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Abstract. In this paper, some inequalities for the trace and eigenvalues of a block Hadamard product
of positive semidefinite matrices are investigated. In particular, a Holder type inequality and inequalities
related to norm and determinants of block matrices are obtained. Additionally, the relation between the
trace of block Hadamard product and the usual Kronecker product is established.

1. Introduction

Block Kronecker and block Hadamard products seem to be firstly defined and used by Horn, Mathias
and Nakamura in 1991([4]). Giunther and Klotz presented a survey focusing on the study of a block
Hadamard and block Kronecker products of positive semidefinite matrices in 2012([2]). In that paper,
some properties of such products were discussed and an inequality (a lower bound) on the determinant
of the block Hadamard product was given. In 2014, Lin provided an Oppenheim type inequality for the
determinant of the block Hadamard product([5]), which confirms a conjecture in [2]. So far, there have not
been quite many results on the trace of such products in the literature. In this paper, we shall be mainly
interested in the inequalities for the trace of the block Hadamard product.

For the rest of the paper, we first introduce the definitions and terminology that are used throughout
the paper. In Section 3, we give some lemmas that play important roles in our results. In Section 4, we give
our main results on the upper and lower bounds for the trace of the block Hadamard product of positive
definite matrices.
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2. Preliminaries

Let M,x, be the linear space of m X n matrices with complex entries and M, ;(M,,,) be the space of
p X q block matrices, and write M,, , := M,, and M, := M, ,(M,, ,,). The identity matrix in M, is denoted by
I, =diag(l,,...,I,) where I, € M.

A matrix A € M, is Hermitian if A" = A where A" is the conjugate transpose of A. A Hermitian matrix
A is said to be positive definite (positive semidefinite), denoted by A > 0 (A > 0), if x*Ax > 0 (x* Ax > 0)
for all nonzero x € C.

The eigenvalues and singular values of A € M, are denoted by A1(A), A2(A), ..., Apu(A) and 01(A), 02(A),
..., 0pn(A), respectively. They are arranged in decreasing order: for a Hermitian matrix A € M,,
AM(A) 2 12(A) 2 ... 2 Apu(A), and 01(A) 2 02(A) = ... 2 0pu(A). Note that 0;(A) = Ai(A) for a posi-
tive semidefinite matrix A for i = 1,...,pn since o;(A) = A;,(A A2

Let A = (Ajj)) € M,; and B = (Bjj) € M,;. Then we call matrices A, B block commuting if every n X n
block of A commutes with every n X n block of 8.

Let A = (Aij) € My,(My,1) and B = (Bij) € M, ;(M;,,). Then the block Hadamard product of A and
8B is defined by AOB = (A;;B;j). If A and B are both positive definite(positive semidefinite) and block
commuting matrices, then AOB is positive definite (positive semidefinite) as in [2] Corollary 3.3.

Let A € M,,; and B = (B;j) € M;:(M;,). Then the block Kronecker product of A and 8 is defined by

.....

=1,..p°
For real vectors x = (x1,...,x,) and y = (y1, ..., yn) in decreasing order, it is said that x is majorized by y

(x <y)if
n n n n
foZZy,- fork=2,...,n and Zx,-zZyi.
k i=k 1 i=1

A linear map @ from M, to M, is called doubly stochastic if it is positive (A > 0 — D(A) > 0), unital
(®(I) = I) and trace preserving (tr (®(A)) = trA). Then, for A € M,, and ® : My, — My, it is clear that
D(A) = AT is doubly stochastic. Thus, by Lemma 2.14 in [8], we have

AADT) < A(A). )

3. Lemmas
In this section, we give lemmas that are fundamental in our main results.

Lemma 3.1. [3] For any two matrices A and B,

0(AB) <10y 0(A)a(B).
Lemma3.2. [6]Let ;> 0(i=1,...,n)and ¥,i'y a; > 1. Let a;; > 0 for j=1,...,m. Then

n m m m
Yoaas iy < (Fa) (Ye) o (Lan)"
=1 =1 =1 =1

Lemma 3.3. [7] Let A;, Bi € M,(C) for i = 1,...,m be positive semidefinite matrices and p, q be positive real
numbers such that 1/p +1/q = 1. Then

b iA,-B,-) < (tr(i‘Af))l/p(tr( 2 m)".

For any A, B € M,, A0B = (AR B)[a] where o is a block index set such thata = {1,p +2,2p +3,--- ,pz}
, there exists a unital positive linear map ® from M, to M, such that ®(A & B) = AQB for all A, B € M,
as in [8] Lemma 1.9.
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Lemma 3.4. For any A, B > 0, we have

(log A +log B)Ol < log(ADB) A, B> 0. (2)

Proof. First note that (AR I) = A0S = IT0A = (I 8 A) and (AR 1) = (A* ® T) by Proposition 2.3 of
[2] so for any analytic function f we have f(A®R J) = f(A) ® I by power series representation of f. Then,
since @ is linear, we get

(log A +log B)OT = D((log A +log B) & T ) 3)
@(10gﬂ|2|]+10g8|2|]) 4)

= d(log AR T)+D(log Br T) 6)

= d(log AR )+ D7 mlog B) 6)

= ®(log AR I + I ®log B) 7)

= d(log(A R I) + log(I ® B)) (8)

= o log((A = I)(I ® B))) 9)

= @(log(A B B) (10)

< log (D(A R B) (11)

= log(AOB) (12)

where (10) and (11) follow from the facts, respectively, that (AR 1)(J 8 B) = AR B (see [2]) and D(log A) <
log(P(A)) for a unital positive linear map ® and A > 0 (see [8]).

O

4. Main Results

In this section, we first introduce an inequality on the product of eigenvalues of the block Hadamard
product of positive definite matrices that generalize Oppenheim’s inequality. Then we give some upper and
lower bounds on the trace of block Hadamard product of positive definite (positive semidefinite) matrices.

Theorem 4.1. Let A, B € M, be block commuting and positive definite matrices. Then

HA(ﬂuB)>HA(ﬂ$) k=1,2,...,pn. (13)
j=k
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Proof. By (2) and (1), respectively, forallk =1,2,...,pn we have

pn pn
log( H A{(ADB)) = Z A(log(AnB))
=k =k

pn
>} A((log A + log B)rul)
j=k

p
= Z /\j(logf/’l + logB)
j=k

> i /\j( log ﬂmBﬂm)
j=k

pn
=log([ [ A1(1®))

=k

where the last inequality follows from log A + log B < log(A2BA"?) (see [8] pg. 22).

288

We remark here that, by Theorem 4.1 for k=1, we get Openheim’s inequality for the block Hadamard

product: det(AOB) > det A detB.

The following result is a Holder type inequality for the trace of block Hadamard product.

Theorem 4.2. Let A = (Ajj), B = (Bij) € M, be positive semidefinite block matrices and q1,q2 > 1 with

1/g1 +1/q2 = 1. Then

P 1q, F 1/92
(i) t(ADB) < (Z trA?;) ( trB;?;)

i=1 i=1

1
(ii) tr(AQB) < trAq1 Y t qu) e

M‘m

i=1
Proof. i) By Lemma 3.3 and the linearity of the trace we have

p

HH(ACB) = Z (i) = tr( ) Aibi)

i=1
< [tr

1/q1 P 1/92
[tr[z B7.2]]

1
i=1

4 1/71 p 1/qz
— q 92
(3 tean [Z maﬁ]

i=1 i=1

ii) For m = 1 in Lemma 3.3, we obtain

p

>

i=1

p
t(ADB) = ) (trAiBi)

L (trA?il)l/'h(t qu) 1/q2
i=1
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O

The relation between the trace of block Hadamard product and the trace of Kronecker product is given
in the following form:

Corollary 4.3. Let A, B € M, be block commuting and positive semidefinite matrices. Then
1/2
tr(AOB) < (tr (ADA) ® (BuB)) )
Proof. Letp = q1 = g2 = 2 in Theorem 4.2(i). Then we get
2 12, & 1/2
tr(AoB) < (2 trAl.zi) (Z trBl.zl.)
i=1 i=1
Moreover, we have

(+ ZA (3 5)”

i=1

(a2, +a3,)) " (i(B2, + B))

(
(tr(ﬂnﬂ)) (tr(BDB))
= (tr(ADAYEr( BI:IB))

= (tr (oA © (B08)) ),

where the last equality follows from the fact that tr(N ® M) = trNtrM. Thus, we obtain the result. [

This can also be generalized to the following:
p P 172
tr(AOB) < (tr ((Djzlﬂ) ® (ujzlza))) for A, Be M, and A, B> 0,

where I:lp 1A denotes for the block Hadamard product of A p times.
Now an inequality that depends on the norm and trace of block matrices is given as below.

Theorem 4.4. Let A = (Aij), B = (Bij) € M,, be block commuting and positive semidefinite matrices. Then for any
natural number k > 1, we have

4 P
(o, (A0B) < min{ )" 14l rB}, Z IBalltraL),
i=1 =1
where || - || is a matrix norm. In particular,
4 P
tr(ADB) < min{Z lAiilltrBi, Z ||Bii||fTAii}-
i=1 i=1

Proof. First note that we have AXBX = (A;B;)* since A and B are block commuting. By Lemma 3.1 and

mwon
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Aj(A) < [|All, we get

M'm

i(ot,(A0B)) = o Y (AiB))

i=

| =

/\I;(AiiBii)

IA
5
=
R

D= 1= 1D 1T

AGIFAS B

,_.

=

Al Z A(Bq)

j=1

”Au“kter

I
—_

4
Similarly, we have tr(szl(ﬂDB)) < Z IIB,'illktrAfi. O

Corollary 4.5. Let A = (Ajj), B = (Bij) € M, be block commuting and positive semidefinite matrices. Then we
have the followings:
(i) For g1+ q2 > 1and q1, g2 > 0,

tr(of (ADB))

p p

/q /q
<m1n{Z||Azz||qlk (3 (r)™)™, (mae) (Y (ert)") '}

i=1 i=1 i=1

(ii) tr[ 0, A] < min {n Z 4k, Y )
i=1 i=1
Proof. (i) follows from Theorem 4.4 and Theorem 2.8 of [7]. Letting 8 = 7 in Theorem 4.4, we get (ii). O

Finally, we shall discuss a lower bound on the trace of block Hadamard product in terms of determinants
of block matrices.

Theorem 4.6. Let A, B € M, be positive definite block matrices. Then

p
( i= 1(‘7{DB) nz det(AllBll))

i=1
In particular, tr(A0B) > n Y7 (dEt(AuBu))l/n

Proof. For each A; we can find a unitary matrix U; such that U;iA;U; = Aj; since A > 0 where A;; =
diag(A1(Aii), - .., An(Aii)). Define bjl]) as the diagonal elements of U:Bﬁ. U, for j = 1,...,n. Then by arithmetic-
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geometric mean inequality we get

tr(0l, (A0B)) Z (tr(AiBi)")

i=1

= Z tr(U; AU BY)

=

[y

(AL U B UL)Y)

L i

ARARBY + -+ AR (NGB

Il
- —_
Il <
—_

)" (Msann) - Ak aan)

\%
=

it

I
—_

(det(AZ))l/n(det(U;BiiUi)k)l/n

n (dEtAi,‘detB,‘,‘)k/n

Ik

where the last inequality follows from the fact that detC < c11¢p - - - ¢y for any matrix C € M,, with diagonal
elementsc;,i=1,...,n. [

5. Example

Let A = B be positive definite matrix such that
4 1 10
? 3 O 1 :(All Alz)
10 -6 1| Ao A2/
01 0 2

Then 36.0804, 24.9328, 4.9058, 3.0810 are the eigenvalues of

18 7 1 0
14 11 0 1
ABA=11 o 36 8|
0 1 0 4
For the result of Theorem 4.1, we have the following table:
| k=1 k=2 k=3 k=4

Ai(ACA) | 13597.0262  376.8535  15.1148  3.0810

] IS
*

Ai(AA) 7913.8618 183.3899 8.8305 1.1143
i=k

In Theorem 4.2, for g1 = g2 = 2, we have the equality in both cases. On the other hand, for g1 = 3, g, = 3/2
we have 70.8071 and 70.6389, respectively, as an upper bound for tr(ACQA) =

For k = 1and k = 2 in Theorem 4.4, we have the following inequalities 69 < 83 and 1953 < 2165, respectively.
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