }

which is the required result.

4. Direct Estimate
Here we introduced the Ditzian-Totik Modulus of smoothness[3] which is defined as:
wé,\ (f;0) = Sup [ Ah(,, o)1l

= sup sup  |f(x —he'(x)) = 2f(x) + f(x + he' (x))],

0<h<d x+hg€[0,00)
where @?(x) = x(1 — x). And, Peetre’s K-functional is given by
Kpr(£,6%) = inf (I = glcto.) + 7p%20 o, 9,97 € ACin. (6)

The K-functional is equivalent to the modulus of smoothness, i.e.,
C K (£, 6%) < @2, (£,6) < CKp(f,09). 7)

First result based on Ditziaz-Totik modulus of smoothness was given by Ditzian[2] for the Bernstein
polynomials as:

IBu(f32) = FG)] < Ca? (f, 2 o)),

Now, we prove the similar result for the operator Lﬁf
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Theorem 4.1. Fora,x > 0,and 0 < a < 8, we have

ILZ‘f(f; x) = fx)] < Ca)é,\(f, (n+ ﬁ)_%(p(x)l_)\) for large n.

Proof Using (6),(7),we can choose g, = gy, for fixed x and A + 1 such that

I f = g lcoem< Al (£ 2p()' ™), (8)
1 92 9 llepo.e) < Beo2, (£, m 2 () 7). 9)
Next
ILyE(f0) = @) < Lyf(f = guix) = (f = g) @] + L5 (g0 %) = gu(@),
< 2101 f = gn lletoo) HLu (g3 %) = ga(@)l-
From (8), we get
Lia(f2) = fOl <2402 (f,n720(@)' ) + Ly G 2) = ga(@). (10)

Now, the last term can be calculated by using Taylor’s formula

L0 - 0,000 < @G =001+ L8 [ 6= o)
t
ol =K 1
< Ln,’f(% f(p”(u)lg;’(u)dul;x)
17 1 Q,
< 9™ llco) WLnf«t — x)%x)
oA 1 n+p? , n-2ap a? x? 3 2af X2
< 1197 gn llewos (p“(x)[(n B T T g mrprden
a(l+2a) x o?
i p? 1+x (n+ﬁ)2]
2A 11 x(l + X)(Tl + ﬁ)_l n+ ﬁz X n-— 20(‘8 1 u2 X
< Ne7anllaos =200 [(n TPTI+x ntp) ltx  (n+p) A+ap
2af x a(l+2a) 1 o?
C(n+p)(1+x)2 o +B) (1+x)2 e + B)x(1 +x)]
20 1 2-21 L[n+p x n—2af 1 a? x
< N1e7gn lowes @70+ ) [(n+ﬁ)1+x T 1ex P A+ 2P
2ap x al+2a) 1 a?
A A0 (it h) A0 (=t pad +x)]'
From (9), we have
ap _ . 2 -1 At p> x n-2af 1 a? X
L (9n()) = gu(x); )| < Bw(p"(f’ (n+p)2p(x) [(n +B)1+x * n+p) 1+x " (n+p)(1+x)3
20 x al+2a) 1 a?

(11)

A A2 (it p) Ar0E et pxdrnl)
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Using (10) and (11), we get

a[i 3 _ 1’l+‘82 X n—2apf 1 a? X
O = fO] - < Mwi(f,(n+ﬁ) P A)[(n+ﬁ)1+x+ (n+p) 1+x+(n+ﬁ)(1+x)3
2af x a(l+2a) 1 a?

_(n+ﬁ)(1+x)2+ (n+p) (1+x)2+(n+ﬁ)x(1+x)]

where M = max(2A, B). For a large value of n

GO - fer0l < Mad(f, 0+ g

Asymptotic relation is the study of rate of convergence for at least two times differentiable functions which
was given by Voronovskaya [12]. Here, we prove a similar result.

Theorem 4.2. Leta,x>0,0<a <Bandn e N. For f € C?[0, 00), we have

x+x

tim (L3 2(£3) = £} = (= B + T2 ) ) + S5 ).

Proof Let x,t € [0, ), f € C?[0, o). By Taylor’s formula, we have

fO) = f) +(E=x)f(x )+ f"(x)+17(f x)(t = x)?,

where the function )(t, x) € C[0, o) and ltim 1(t, x) = 0. Multiplying both sides by W7, (x) and summing over
k, we get

()aﬁ

Lyf(f;2) = FOLYE (%) + f/ (LY (- x;%) Bt = x)% %) + Ly (0t 2)(t = x); %)

Using lemma(2.2), we obtain

Tim nlL2(F) — F)) = (= pr+ 7o ) () + x22+ = F7() + Tim L x)(t - 0% ). (12)
Now, the last term can be obtained using Holder’s inequality and lemma 2.4

nLy (n(t; 0)(t = 0% x) < LR ((E = )% 0)LeE ((t; %)% %),
Let ¢(t; x) = n?(t; x). Then, ltl_r}; @(t; x) = 0. Therefore,

lim nLyf (n(t; x)(t - x)%x) = 0.

On substituting this value in equation (12) , we get the desired result.
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