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Abstract. This paper presents new sufficient conditions, involving limsup, for the oscillation of all
solutions of difference equations with non-monotone deviating arguments and nonnegative coefficients.
We establish these criteria by applying an iterative method. We consider difference equations of both the
retarded and the advanced type. We illustrate the results and the improvement over other known oscillation
criteria by examples, numerically solved in MATLAB.

1. Introduction

Consider the difference equation with several variable deviating arguments of either retarded

Ax(n) + ZZl pi(n)x(ti(n)) =0, n €Ny, (E)

or advanced type

Vx(m) = Y qimx(oim) =0, neN, (E)

where Ny, N are the sets of nonnegative integers and positive integers, respectively. Here, A denotes the
forward difference operator Ax(n) = x(n + 1) — x(n) and V corresponds to the backward difference operator
Vx(n) = x(n) — x(n — 1).

Equations (E) and (E’) are studied under the following assumptions: everywhere (p;(1))n>0, (qi(”))nzy
1 < i < m, are sequences of nonnegative real numbers, (7;(1))u0, (0i(1))n>1, 1 < i < m, are sequences of
integers such that

ti(n)<n-1, YvnelNy and Ilim7tin)=0c, 1<i<m (1.1)
n—oo
and
oimy=2n+1, YnelN, 1<i<m, (1.17)
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respectively.
Set
v = — min 7;(n).
n>0
1<i<m

Clearly, v is a finite positive integer if (1.1) holds.

By a solution of (E), we mean a sequence of real numbers (x(1)),>—, which satisfies (E) for all n > 0. It is
clear that, for each choice of real numbers c_,, c_y11, ..., €1, o, there exists a unique solution (x()),>—, of (E)
which satisfies the initial conditions x(—v) = ¢, x(-v + 1) = c_p41, ..., X(—1) = c_1, x(0) = cg. When the initial
data is given, we can obtain a unique solution to (E) by using the method of steps.

By a solution of (E’), we mean a sequence of real numbers (x(n)),., which satisfies (E’) for all n > 1.

A solution (x(#1))y>—o (01 (x(1)),,50) of (E) (or (E’)) is called oscillatory, if the terms x(n) of the sequence are
neither eventually positive nor eventually negative. Otherwise, the solution is said to be nonoscillatory.

While deviating difference equations with one argument have been studied widely and extensively in
the literature by many researchers, the study for such equations, especially systems, with several arguments
is scarce and relatively rare, probably due to its extreme complexity in analysis and the lack of the estab-
lished theory. Recent studies in biological, physical and economical systems involving multiple feedback
mechanisms have spurred a great attention to equations (E) and (E"). Hence, in the last few decades, the
oscillatory behavior, stability and the existence of positive solutions of difference equations (E) and (E’) has
been the subject of investigations. See, for example, [1-17] and the references cited therein. Most of these
papers concerned with the special case where the arguments are nondecreasing, while a small number of
these papers are dealing with the general case where the arguments are not necessarily monotone. See, for
example, [2, 3, 4].

The consideration of non-monotone arguments other than the pure mathematical interest, it approxi-
mates the natural phenomena described by equation of the type (E) or (E’). That is because there are always
natural disturbances (e.g. noise in communication systems) that affect all the parameters of the equation
and therefore the fair (from a mathematical point of view) monotone arguments become non-monotone
almost always. In view of this, an interesting question arising in the case where the arguments 7;(n) and
0i(n) are non-monotone, is whether we can state further oscillation criteria which essentially improve all
the known results in the literature. In the present paper a positive answer to the above question is given.

Throughout this paper, we are going to use the following notations:

Y An=0 and [[ AG=1

A . . n-1 i
a = min a; where a; = llmglf Z‘j:ﬂ(n) pi(j) (12
. L ai(1) .
p:=min g where f;=liminf Z iz 0D 0
0, ifw>1/e
by (1.4)
LoVIdoa? - if o € [0,1/e]
m n-1 .
LD := hrrlr_l)g\f i Z],ﬂ(n) pi(j) )
. m n .
MD:=limsup Y77 37 pil) (16)
) m o(m
MA = lu;l_)soljp Zi:l Z],:n q:(7) (1.7)

where (1) = maxi<i<m Ti(1), 0(n) = mini<i<y, 0i(n) and 7;(n), 0;(n) are nondecreasing.
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1.1. Retarded difference equations

Suppose that 7;(n), 1 < i < m are nondecreasing.

In 2006, Berezansky and Braverman [1] and in 2014, Chatzarakis, Pinelas and Stavroulakis [7] proved
that, if

limsup Z pin)>0 and LD > 1 (1.8)
or
MD >1 (1.9

respectively, then all solutions of (E) are oscillatory.
Assume that the arguments 7;(1), 1 < i < m are not necessarily monotone.
Set

h(n) = maxh i(n) where hi(n)= max Ti(s), n=0 (1.10)

and

mn k=] [1 -y pg(i)] (1.11)

aran )= [T 1= Yo pea G ea@) |, re N (1.12)

Clearly, h(n), hj(n) are nondecreasing and 7;(n) < h;(n) < h(n) <n —1foralln > 0.
In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if there exists a subsequence 6(n),
n € N of positive integers such that

Y pem) 21, VneN, (1.13)

then all solutions of (E) are oscillatory.
Under the assumption that

Y pm<1,  Vr>0, (1.14)
the same authors proved that, if for some r € IN
1
timsup Yo V77 piCar () ) > 1, (1.15)
or
lim sup Y i D Pl (), () > 1= D (@), (1.16)

then all solutions of (E) are oscillatory.
Recently, Chatzarakis, Horvat-Dmitrovi¢ and Pasi¢ [4] proved that if for some £ € N

h(n)-1
hrnrlsgpz i) P(j) H1 ) 1= 7’5(1 >1, (1.17)
or
(n)—-1
timsup ), P0) oIl =7 o P@ (118)
where
n-1 . h(n)-1 1
Po(n) = Pn)|1 + Ziﬂ(n) P(i) H].:T(i) m] , (1.19)

with P(n) = Y12, pi(n) = Po(n), then all solutions of (E) are oscillatory.
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1.2. Advanced difference equations

Suppose that gi(n), 1 < i < m are nondecreasing.
In 2014, Chatzarakis, Pinelas and Stavroulakis [7] proved that, if

MA >1,

then all solutions of (E’) are oscillatory.
Assume that the arguments o;(n1), 1 < i < m are not necessarily monotone. Set

p(n) = min p;(n), where p;(n) = minoi(s), n >0,
1<i<m s>n

bi(n,k) == Hinﬂ [1 - Z:l:l qf(i)] ’

bratn =] [1- Yo a8 Go)], ren.

Clearly, p(n), pi(n) are nondecreasing and o;(n) > p;(n) > p(n) > n+1foralln > 1.

258

(1.20)

(1.21)

(1.22)

(1.23)

In 2015, Braverman, Chatzarakis and Stavroulakis [2] proved that if there exists a subsequence 6(n),

n € N of positive integers such that

Zzl qi(0(m) 21, VneN,

then all solutions of (E’) are oscillatory.
Under the assumption that

Zf"l g <1,  Vn>1,
i=

the same authors proved that, if for some r € IN

timsup Y 3" G (ol i) > 1,

n—oo

or

timsup Y7 3" G (o), () > 1= D),

n—o0

then all solutions of (E’) are oscillatory.
Recently, Chatzarakis, Horvat-Dmitrovi¢ and Pasi¢ [4] proved that if for some £ € N

() o(j)
lim supZ Q(j )Hl p)+1 1 — Qz(l)

or
p(n) a(j)
hInn_)S::pZ QU )Hz p(m+1 1 — Q (@) >1- D(ﬁ)
where

Qe(n) = Q(n) [1 " Z , Q0) Hj(l;mm 1- Qf 1]

with Q(n) = Y12, gi(n) = Qo(n), then all solutions of (E’) are oscillatory.

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)
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2. Main Results

2.1. Retarded difference equations

We study further (E) and derive new sufficient oscillation conditions, involving lim sup, which improve
all previous known results in the literature.

Theorem 2.1. Assume that (1.1) and (1.14) hold, and h(n) is defined by (1.10). If for some w € N

(n)-1
hmsupZ ( )Hl 0 1_p (z —>1, (2.1)

n—oo

where

Py(n) = P(n)

n-1
1 +Z€:T( P(f) exp (Z P(j) H TP l))] 2.2)

with P(n) = Y pi(n) = Py(n), then all solutions of (E) are oscillatory.
Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory solution (x(1)),»_, of (E).
Since (—x(n)),;»_, is also a solution of (E), we can confine our discussion only to the case where x(n) > 0 for

all large n. Let n; > —v be an integer such that x(n) > 0 for all n > n;. Then, there exists n, > n; such that
x(ti(n)) > 0, for all n > ny. In view of this, Eq.(E) becomes

Ax(n) = - Zzl pi(n)x (ti(n)) <0, foralln>mny,

which means that (x(n)) is an eventually nonincreasing sequence of positive numbers. In view of this and
taking into account the fact that 7;(n) < n, (E) implies

Ax(n) + (Zzl p,'(n))x (n) <0,
or
Ax(n) + P(n)x (n) <0, n > ny. (2.3)

Applying the discrete Grénwall inequality, we obtain

-1
x(k) > x(n) H?_k n 11_3( > foralln > k > no. (2.4)
=k 1-P@

Dividing (E) by x(n) and summing up from k to n — 1, we take

n-1 Ax()) (i)
Z]kliE]] ZA Zzl XT]

or
n-1 Ax(f) =1 m o\ x(T())
Zj:k x() = _Zj:k (Zi:l pi(]))Tj)

ie.,

n-1 Ax(j) n=1— . x(7(f))
Y x()) <=2 P0) x(j) =
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Also, since ¢* > x + 1, x > 0 we have

Y5y - L)
Yo [eXp (1“ x(i;)l)) - 1]
> Z]_kl [m *U (J;,)l) +1- 1]

anl x(j+1) lnw
o) (k)

or

n-1 Ax(j) x(n)
Lis 0 > @

Combining (2.5) and (2.6), we obtain

Y ) 1 20
=G S )

or

), 3 g 200D
In 2 = 2s PO

Since 1(j) < j, (2.4) implies

x(7(7)) = x(j) Hz j(}) 1 1P( )

In view of (2.8), (2.7) gives

1 X0 s
x(n) - Z = P Hl W1 - P(z)

or

x(k) > x(n) exp (Z (]) Hz ) 1 — P(i) )

Summing up (E) from t(n) to n — 1, we have

X = x@m)+ Yo Y p(Oxwe) =0,

or

xm - xem)+ Y (Y i) xwo) <0,

ie.,

X = 2(200) + Y BOx(e(0) <

Since 1(¢) < h(f) < h(n) < n, (2.9) guarantees that

x(1(£)) = x(n) exp (Z =2(0) P(j) Hz =t() 1 — P(z))

260

(2.6)

2.7)

2.8)

(2.9)

(2.10)

(2.11)
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Combining (2.10) and (2.11) we have

x(n) — x(T(n))+x(”)Z€ ) P(t) XP(Z (])I_L ) 1 - P(z)) >

Multiplying the last inequality by P(n), we take

P(n)x(n) - P(n)x(T(n))+P(n)x(n)Z P(f exp(Z P(j) H 0 ) 0. (2.12)

1-D()
Furthermore,

Ax(r) ==Y " pilmx (zi(m) < —x () Y piln),
ie.,

Ax(n) < =P(n)x (t(n)).

In view of this, (2.12) gives

Ax(n) + D(n)x(n) + P(n)x(n) Z:) () exp (Z;:@ O[] L ) <0,

i=t() 1 — P(f)
or
Ax(n) + P(n) [1 + Z:() () exp (Z - () H o )] x(n) < 0.
Therefore
Ax(n) + P1(n)x(n) <0, (2.13)
where

]_31(7’1) = 1_3(11) [1 + ZZ;; )P(f) exp (Z (]) Hz () 1 - P(l) )]

Repeating the above argument, where (2.13) is used instead of (2.3), leads to a new estimate
Ax(n) + Py(n)x(n) <0,

where

P»(n) = P(n) [1 + ZZ:( P(t) exp (Z P(j) Hz w0) | — P1(l) )]

Continuing by induction, we get

Ax(n) + Py, (n)x(n) <0, (w e N) (2.13")

where

Py(n) = P(n)

1+ ZZ:( P(6)exp (Z P(j) Hz ~1() #wl(z))]
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and

x(w(0) = o) [ 1_;1_3(1) (219)

Summing up (E) from h(n) to n, we have

x(n+1) = x(hm) + Y " Y. pi@x(c(0) =0,

or
x(n+1) = x(h(m) + Y . (Z; pi (t’))x(T(é’)) <0,
ie.,

x(n + 1) — x(h(n)) + Z P(6)x (1(0)) < 0.

=h(n)
Taking into account the fact that (2.14) holds, the last inequality gives

x(n + 1) — x(h(n)) + x(h(n))Z::h(n) P(6) Hf(":(; — 113 X <0. (2.15)

The strict inequality is valid if we omit x(n + 1) > 0 in the left-hand side:

—x(hn) + X)) Y P ]"[lh(’fwl1 <0

This implies

_ hm-1 1
x(h(n)) [Zf —h(n )P(f) Hi:r(f) 1_—1_310(1) B 1] <0

ie.,

(n)-1
hmsupZ[ o P( )Hl - (z — <1,

t—oo

which contradicts (2.1).
The proof of the theorem is complete. [J

To establish the next theorem we need the following lemma.

Lemma 2.2. [2, Lemma 2.2] Assume that (1.1) holds, x(n) is an eventually positive solution of (E), and « is defined
by (1.2). If 0 < a < 1/e, then

x(n+1)
x(h(m) —

Theorem 2.3. Assume that (1.1) and (1.14) hold, h(n) is defined by (1.10) and «a by (1.2) with 0 < o < 1/e. If for
some w € IN

limsup )" B T D@ 2.17)

n—oo =10 1 -

hm nf

>D(a). (2.16)

where P,(n) is defined by (2.2), then all solutions of (E) are oscillatory.
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Proof. Assume, for the sake of contradiction, that (x(#)),>—, is a nonoscillatory solution of (E). Since
(—=x(n)),s_, is also a solution of (E), we can confine our discussion only to the case where x(n) > 0 for
all large n. Then, as in the proof of Theorem 2.1, for sufficiently large #, (2.15) is satisfied, i.e.,

x(n + 1) — x(h(n)) + x(h(n)) ZZ:W) P(¢6) Hh”(g; 1_;1_3(1) <0.

That is,
n _ h(n)-1 1 x(n+1)
P —<1-—=
Z[:h(n) ( )Hi:'r(l’) 1-Pyu() x(h(n)) ’
which gives
lim su Zn ( )H " <1—liminfx(n+1)
¥ =i =0 1_p (z e x(h(n)

Since 0 < & < 1/e, by Lemma 2.2 inequality (2.16) holds. So the last inequality leads to

(n)-1
hmsupZ ()szt’) - <1—D(0z),

n—o0

which contradicts condition (2.17).
The proof of the theorem is complete. []

Remark 2.4. It is clear that the left-hand sides of both conditions (2.1) and (2.17) are identical, also the right-hand
side of condition (2.17) reduces to (2.1) in case that « = 0. So it seems that Theorem 2.3 is the same as Theorem 2.1
when a = 0. However, one may notice that condition 0 < a < 1/e is required in Theorem 2.3 but not in Theorem 2.1.

Theorem 2.5. Assume that (1.1) and (1.14) hold, h(n) is defined by (1.10) and «a by (1.2) with 0 < o < 1/e. If for
some w € IN

n 1 1
lim sup Z (5) Hi:¢(€) 5.0 > D@ (2.18)

n—oo

where P,(n) is defined by (2.2), then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that (x(7)),>—» is an eventually solution of (E). Then, as in the
proof of Theorem 2.1, by the use of the discrete Gronwall inequality from (2.14) we take, for a sufficiently
large n

X(1(0)) = x(n + 1) H o 1;13() (2.19)

Summing up (E) from h(n) to n, we have

X+ ) =xm) + YN p (@) = 0,
or

X+ D)= x(hm)+ Y, (Zml pi (5))x(1(f)) <

ie.,

x(n + 1) — x(h(n)) + Z P(O)x (z(£)) < 0.

C=h(n)
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In view of (2.19), the last inequality gives

x(n + 1) — x(h(n)) + Z’;zh(n) P(O)x(n +1) H;m 1%1_)(1) <0,

or

x(n+1) = x(h(n)) + x h(”))Zf o T );((71(21) HZ “01-P, (l =

Since x(n + 1) > 0, the last inequality leads to

x(n x(n+1)
—x(h(n)) +x(h<”)>zg h(n) x(h 1)) Hl 1P, (1) <0

or

xn+1) o = n 1
H) [ i) s 7O Lo TG l] -

Thus, for all sufficiently large 7 it holds

"B " 1 x(h(n))
Zfzh(n) P(O) Hi:’[(f) 1— Pu(i) SXn+1) (2.20)

Letting n — oo, we take

n 1 : xX(h(m))
lim sup Z (f) Hi:’r(f) 1——]_3w(1) < limsup X+ 1)

Since 0 < @ < 1/e, by Lemma 2.2 inequality (2.16) holds. So the last inequality leads to

n 1 1
lim sup Z[ o (f) Hi=’[(1f) ) —ﬁw(i) < I

n—oo

which contradicts condition (2.18).
The proof of the theorem is complete. O

Remark 2.6. If P, (n) > 1 then (2.13') guarantees that all solutions of (E) are oscillatory. In fact, (2.13') gives
Ax(n) +x(n) <0

which means that x(n + 1) < 0. This contradics x(n) > 0 for all n > ny. Thus, in Theorems 2.1, 2.3 and 2.5 we
consider only the case P, (n) < 1. Another conclusion, that can be drawn from the above, is that if at some point

through the iterative process, we get a value of w, for which P,(1) > 1, then the process terminates, since in any case,
all solutions of (E) will be oscillatory. The value of w, that is the number of iterations, obviously, depends on the
coefficients p;(n) and the form of the non-monotone arquments t;(n).

2.2. Advanced difference equations

Similar oscillation theorems for the (dual) advanced difference equation (E’) can be derived easily. The
proof of these theorems are omitted, since they are quite similar to the proofs for a retarded equation.
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Theorem 2.7. Assume that (1.1') and (1.25) hold, and p(n) is defined by (1.21). If for some w € IN

p(n) — a(f)
1 >1, 2.21
Hrfl_)s;lpz ( )Hz pm+1 1 _ Q (l) ( )
where
Q) = Q(n)[ Y Bexp (Z] QO T, — = l)]] (222)
a(

with Q(n) = Y1, qi(n) = Qo(n), then all solutions of (E’) are oscillatory.

Theorem 2.8. Assume that (1.1') and (1.25) hold, p(n) is defined by (1.21) and f by (1.3) with 0 < g < 1/e. If for
some w € IN

111?})2””(3()]"[?;““1 57106 (2.23)

where Q,,(n) is defined by (2.22), then all solutions of (E’) are oscillatory.

Remark 2.9. It is clear that the left-hand sides of both conditions (2.21) and (2.23) are identical, also the right hand
side of condition (2.23) reduces to (2.21) in case that p = 0. So it seems that Theorem 2.8 is the same as Theorem 2.7
when B = 0. However, one may notice that condition 0 < p < 1/e is required in Theorem 2.8 but not in Theorem 2.7.

Theorem 2.10. Assume that (1.1') and (1.25) hold, p(n) is defined by (1.21) and B by (1.3) with 0 < g < 1/e. If for
some w € N

timsup 3" Q0 [T — Q 7 Dt 5 (2.24)

where Q,,(n) is defined by (2.22), then all solutions of (E’) are oscillatory.

Remark 2.11. Similar comments as those in Remark 2.6 can be made for Theorems 2.7, 2.8 and 2.10, concerning
equation (E’).

2.3. Difference inequalities

A slight modification in the proofs of Theorem 2.1, 2.3, 2.5, 2.7, 2.8 and 2.10 leads to the following results
about deviating difference inequalities.

Theorem 2.12. Assume that all conditions of Theorem 2.1 [2.7] or 2.3 [2.8] or 2.5 [2.10] hold. Then
(i) the retarded [advanced] difference inequality

Ax(n) + ZZl pi(n)x(ti(n)) <0, n € Ny [Vx(n) - ZZl gi(n)x(oi(n)) =0, n € ]N] ,

has no eventually positive solutions;
(ii) the retarded [advanced] difference inequality

Ax(m)+ Y piln)e(rin) = 0, e Ny [Vx(n) Y qim(oin) <0, ne ]N],

has no eventually negative solutions.
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3. Examples

In this section, examples illustrate cases when the results of the present paper imply oscillation while
previously known results fail.

Example 3.1. Consider the retarded difference equation

Ax(n) + %x(rl(n)) + %x(’cz(n)) + %x(v:g(n)) =0, nelNy, (3.1)

with (see Fig. 1, (a))

n_zl an:5‘Ll

n—1, ifn=5u+1 ~ )
Ti(n) =49 n=5, ifn=5u+2 and T2(n) - T1(n) -1

n-2, ifn=5u+3 13(n) = T1(n) =2

n—4, ifn=5u+4

where 1 € Ny and Ny is the set of non-negative integers.

A . A
7,(n) e h, (n) L
8 // 8 //
7 // 7 //
7/ 7/
6 / ¢ 6 ’ T
7/ 7/
5 e ) 5 e e !
7 Lo g !
4 / 4 / |
X v [ I 5 / Lo
7/ 7/
. L Il . ® 1 |
) p Il e I ) p I
Re R T S T Re I
I, 5 ) P N I B " N, LA S R T I B "
° L o L 1 1 1 1 > oo L 1 1 1 1 | >
1 T 3 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
-1 : -1
- 20 | -2
-3 ¢ -3
(a) @)

Figure 1: The graphs of 71(n) and hy(n)

By (1.10), we see (Fig. 1, (b)) that

n—2, ifn=>5u
n—1, ifn=>5u+1
, hy(n) = hi(n) - 1
mmy=1 n-2, ifn=>5u+2  and hZEZ;:;EZ;_Z
n—2, ifn=5u+3 ? !
n—-3, ifn=5u+4

and consequently

h(n) = max {hi(n)} = hi(n).

<i<3
Also, it is obvious that

T(n) = max Ti(n) = 11(n).
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It is easy to see that ¥}, pi(n) = &3 + 2L + {25 =0.1304 < 1, i.e., (1.14) is satisfied.
We observe that the function Fy, : INg — R, defined as

h(m)-1
Fo(m) = Z( =h(n) ) Hz (6) 1 P
with P(n) = Y0 pi(n) = 1L, attains its maximum at n = 5u + 4, u € Ny, for every w € N. Specifically,

Bo=Y" FO[]

i=1({) 1- Pl(l)

n —_ ].
- Zé’:h(n) P(6) Hi:r(

1 - P(i) [1 + Z] 0] P(j)exp (Zk (j) P() [T, (k) To(u))]

Thus, by using an algorithm on MATLAB software (see Appendix), we obtain
F1(5u +4) = 1.0094
and therefore

limsup Fi(n) ~ 1.0094 > 1.

n—oo

That is, condition (2.1) of Theorem 2.1 is satisfied for w = 1. Therefore all solutions of (3.1) are oscillatory.

Observe, however, that

LD = hurgglle 125” pi(j)

48 24 19 1
= @+@+_1250_01304<E,

MD = hmsupz ZSFH pi(j)

f—0 j=5u+1
(8,28, 00
625 625 1250

) =0.5216 < 1.

Also, the function @, : Ny — R, defined as

XOES WG WNOUR (ORI
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attains its maximum at n = 5u + 4, p € Ny, for every r € IN. Specifically,

Su+4
TR D I I () FR TR ()
_ 2 19 _
= oh (Gu+1,5u) + e (Gu+1,5u - T250% Gu+1,5u-2)
a;'(5u+1,5u—3) + 24111(5 +1,5u—4)+ 19 a;7'(5u +1,5u - 5)
Toas™ CHFLon =) gsm Bt Lop =4+ paspm et Lok
24 19
625 (5y+1 5y+1)+625 1 L 1250 1 Gu+1,5u-1)
L8 24 19
625 (5y +1,5u) + 625a1 (5y +1,5u—-1)+ —1250a1 Gu+1,5u-2)
o481 o 1 19
© 6251-0.1304 625 (1-0.1304)> 1250 (1 —0.1304)°
8 1 A1 191
625 (1-0.1304)* 625(1-0.1304)°> 1250 (1 —0.1304)°
+4_8 1+ & 1 + 19 1
625 6251 —-0.1304 1250 (1 — 0.1304)>
+ﬁ 1 +£ 1 . 19 1
6251-0.1304 = 625 (1 - 0.1304)> 1250 (1 — 0.1304)°
~ (0.7122.
Therefore

lim sup @y (n) = 0.7122 < 1.

n—oo

Since
. 48 48 57 57
‘RSB mm{625 625’ 1250} 1250 ~ 00496,
we have
l—a-Vi—2a—a?
limsup ®; (1) ~ 07122 < 1 — — 2= T F . 0.9989.

n—oo 2

Finally, the function G¢ : INg — R, defined as

h(n)
G =Y PO I =5

with P(n) = Y3, pi(n) = 8. attains its maximum at n = 54 + 4,y € Ny, for every £ € N. Specifically,

(n)—-1
Z] =h(n) PO Hz () 1 - P 1-Pi(i)
Zj:h(n) £0) Hh " 1 h(i)- ]

=) 1 — P(j) [1 + Yo PO T & TP

Gi(n)

and therefore

Su+4 . 5u 1
Gi(5u +4 P
1(5u +4) Zj:5y+1 (/) Hl ) 1 - P() [1 + Lo PO TT (-1

m=1(k) 1- P(m)
0.7966.

1R
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Thus

limsup Gy(n) = 0.7966 < 1,

n—oo
l-a-Vi-2a—-a2
lim sup Gy () ~ 0.7966 < 1 — — = : =& . 0.9989,

That is, none of conditions (1.8),(1.9), (1.15) (for r = 1), (1.16) (for r = 1), (1.17) (for £ = 1) and (1.18) (for £ = 1) is
satisfied.

Notation. It is worth noting that the improvement of condition (2.1) to the corresponding condition (1.9) is
significant, approximately 93.52%, if we compare the values on the left-hand side of these conditions. Also, the
improvement compared to conditions (1.15) and (1.17) is very satisfactory, around 41.73% and 26.71%, respectively.
Also, observe that the conditions (1.15)—(1.18) do not lead to oscillation for the first iteration. On the contrary,
condition (2.1) is satisfied from the first iteration. This means that our condition is better and much faster than
(1.15)—(1.18).

Example 3.2. Consider the advanced difference equation

Va(0) ~ s (51(1) = 5 (0200) = 5zx (02() =0, mEN, (3.2)

with (see Fig. 2, (a))

n+3 ifn=5u+1

n+1 ifn=5u+2
on)={ n+5 ifn=5u+3 and

n+2 ifn=>5u+4

n+1 ifn=5u+5

o2(n) =o1(n) +1
o3(n) = o1(n) + 2

where u € Ng and N is the set of non-negative integers.

A A
RO . LA
12 | y 12 y
| / s
11 . ?// 11 LK ] 9//
10 ) 10 [
I 171 1L/
9 A % O 9 (% A
8 ° | ? oo g e o V¥ I |
I Pyl A
7 | LA 7 R
6 | e e 17 | | | 6 ® e e 171 | | |
R : Lo CloLa
5 O I R 5 A
4l o [ S I R 4 [ S T R O R B
I R N T (102 T T T T I
I % SR N P S 2 J% R R B R
of LT of YT
1 |(/| [ : 1ol 1 |(/| T T O T T T
(I T T 1o T T T T T T T B
S R T N N N A A n oy S R R R R R "
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
(@) (®)

Figure 2: The graphs of o1(n) and p; (1)
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By (1.21), we see (Fig. 2, (b)) that
n+ 2/ lfn = 5[.1 +1
n+1, ifn=5u+2 B
pi(n)={ n+3, ifn=5u+3  and p2(n) = pr(n) + 1
n+2, ifn=>5u+4 p3(n) = p1(n) +2
n+ ]-/ l'fi”l = 5‘U. + 5
and consequently
p(n) = min {pi(n)} = p1(n).

Also, it is obvious that

o(n) = glligr; oi(n) = o1(n).

It is easy to see that ), qi(n) = 25 + Ak + 52 = 0.172 < 1, i.e., (1.25) is satisfied, and

f=minfi=m {%’%’ 32715} - 32715 0.056.
Thus

L~ 600.979%.

D(p)

We observe that the function F : INg — R, defined as

Ron= X a0 —2—

with Q(n) = Y2, gi(n) = 5=, attains its maximum at n = 5y + 3, u € Ny, for every w € N. Specifically,
pn) — a(f)
Fi(n) = Q(0)
Z Hl n 1 Q (l)

p(n) — a(6) 1
Z‘ A )H o) a(j) o(k) 1 )]

1-Q0[1+ 22, T exp (27, Q0 T, 2

Thus, by using an algorithm on MATLAB software, we obtain
F1(5u + 3) = 602.1269.

Thus

1
lim sup Fy(n) ~ 602.1269 > D_,B) =~ 600.9796,

n—oo (

that is, condition (2.24) of Theorem 2.10 is satisfied for w = 1. Therefore, all solutions of (3.2) are oscillatory.
Observe, however, that

5u+6 ,
lim sup Zz 1 Z] 5u+3 ql(])

n—00

(B,
250 375 375

MA

) 0.688 < 1.
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The function G : Ng — R, defined as

Gy = YN G o), )

attains its maximum at n = 5u + 3, p € Ny, for every r € IN. Specifically,

Gisu+3) = ) Y ab Gu +6,0i(j))

= 2590 T'(5p +6,01(51 + 3)) + 3 1(5y +6,05(50 +3)) + Lbl_l(SH +6,05(511+3))
+225—0b '5u +6,01(5u +4)) + == 375 b7 (5 + 6,02(5 + 4)) + == 375 b5 + 6, 03(5 + 4))
+225—0b Y5u +6,01(51 +5)) + === 375 b (5t + 6,05(54 +5)) + == 375 b5 + 6,03(5 + 5))
+%b Y5 +6,01(5u + 6)) + = 375 bl (5u +6, az(Sy +6)) + = 375 b (5p +6,03(51 + 6))

= 250 by (5 +6,5u +8) + 375 B 5 + 6,50 +9) + —— 375 b7 (5p + 6,54 + 10)
+%b Y5y + 6,51 +6) + — 375 by (5 + 6,50 +7) + %5I1(5#+615H +8)

2259O 15y + 6,51+ 6) + 3 1(5y +6,51+7)+ %b (50 + 6,50 + 8)
+225—Ob 'Gu+6, 5y+9)+ 375 b (5 + 6,51 + 10) + == 375 b\ (5 + 6,5 + 11)
) %[(1—01.172)2 +1+1+m]

+£ [ L +2 1 + 1 ]
3751 (1-0.172)° 1-0172 ° (1-0.172)*

+L [ ! +2- ! + ! ]
3751 (1-0.172)* (1-0172> (1-0.172)°
~ (.9831.

Therefore

limsup Gy(n) =~ 0.9831 < 1

n—oo

and

- TP

2

That is, none of conditions (1.20), (1.26) (for r = 1) and (1.27) (for r = 1) is satisfied.

Notation. It is worth noting that the conditions (1.26) and (1.27) do not lead to oscillation for the first iteration.
On the contrary, condition (2.24) is satisfied from the first iteration. This means that our condition is better and much
faster than (1.26) and (1.27).

1
09831 <1 - =~ (0.9983

Remark 3.3. Similarly, one can construct examples to illustrate the other main results.
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Appendix. In this appendix, for completeness, we give the algorithm on Matlab software used in Example

1 for calculation of F1(5u + 4). For Example 2, the algorithm is omitted since it is similar.

ALGORITHM for Example 1

1 clear; clc;

2 coeff = 0.1304;

3 alphas3 = 11;

4 betas3 = 14;

5 s3 = 03

6 for is3 = alphas3 1 betas3;

7 alphap2 = TFunction(is3);

8 betap2 = 10;

9 p2 = 1;

10 for ip2 = alphap2 1 : betap2;

11 alphas2 = TFunction (ip2);

12 betas2 = ip2-1;

13 s2 = 0;

14 for is2 = alphas2 : 1 : betas2;

15 alphasl = TFunction(is2);

16 betasl = ip2-1;

17 sl = 0;

18 for isl = alphasl : 1 : betasl;
19 alphapl = TFunction(isl);
20 betapl = isl-1 ;

21 pl = 1;

22 for ipl = alphapl : 1 : betapl;
23 if alphapl > betapl;
24 pl = 1;

25 else pl = pl/(l-coeff);
26 end

27 end

28 if alphasl > betasl;

29 sl = 0;

30 else sl = slt+coeffxpl;
31 end

32 end

33 if alphas2 > betas2;

34 s2 = 0;

35 else s2 = s2+coeffxexp(sl);
36 end

37 end

38 if alphap2 > betap2;

39 p2 = 0;

40 else p2 = p2/(l-coeff*(1+s2));
41 end

42 end

43 if alphas3 > betas3;

44 s3 = 0;

45 else s3 = s3+coeffxp2;

46 end

47 end

48 Fln = s3
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ALGORITHMS for functions 7(n) and h(n)

1 function a = TFunction (x) 1 function a = HFunction (x)
2 r = mod(x,5); 2 r = mod(x,5);
3 1if (r==0); 3 if (r==0);

4 a = x-2; 4 a = x-2;
5 end 5 end

6 if(r==1); 6 if (r==1);

7 a = x-1; 7 a = x-1;
8 end 8 end

9 if (r==2); 9 if (r==2);

10 a = x-5; 10 a = x-2;
11 end 11 end

12 1if (r==3); 12 if (r==3);

13 a = x-2; 13 a = x-2;
14 end 14 end

15 if (r==4); 15 if (r==4);

16 a = x—4; 16 a = x-3;
17 end 17 end

18 end 18 end
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