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Some Weak p-Hyponormal Classes of Weighted Composition Operators

H. Emamalipour?, M. R. Jabbarzadeh?®, M. Sohrabi Chegeni?®

?Faculty of Mathematical Sciences, University of Tabriz

Abstract. In this note, we discuss measure theoretic weighted composition operators on L*(X) in some
operator classes that are weaker than p-hyponormal.

1. Introduction and Preliminaries

Let (X, X, i) be a sigma finite measure space and let ¢ : X — X be a measurable transformation such
that i o ¢! is absolutely continuous with respect to p. It is assumed that the Radon-Nikodym derivative
h =duo@~!/du is finite valued or equivalently (X, p~1(Z), u) is sigma finite. We use the notation L*(¢ (X))
for L*(X, p™"(Z), wp1(x)) and henceforth we write y in place of py,-1(y). All comparisons between two
functions or two sets are to be interpreted as holding up to a y-null set. We denote that the linear space
of all complex-valued X-measurable functions on X by L°(X). The support of f € LX) is defined by
o(f) = {x € X : f(x) # 0}. For a finite valued function u € L(Z), the weighted composition operator W
on L*(X) induced by ¢ and u is given by W = M,, o C,, where M, is a multiplication operator and C,, is a
composition operator on L*(X) defined by M, f = uf and C,f = f o ¢, respectively.

Let A = ¢ ' (Z). If p7(X) C X, there exists an operator E := E? ® : [/(Z) — [P(A) which is called
conditional expectation operator. D(E), the domain of E, contains the set of all non-negative measurable
functions and each f € LF(X) with 1 < p < oo, which satisfies

[ su= [Epan Ao
A A

Recall that E : L*2(X) — L%(A) is a surjective, positive and contractive orthogonal projection. For more
details on the properties of E see [10, 14, 16]. Since by the change of variable formula,

ffwdu fhfdyf fellT

then ||[Wfl = || VEE([ul?) o ¢~ 1fllo. Put ] = hE(juf*) o ¢*. It follows that W is bounded on L*(Z) if and
only if ] € L®(Z) (see [11] and also [4] for a discussion of E(-) o ¢! when ¢ is not invertible). Thus, W"
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is a bounded operator precisely when J, := hyEn(Jul?) o @ e L®(X), where n € N, h, = duo¢™"/du,
uy = u(wo@)uo@?)---(uo¢e”!)and E, = E"®). From now on, we assume that ] € L*(X) and u > 0. Put
ho = 1,]1 =],h1 =handE1 =E.

Let B(H) be the algebra of all bounded linear operators on the infinite dimensional complex Hilbert
space H. Let T = U|T| be the polar decomposition for T € B(H), where U is a partial isometry and
Tl = (T"T)2.

Definition 1.1. Let n € IN, k € IN U {0} and let p > 0. We denote by H(p, n, k) the set of all operators T on H that
T*k(T*nTn)ka > T*k(TnTﬂrn)ka‘

Note that H(p, 1, k1) € H(p, 1, k»), for all k1 < k;. Let ¥ and g be two positive real numbers. An operator T
is absolute (p, r)-paranormal if ||| TP U|T|"x|| > [||T|"x||P*", and T is absolute (p, r)-+-paranormal if ||| TP U|T|"x||" >
IT| U x|[P*", for all unit vectors x in H. An operator T is (p, 1, q)-paranormal if ||| T| UITI’xII% > IIITIPTXII, and
T is (p, 1, q)-+-paranormal if |||T|pU|T|’x||% > |||T|l7 U*x||, for all unit vectors x € H.

Composition operators as an extension of shift operators are a good tool for separating weak hyponormal
classes. Classic seminormal (weighted) composition operators have been extensively studied by Harrington
and Whitley [9], Lambert [11, 14], Singh [18], Campbell [4-6] and Stochel [8]. In [2] and [3] some weak
hyponormal classes of composition operators are studied. In those works, examples were given which
show that composition operators can be used to separate each partial normality class from quasinormal
through w-hyponormal. But in some cases composition operators can not be separated some of these
classes. Hence, it is better that we consider the weighted case of composition operators. In [7] and
[12], the authors generalized the work done in [2] and have obtained some characterizations of related
p-hyponormal weighted composition operators as separately. In [12] some examples were presented to
illustrate that weighted composition operators lie between those classes.

This note is a continuation of the work done in [12]. The plan of this note is to present some charac-
terizations of weak p-hyponormal and weak p-paranormal classes of weighted composition operators on
L*(X). We then give specific examples illustrating these classes.

2. Characterizations

In the following two theorems, to avoid tedious calculations, we investigate only H(p, 1, k) and H(p, n, 0)
classes of weighted composition operators. Note that T € H(p, 1,0) if and only if T is p-hyponormal and
T € H(p,1,1) if and only if T is p-quasihyponormal. Recall that T € H(p, 1, k) if and only if T*TTYT: >
THTT*YT, and T € H(p, n,0) if and only if (T*"T")P > (T"T*")P. We assume throughout this note that W is
a bounded weighted composition operator on L*(X).

Theorem 2.1. Let k € N. Then W € H(p, 1, k) if and only if
E(uJ) 2 Ex(ueu(h? o p)(E@?) ™ E(uuy)),  on o(l).
Proof. Let f € L>(Z). Then we have
WHEW WY W f = I E(uxMyp (e f 0 @) 0 o5 f
= Ex(u}]?) o 97 f,
and

WHWW YW f = Iy Ex(weu(l o p)(E@?)P " Eui f o @) 0 o7
= Iy Ex(ueu(h o o)(E@?)Y ™ E(uug)) o @ f.
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Thus, W € H(p, 1, k) if and only if
hEc(ug]P) = IxEx(uu(h? o @)(E(u®)P ' E(uuy)).
|

Corollary 2.2. Let C, € B(L*(X)). Then C, € H(p, 1,k) if and only if Ex(h") > Ex(h* o @) on o(hy). In particular
(see [2]), if k = 1, then C, is p-quasihyponormal if and only if E(h?) > hP o ¢ on o(h).

Lemma 2.3. [15] Let a and B be nonnegative and measurable functions. Then for every f € L*(X),

fx ol ffd > f E,(B) P

if and only if o(B) C o(«) and En(gxa(a)) <L
Theorem 2.4. W € H(p, n,0) if and only if o(u,) € o(J,) and

;
(hZ ° @n)(En(unz))pilEn(]_pXU(]n)) <L

n

Proof. Let f € [*(X). Then we have
(W WS, f) = fx o f P,
and
(WWPF )= [ o gE P )
. fx En((BE 0 ") En(u2)Z 1 )Pl

Puta = Jhand g = (h,% Mp”)(E,,(ufl))%un. Theno(a) = 0(J,) and 6(B) = o(u,). Now, the desired conclusion
follows from Lemmamama 2.3. O

Corollary 2.5. [7] W is p-hyponormal if and only if 6(u) C o(J) and

]o(PP u?
(552 i) <

Lemma 2.6. Let T € B(H) and let U|T| be its polar decomposition. Suppose p, r and q are positive real numbers.
Then the following hold:

(i) [17]T is absolute (p,r)-paranormal if and only if for each A > 0,

ATIWT*UITI = (p + r)AP|TP + pAP*™T > 0.
(ii) [1] T is absolute (p, r)-+-paranormal if and only if for each A > 0,

AT W TP UITI = (p + r)APIT* " + pAP* > 0.
(iii) [13] T is (p, r, q)-paranormal if and only if for each A > 0,

T/ U | T U|T| - qM—1|T|Z"’+" +(g—-1A7>0.
(iv) [1]1 T is (p, 1, q)-+-paranormal if and only if for each A > 0,

TP TR UITY - g DT "5 + (g = 1A > 0.
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Theorem 2.7. The following statements are equivalent.
(1) W is absolute (p, r)-paranormal.
(ii) E@?JF) = (WP o @)(E(u?))"*1, on o(h) N o(E(u)).
(iii) W is (p, r, q)-paranormal.
Proof. (i) (ii) Let f € L2(X). It is easy to check that
ufop
U f = b (EG) ? E@f)) o 97
WIf =5 f;
WP = u(h” o p)(E@?) ™ E(uf).

uf =

It follows that
IWI'LPIWIPUIWT f = rh' (E@?) T E@?J")) 0 7' f := af.

Now, by Lemmamama 2.6(i), W is absolute (p, r)-paranormal if and only if
ANy :=a—(p+rbA? +pAP*" >0, A€]0,00),
where b = J'. Since this function takes its minimum value at A = Vb, then

A() >0 = a>r*
& ' (EW?)) "E@ ) o " = r(W*"(E@)Y* 0 ¢7")
& (W o )EW?) 'E@?JP) > (" o )(E@*), on a(h)
& EWJ") > (W o @)(EW?)", on a(h) N a(E(w)).

(iii) & (ii) It is easy to check that
WU WP UIWE f = ' ((E@) T E@P ) 0 97" f

2(p+r)

W]

fF=17f

By Lemmamama 2.6(iii), W is (p, 1, q)-paranormal if and only
B(A):=a—gAT b+ (g - 1DAT >0, A €0, c0),
where a := I"((E(u?))'E@?JF)) o ™' and b = ]VTH. This function has a minimum at A = b. Then we have

BJ7)>0e==ax>b
= W((EW@))E@ ) op™ = /'
& (W o p)EW) 'EW’J?) = (" o p)(E@?)Y"*", ono(h)
& EW*JP) = (" o p)(E?)*, on a(h) N o(E(u)).

Hence the proof is complete. [
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Corollary 2.8. The following are equivalent.
(i) Cy is absolute (p, r)-paranormal.
(ii) E(WP) = WP o @ on a(h).
(iii) Cy is (p, 1, q)-paranormal.

Note that by [2, Theorem 2.3], E(#’) > h” o ¢ on o(h) if and only if C,, is absolute p-paranormal if and
only if C,, is p-paranormal. So for each r and g, these classes can not be separated by composition operators.

Theorem 2.9. The following assertions hold.

(i) W is absolute (p, r)-+-paranormal if and only if

2(p+r) (p+1)(r-1)

(0 PNEGA) E@2P) 2 (#* 0 @) (E@) ™ (E2) ™7 } o )

on a(h).
(ii) W is (p, 1, q)-+-paranormal if and only if
(h" o Q)EW?)) T E@ ") = (W*" o 9*)(Eu)* ' (E@*)P*"~} 0 @)
on o(h).

Proof. (i) Let f € L*(X). Direct computations show that

WU W UIWI f = W {(E@?)) "E@?JP)} o ™' f := CF,
WP f = APu(l” o )(E(u?)) " E(uf).

Then by Lemmama ma 2.6 (ii), W is absolute (p, r)-+-paranormal if and only if
(rCf = (p + AU 0 p)E@) " E(uf) + pA"™, f) 2 0,
for each A € (0, ). Put f = x,-15 with t(@~1B) < co. Hence, (2.1) holds if and only if

f {rC — (p + NAPu(h" o )(E(u?)) "E(u) + pAP*"}du > 0.
¢7'B
Equivalently,

f {rCoq@™ — (p+ NAP(E(w) o o Y (E?)) ™ 0 @ ) (E(u) o 1) + pAP*"}hdp > 0.
B

But, this is equivalent to
rCop™ = (p+nA(E@w) o oW (E@?) ™ o 97" +pAP* 20

ona(h). SetrCo ! =a,and
b= (E(u)o @ YH(EW)) " op™.

Then W is absolute (p, r)-*+-paranormal if and only if

D(A) :=a— (p+bAP + pAP*" >0, A €0, o).
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Since )
min A(1) = A(Vb),
it follows that
D(Vb) >0 = a> b+
= (0 g YWEW) 'EW@T)) 0972 2 (E) 7 0 9 WP (EW) T 097

2(p+1) (p+n(=1)

= (W o p)EW) 'EW@ ) = (E@) ™ (E@?) ™ Jop)(W* o ¢?),

on g (h).

(ii) The proof is similar to the proof of part (i). Let f € L*(X). By 2.6 (iv), W is (p, 7, q)-+paranormal if
and only if for each A € [0, 00),

G(A) :=a—gbA" T + (g - 1)A"T > 0,

where

a= (0o HNEW)) EW ) og?,
b= (E@) e o hT (E6)T o).
Since this function takes its minimum value at A = %, then we have
GVb) >0 = a> 1
= (W o YUEW)) E@ ) 0 ¢7%) = (E@))* 0 W (E@?)" P 0 @71)
= (W o p)EW)'E@?]") = ((E@)*E@)TD} 0 @)W 0 ¢?),

on o(h). This completes the proof.

Corollary 2.10. The following are equivalent.
(i) C,, is absolute (p, r)-+-paranormal.
(ii) (" o @)E(W) = h*" o @* on o(h).

(iii) Cy is (p, 1, q)-*-paranormal.

3. Examples

Let {m,} | be a sequence of positive real numbers. Consider the space ¢*(m) = L*(N, 2N, m), where 2N
is the power set of natural numbers and m is a measure on 2N defined by m({n}) = m,. Letu = {u,}", be a
sequence of non-negative real numbers. Let ¢ : N — IN be a non-singular measurable transformation; i.e.
o ¢! < . Direct computation shows that (see [14])

1
= ), m

jep™" (k)
Ljepripra) Jimj
Ljepr(pna) M

W0 == Y ),

K jepii

En(f)(k) =

for all non-negative sequence f = {f,}*°, € {*(m) and k € N.
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Example 3.1. Let X be the set of nonnegative integers, let T be the g-algebra of all subsets of X, take m to be the point

mass measure determined by the
m=1,1,1,¢d,,d,3,d, -,

where c and d are fixed positive real numbers. The powers of ¢ occur for odd integers and those of d for even integers.
Our point transformation ¢ is defined by

(p(n):{o n=0,1,

n-1 n>2.

Note that this example was used in [2] and [3] to show that composition operators can separate almost all weak
hyponormality classes. Define u by
1 n=0;
u(n) =<c n =1 (odd);
d n>2(even).

Then we get that
1+ n=0;

JP(n) = (dj Y n>1(odd);

n+4

;; Y n=2(even),

1424242
(1+c )2+c n=01:

EG2JP)(n) = ¢ 2("’”1)” n = 3 (odd);

dz(;; Y n>2(even),
2

(e =0,1;
E@)YPn) =12 1> 3 (odd);

d>+2 n > 2 (even).
Since
(I’l o q0)(”) _ Z]'E(Pfl(q’(")) mi
M)
then we have
27 n=0,1;
n=1
(h o p)(n) = (;; Y n >3 (odd);
2
( %’)%)7’ n > 2 (even) ,
and so -
A+ n=0,1;

(0 QNEWY () = {25y 123 (odd)
2
P2 1> 2 (even).
Then by Theorem 2.7, W is (p, 1, q)-paranormal if and only if 1 + ¢* < d*. Also, direct computations show that
1+c )r‘l{(l +AV +c2d*) n=0,1;

(W o Q)EWD)) E@ ) (n) = { ¥ (=) (=) n >3 (odd);
dzr(( )7)r(cnzz Y n > 2 (even),
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op+r n= O, 1, 2,’
(W7 0 @?)(n) = ;%)’”*’ "2 3 (odd);

(DTW 024 (even),

Set P(u) = (E(u?)P*"~1(E(u))*1) o ¢. Then

A+ (1421

P+ n= 0/ 1/ 2/
(P(w))(n) = { d?¥+7) n > 3 (odd);
c2p+n) n > 4 (even),

(L40)?1(14c2)P*r1

L n=0,1,2
n=2
(77 0 @")P)n) = PO YHT 123 (odd);
2
n=3

AP T YT 1 > 4 (even).

Then by Theorem 2.9, W is (p, 1, q)-+-paranoramal if and only if

72 (1+0)?
2 A 2 q
1+C(1+62) 2(1+c){2(1+c2)}. (1)
Now,
1 n=0;
uz(n) = u(n)u(p(n)) = 3¢ n=1
(cd) n>
1 n=0;
c? n=1;
u(ﬂ)uz(i’l) - (CZd) n>3 (odd),
(cd®) n > 2 (even),
+Tcz n=0,1
(CZd) n>3 (Odd),
E =
(uuz)(n) (cdz) n > 2 (even).
Take Q(it) = (uu2)E(uuz)(” o 9)(E@2)'~". Then
(1 + C2)p n= O/
(1 + 2y n=1
(Qu))(n) = 2242 ;:_i)p n > 3 (odd);
22Ty n 22 (even),
and so 2+ (L2 +2d
(142 +c (1; Yaed? 4 =0,1,2;
ExQu))(n) = { ¥ 2Py n 2 3 (odd);
A2 %)%)p n > 2 (even).

Also, it is easy to check that
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1+ 2y n=0;
c2d¥ n=1;
B0 =3 222y 4> 3 (odd);
c 2
czdz(;%)p n > 2 (even).
2
(1+c2)”+c2dzf’+(c2d2c3p) n=0,1,2;
73
E2(8]")(n) = 1 (r Y n >3 (odd);
2clz(CZ) n > 4 (even).
2
Then by Theorem 2.1, W € H(p, 1,2) if and only if
1+ c? c
d? +( 7 Y — dz(d—z)P <1 2)
By similar computations we have
0 n=0,1,2;
2 s Ly &
¢ (m) = {n n=3,
3 n=0,12
ha(g*m) = {c 1> 3 (odd);
d n > 4 (even),
1+c2+(cd)? _ .
- n=0,1,2;
Ex(u3)(n) = { (cd)? n > 3 (odd);
(cd)? n > 4 (even),
1+c%+(cd? n=0;
Jo(n) = { (cd)?c n > 1 (odd);
(cd)*d n > 2 (even),
1 -0
Ty =0
3 n=1:
<n> 7 ’
Ct
& d);pch n > 3 (odd);
(Cf;)zf, 7 n > 2 (even),
2e@2p T ame T (Egzizp
(1+¢ ;(c ) (;d) cl (cd)“Pd n= 0’ 1’ 2’
Ez(—)(n) Cﬁ;gfp n > 3 (odd);
(C(;;Q, - n > 4 (even).
Put R(u) = (W) o @2)(E2(u§))p—152( ). Then
1 (cd)? - .
(R(w))(m) = {(1 +EH A Himmary + wam t aas) 1=012
n>3.
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(1 + 2 + (cd)®)P Y
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2 4)?
! = @@y <1, 3)
I+ c2+(cdy?)yr  cr(ed)?r  dp(cd)®

In particular, if p = q = 2and ¢ = d € (0,0.5), then by (1), (2), (3), W is (p,r,q)-+-paranormal but W
neither in H(p, 1,2) nor in H(p,2,0). Also if c = d € (0.5,2.3), then W is not (p, r,q)-+paranormal but W is in

H(p,1,2) nH(p, 2,0). Now let

n=20,1;
u(n) = n>2.
Then we have
n= 0 1;
up(n) =
n(n -1) n> 3
2 n=0,1,2;
Er(12
2()(n) = {( ~)? n>3,
6 n=0;
L(n) ={c((n+2)(n+1)> n>1(odd);
d(n+2)(n +1))> n > 2 (even),
WB(E(B) o Xy 1=l
2
(%)(ﬂ) = W)X ‘% n=2;
2 (GrDore 07 x5 123 (odd);
((nz({;(niz) ¥ X 4 n >4 (even),
12))P-1 (57 Mg CP) (fop) n=0,1,2;
E u3(Ex(143)) W)\
z(T)( )= (Do 23,2(”132’) n > 3 (odd);
(o) % dl—,, n > 4 (even).
Put (1) = (12 © 92 (Ea(u3)) " Ea(“252). Then
2
1+ 111 +3111 n=0,1,2;
(S)(n) =1 i s, =¥
((n+(1)(n+)2 ) n23.
Then by Theorem 2.4, W € H(p,2,0) if and only if
4 1
— — VY < P.
(6C) +4(6d) <5x4 4)
Put T(u) = (uau)(h” o )(E(u?))P"LE(uau). Since
2° n=0,1;
(W o p)(n) = (%1)172 n > 2 (even);
(5= n23(odd),

d

o
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2 n=_0;

J(n) ={(n+1)> dc,,i n > 2 (even);

n=1

(n+ 1)2(§2) = n2>1(odd),

2P n=20;
2% n=1;
u2JP (n) = 3% X P x 22 ) n=2;
(n(n —1))*(n + 1)217(;,,; g n > 4 (even);
2

n=1

(n(n =P+ DP(HT Y n =3 (odd),

Hence
o422 (32;) 4 22) _ )
D24 P xct o) ﬂ H=012
E2(M%]p)(n) ={n’(n-1>n+ 1)27!1(;1; )4 n > 4 (even);
2
n2(n-12(n+1D)?(9)'TY 123 (odd),
2” n=0,1;
(T@)(n) = {72 =DX(DTY 1 =2 (even);
n-=1
n?*2(n —1)2 ;n; Y n>3(odd),
and so
2P 40P 4221 +2 _ .
=5 n=0,1,2

Ex(T(u))(n) = {1+ (n - 1)2((%17)1"772 Y n> 4 (even);
w2 =1 n 23 (odd).

Then by Theorem 2.1, W € H(p, 1, 2) if and only if

4(?16)11 _ (%)P >3, (5)

and by Theorem 2.7, for each p and r, W is absolute (p, r)-paranormal. Again, by similar computations we have

n=0,1;
n>2,

Ewmm={;

2P+r n=0,1;
n=2

(o)) = ¢ (7 22 (ecen)
(%)P” n > 3 (odd),

2° n=0;
2 _1.
W =1y L, L
n?(n + 1)2’“(;,,; Y n>2(even);
2

n=1

n2(n+ )Z((2)7 )Y n 21 (odd),
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il n=0,1;

E@?]")(n) = {n(n + 1)2’7( ye3 )” n > 2 (even);

n?(n + 1)2P((C) 2 n > 3 (odd).

27(242T) n=01;
n-2

(" 0 )(EWA)Y EG@2]P)(n) = {17 (n+ 1)2*’< = WD) 1> 2 (even);
n (n + 1>2P((;>*>P<;,,¢)r n > 3 (odd).

Then
2 n=0,1,2;
(U(u))(n) = { (= 177 ((%ﬁ’)w 1> 4 (even);

(n = DPPD(ETY 0> 3 (odd),

n-4
2

&

2(p+1) )(r=1)

where U(u) = (WP*" o ¢*)((E(u)) ™7
and only if

(E(u 2)) @). Thus by Theorem 2.9, W is absolute (p, r)-(+)-paranormal if

zq%)f? > 1. ©6)

Accorollaryding to (4), (5) and (6), if p =q=r =2and c = d € (0,0.11), then W € H(p,2,0) \ H(p,1,2), W is
absolute (p, r)-paranormal but it is not absolute (p, r)-+-paranormal operator. However if c = d € (15, 00), then W is
in H(p, 1,2) \ H(p, 2, 0) and W not only is absolute (p, r)-paranormal but it is also absolute (p, r)-+-paranormal.

Example 3.2. Let X = [0, 1] equipped with the Lebesgue measure 1 on the Lebesgue measurable subsets and let
@ : X = X is defined by

() = 2x OSxS%,

PP 220 lers<t
her () + f(1-2)
X) + - X
E(H) = ——F—

4x OSXS}I?

2-4x  i<x<l

200\ — 1=X=7

¢ () 2+4x 1<x<3

4-4x  F=<x<1,

and so h(x) = hy(x) = 1 and for each f € L*(X)

. fG+ f(l -3
(E(f) o)) = ——5—=
5 f(x)+f(1—x>+);<z—x)+f<%+x> 0<x<l,
f(x)+f(1—x>+fi’7+X)+f(%—x) lax<l
Put
0 0<x<3;
u(x) = 3 _ s
-x 3<x<1,
and take V(1) = Ep(uou(h? o T)(E(u?))’ " E(upu)). Then
<x<3;
us(x) = 0 g_x_4,
x2-2x) $<x<1,
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]Z(X)_{4x2(1_x)2 %stl-

i 0 0<x<3;
E@)(x) = 2ol 3 cycl,
E(uau)(x) = ) IS

2 ] -x(1-x) %stl'

Hence we obtain

- 0<x<3;
Ex(u3]P)(0) = § x2(1-n2102 20020414220 )+(3 422G 0P 102-3e+ By 4 (24 3] 5
22 Z S X S 1,
0<x<3
V(u)(x) = xz(lfx)2(2x272x+1)?”1+(’glpﬁc)z 3022 —4x+ 5 )1 % <x<1

Thus by Theorem 2.1, W € H(p, 1,2) if and only isz(ugﬂ’) > V(u),ie.,
2 2002 2 -1 2,3 2002 13 2 5
(1 -2 =2x+2) + (1 +x )”}+(? +X) (E—x) {(x —3x+z)”+(x —x+1)p}

> 2P%(1 — x)*(2x% = 2x + 1)P L + (_71 + x)z(g —x)?(2x* —4x + g)p_l}.

But the above inequality is not holds on X = [0,1]. So W is not in H(p,1,2). Also, by Theorem 2.7, W is
(p, 1, q)-paranormal if and only if

x2(F = 2x + 2 + (1 — x)%(1 + )P > 2P (2x% — 2x + 1)P*L. 7)
By Theorem 2.9, W is (p, 1, q)-+-paranormal if and only if
2P(8x% — 12x + 51 < 29(2x% — 2x + 1) a2 (x? = 2x + 2)P + (1 — x)*(1 + x2)P). (8)

In particular, if p = q = 100 and r = 2, then by (7) and (8), W is (p,1,q)-+-paranormal but W is not (p,1,q)-
paranormal. However if p = 1023.15, g = 2, v = 2, then W is (p, r, q)-paranormal but W is not (p, t, q)-+-paranormal.
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