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Abstract. Let G = (V,E), V =(1,2,...,n},E = {ey,e,,...,e,}, be a simple graph with n vertices and m edges.
Denote by dy > dy, > --- > d, > 0 and d(e;) > d(e;) > --- > d(e,), sequences of vertex and edge degrees,
respectively. If i-th and j-th vertices of the graph G are adjacent, it is denoted as i ~ j. Graph invariant

referred to as harmonic index is defined as H(G) = Z T A
i T

Lower and upper bounds for invariant H(G)

are obtained.

1. Introduction

LetG=(V,E), V={L1,2,...,n}, E ={ey,ea,...,en}, be a simple graph. Denoteby dy >dp > --- > d, >0,
and d(e1) > d(ep) = - -+ = d(em), sequences of vertex and edge degrees, respectively. In addition, we use the
following notation: A =dy, 6 = dy, A, =d(e1) +2, Ae, = d(e2) + 2, 6., = d(ey) + 2, 0e, = d(em—1) + 2. If i-th
and j-th vertices (¢; and e; edges) of the graph G are adjacent, it is denoted as i ~ j (¢; ~ ¢;). As usual, L(G)
denotes a line graph of G.

Gutman and Trinajsti¢ [9] introduced two vertex degree topological indices, named the first and the
second Zagreb indices. These are defined as

My =M(G)=Y d> and M, =M,(G)= Z did;.
i=1 i~j
The first Zagreb index can be also expressed as
My = My(G) = ) (i +d)). (1)
i~]

Details on the mathematical theory of Zagreb indices can be found in [1, 4-8].
In [18] Zhou and Trinajsti¢ defined general sum-connectivity index H,, as

Ha = Hy(G) = ) (i +d))",
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where « is an arbitrary real number.
Here we are concerned with two special variants of H,, the sum-connectivity index X = H_;, [19], and
harmonic topological index H = 2H_; [3], which are defined as

X=X(G)=Z—\/di1de and H=H(G)= Zd T 2

i~j

2. Preliminaries

In what follows, we outline a few inequalities for topological index H as well as some analytical
inequalities that will be needed in the subsequent considerations.

Rodrigues and Sigarreta [14] have determined the following upper bound for index H in terms of
invariant M; and graph parameters m, A and 6

2
m? A 5
HSZ—M(\/;'F\/;] , (3)

with equality if G is regular.
Ili¢ [11] and Xu [17] independently proved the following inequality involving the harmonic and the first
Zagreb indices

H>—, 4)

with equality if and only if d; + d; is constant for each pair of adjacent vertices i and j.
Having in mind (1) and (2) it can be easily observed that topological indices M;, X and H can be
computed according to

m

m m 2
My =) (@de)+2),  X= ZW' and H:;W. 5)

i=1 i=1

Leta=(a;),i=1,2,...,m,be asequence of positive real numbers with the property 0 < r <a; < R < +o0.
Szokefalvi Nagy [16] (see also [15]) proved that

m m 2
m;af—[;a,‘] Zg(R—r)z. (6)

Let d and s be non-negative real numbers so that d > s > 0. Then, equality in (6) is attained for
R=ay=d+s,d=ay,=---=a,1andr=d—s =a,,.
Denote with p = (p;) and a = (a;) sequences of real numbers with the properties

m
pi 20, Z‘pizl, O0<r<g<R<+00, i=12,...,m.
In [10] Henrici proved that

B (B

Similarly, in [12] Lupas proved that

£5:1 (el lg))

a; Rr

(8)



M. Matejic, I. Milovanovié, E. Milovanovié¢ /Filomat 32:1 (2018), 311-317 313

We'll show that this inequality can also be represented in the following form

m 2
ZaiZ%Sm2[1+a(7n)( %— %)], )

2m?

= 2o ),

Suppose, first, that m is even. Then

(15/R+ ][] )(l’"”JR+l Ir) (4R+4r)(5R+41)

SRS )

Now, suppose that m is odd. Then

()Rt (5t R+ (5 ]r) _ (5HR+ 25tr) (55R + 25r)

2
_(7712—1)(1{—7)2+4mer_m2 1+1112—1 IR [r
- 4Rr B 4m? r R) |

According to (8), (10) and (11) we arrive at (9).

(11)

3. Main Results

In the following theorem we prove the inequality that determines an upper bound for index H in terms
of topological index M; and graph parameters m, A,, and 0., .

Theorem 3.1. Let G be a simple graph of order n with m > 2 edges. Then

2
2m? /Ael ’661

Hﬁm(1+0((m)[ a_ A_ﬁ]]/ (12)

with equality if L(G) is regular, or A,, = d(e1)+2 =+ =d(ex) +2 > d(exs1) +2 = -~ =d(em) +2 = O, fork = l%J

ork = [%J

Proof. Fora; =d(e;)+2,i=1,2,...,m,R=A,, =d(e1)+2andr = d,, =d(ey)+2, the inequality (9) transforms

into A
m m Ael 631

Z(d(Ei) +2)Z d(e-)1+2 < m2[1 +a(m)[, /6— - A /A_] ] .
i=1 i=1 ! e1 e

Having in mind (5) the above inequality becomes

2
1+a(m)[1f%— \/Zi]],

1
Ml-EHSmZ
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wherefrom inequality (12) is obtained.

Equality in (8) is attained if R=a; = --- =ay, =r,orif R=ay =+ =ar 2 agyy = -~ =a, =rfork = l%J
ork = lmHJ This implies that equality in (12) holds if L(G) is regular, or A,, = d(e1) +2 =--- = d(ex) +2 >
d(exr1) +2 =+ =d(em) +2 =0, fork = { J ork = [’"z”J- .

Remark 3.2. Since

eV V-

the inequality (12) is stronger than (3).

cn|[>

Corollary 3.3. Let G be a simple connected graph with n vertices and m > 2 edges. Then

il - )

Proof. The above inequality is obtained from (12) and

7’l

2

Equality is attained if G is reqular.

M1>4ﬂ
n

which was proved in [2]. O

Corollary 3.4. Let G be a simple connected graph with n vertices and m > 2 edges. Then

2
Zm Ael 661
<= ==,
H=s, [1 " “(m)[ Vo, Ael] ]

Equality is attained if L(G) is regular.
By a similar procedure as in case of Theorem 3.1, the following can be proved:

Theorem 3.5. Let G be a simple connected graph with n vertices and m edges. If m > 3, then

2 2(m 1) €2
A_ Bl {14‘0((7’}’[ 1)["—61—w’ ]]

with equality if A,, = d(e2) +2 =+~ =d(ey) +2 = 0, 0r A, = d(e1) +2 = dlex) +2>d(egs1) +2 ==
dley) +2 = belfork—L Jork lZJ
If m > 3, then

2
S (o z]]

with equality if A,, = d(e1) = =dley-1)+2="0q,,0r A, =d(er) +2=---=d(ex) +2 > d(egs1) +2 ="
d(en-1) +2 = b, for k = | 251 J [ |



M. Matejic, I. Milovanovié, E. Milovanovié¢ /Filomat 32:1 (2018), 311-317 315

2
2(A€1 + 681) 2(m - 2)2 Aé’z 692
H< + T+am-2)||=2 - 21|,
Ml - 66] - AL’] ( ) 682 AEZ

Ae, O,

If m > 4, then

with equality if A,, = d(e2) +2 =+ =d(ey-1) + 2 = O¢,, 0r A, =d(e2) +2 = -+ =d(ex) +2 2 d(eg1) +2 = -+

d(em-1) +2 =0y, fork = lmT_zJ ork = lmT_lJ

Theorem 3.6. Let G be a simple connected graph with n vertices and m > 2 edges. Then
2
- X2 (\/Ael + \/661)

(13)

4

2m [ Ae, O,

with equality if L(G) is reqular.

1
d(e;)+2
ki JA@) +2, i = 1,2,...,m R = /A = ()12 and r = o, =

Proof. For p; = T 4 =
Lim \d@)+2

\d(en) + 2, the inequality (7) becomes

m ] Zﬁlm 1[4 Ael+¢ V(Sel]

H

:

< =
m 1 W 1 - 4
Lim N Lim @)z

According to (5) the above inequality transforms into

wherefrom inequality (13) is obtained. [J

Similarly, the following theorem can be proved.
Theorem 3.7. Let G be a simple connected graph with n vertices and m edges. If m > 3, then

i ¥

7

H< i + .
A, 2m-1) N/
with equality if A,, = d(e2) +2 = -+ = d(ey) + 2 = 0.
If m > 3 then
2
1 2
H< 2 (X 581) (VA£’1+ \/6_92)
<—+ : ,
0e, 2(m-1) VA, O,
with equality if A, =d(e1) +2 = -+ = d(eu-1) + 2 = Oo,.
If m > 4, then

2
X — 1 _1 2
H< 2(Ae, + be,) + ( VA \/‘i) ( Ae, + Véez)
h A€1 631 2(m - 2) \/Aez 662 ’

with equality if A,, = d(e2) +2 = -+ = d(ey-1) + 2 = Oo,.
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In the next theorem we establish a lower bound for the index H in terms of X and graph parameters m,
A, and O, .

Theorem 3.8. Let G be a simple connected graph with n vertices and m > 2 edges. Then

x> (VBa— o)
>

H

—_ 14

m D¢, O, (14)

o ) . . 1 1 1
Equality is attained if L(G) is regular, or = == =d, =d-
\/d(ez) +2 \/d(eg,) +2 \/d(em_l) +2 \/d(el) +2
and ; =d + S, where d and S are real numbers so thatd > S > 0.
Vd(ey) +2
1 ) 1 1 . .
Proof. Fora; = ——,i=1,2,...,m R = andr = , the inequality (6) becomes
Vd(e) + 2 O, A,

m m 2 2
1 1 m( 1 1
m E - > = - .
i=1 d(e;) +2 [i—l d(e;) + 2] 2 ( Oe, V Ae, J

According to (5) and the above we obtain

m (VB - o)

m
—H-X?>—~_ - 7
2 =2 Ae,Oe,
wherefrom (14) is obtained. [

Corollary 3.9. Let G be a simple connected graph with n vertices and m > 2 edges. Then

o (VB — Vo)

H> —+—«7w——, 15
My Ae, 0, (15)

with equality if L(G) is regular.

Proof. Let p = (pi), i = 1,2,...,m, be a sequence of positive real numbers, and a = (g;) and b = (b),
i=1,2,...,mnon-negative real number sequences of similar monotonicity, then (see for example [13])

i pi Zm: piaib; > i pidi Zm: pibi . (16)
" L ' 4

—
=
AN
Il
—
2
~
jo¥]
=]
Q.
S
1l

b;) are of opposite monotonicity, then the opposite inequality in (16) is valid. For

(
pi=a; = d(e)+2,b = 1 i=1,2,...,m we obtain

m 2
[Z Vde) + 2] < mM; . 17)

Forp; = \d(e;) +2,a; =b; = \/ﬁ, i=1,2,...,m, from (16) we obtain

‘X >m*. (18)
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Now, according to (17) and (18), we have that
2X? _ 2m?
_— .
m M1
From the above and (14), the inequality (15) is obtained. [
Remark 3.10. Since

2
(VA = Vb,) 20,
the inequality (15) is stronger than (4).
By a similar procedure as in case of Theorem 3.8, the following can be proved:

Theorem 3.11. Let G be a simple connected graph with n vertices and m edges. If m > 3, then

2
I 2
5 z(x ’_Aq) . (VA = 52,
Ae1 m—1 A626€1 '

with equality if A, = d(e2) +2 =--- =d(ey) +2 = 0,,.
If m > 3, then

H >

2
1 2
2 e e
= 0, m-—1 A, 0, !
with equality if A,, = d(e1) +2 =+ = d(em—1) + 2 = Oe,.
If m > 4, then

2
2 lx- 1 1 2
2, +0) ( VA, r) (VA - VB.)
H > + + ,
Ae, b, m-—2 Ae, e,
with equality if A,, = d(e2) +2 =+ = d(em—1) + 2 = Oe,-
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