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R-P-Spaces and Subrings of C(X)
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Abstract. A Tychonoff space X is called a P-space if MP = OF for each p € BX. For a subring R of C(X),
we call X an R-P-space, if MP N R = O N R for each p € BX. Various characterizations of R-P-spaces are
investigated some of which follows from constructing the smallest invertible subring of C(X) in which R is
embedded, SIEIR. Moreover, we study R-P-spaces when R is an intermediate ring or an intermediate C-ring.
We follow a new approach to some results of [W. Murray, J. Sack and S. Watson, P-spaces and intermediate
rings of continuous functions, Rocky Mount. ]. Math., to appear]. Also, some algebraic characterizations
of P-spaces via intermediate rings are given. Finally, we establish some characterizations of C(X) among
intermediate C-rings which are of the form I + C*(X), where I is an ideal in C(X).

1. Introduction

Throughout this paper all topological spaces are assumed to be Tychonoff. Moreover, all ideals are
assumed to be proper and, unless otherwise mentioned, all subrings are assumed to be unital. We denote
by C(X) the algebra of all real-valued continuous functions on a given topological space X and by C*(X) the
subalgebra of C(X) consisting of all bounded elements. For each f € C(X), Z(f) = {x : f(x) = 0} denotes the
zero-set of f. The collection of all zero-sets of elements of R is denoted by Z(R) for each subring R of C(X).
We use Z(X) instead of Z(C(X)). For a topological space X, X denotes the Stone-Cech compactification of X
and vX denotes the Hewitt-realcompactification of X. It is well-known that every f € C(X) has a continuous
extension f* from X to R* (the one-point compactification of R) and a continuous extension f* from vX
to R. For each f € C(X), we denote by v,X the set {p € X : f*(p) < oo}. For a subset A of C(X), we set
vaX =1{p € X : f1(p) < o, ¥f € A} = [gen vfX. Evidently, vcX = vX and ve-X = X. Also, vX C vaX
for each subset A of C(X). By a realcompactification of X, we mean a realcompact space containing X as a
dense subspace. It follows from [11, 8B, 3] that v4X is a realcompactification of X for each A € C(X). The
reader is referred to [11] for terms and notations not defined here.

A subring A(X) of C(X) is called an intermediate ring, if C*(X) € A(X). An intermediate ring A(X) is
called a C-ring, if A(X) is isomorphic to C(Y) for some topological space Y. Following [17], for each element
f of an intermediate ring A(X) of C(X), weset Sa(f) = {p € BX : (f9)"(p) = 0, Vg € A(X)}. A routine reasoning
shows that Sa(fg) = Sa()USa(9), Sa(f2+9°%) = Sa(f)NSa(g) and Sa(f") = Sa(f) for each f, g € A(X) and each
n € N. Furthermore, clgxZ(f) € Sa(f) € Z(f*) and thus Sa(f) N X = Z(f). Moreover, Sc(f) = clgxZ(f) for
each f € C(X) and Sc-(f) = Z(fP) for each f € C*(X). Also, we use Mi to denote the set {f € A(X) : p € Sa(f)}
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for each p € pX. Clearly, M’é =M = {f € C(X) : p € clgxZ(f)} and M’é* = M7 ={f € C'(X) : p € Z(fP)}.
From [17, Theorem 2.9] it follows that the collection of all the maximal ideals of an intermediate ring A(X)
is {MZX : p € BX}. This implies that f € A(X) is invertible in A(X) if and only if Sa(f) = 0.

An ideal I of a subring R of C(X) is called growing, if it contains no unit element of C(X). A growing
ideal I of R is called fixed, if () fel Z(f) = 0, otherwise, is called free. A growingideal I in R is called maximal
growing, if it is maximal in the set of all growing ideals of R. If every ideal of a subring R is growing, then
R is called invertible. It is easy to observe that R is an invertible subring of C(X) if and only if f is invertible
in R whenever f € R with Z(f) = 0. An ideal I of R is called a zr-ideal, if whenever Z(f) C Z(g), f €1
and g € R, then g € I. It is easy to see that every zr-ideal is a growing ideal. However, the converse of
this statement does not hold, in general. For example, the principal ideal in C(IR) generated by the identity
function on R is a growing ideal in C(IR) which is not a z¢c-ideal. For a subring R of C(X) and each p € X,
we denote by MP(R) (resp., OP(R)) the set {f € A(X) : p € clgxZ(f)} (resp., {f € A(X) : p € intgxclgxZ(f)}). We
use MF (resp., OF) instead of MP(C(X)) (resp., OP(C(X))). Clearly, whenever x € X, then M*(R) (resp., O*(R))
coincides with M(R) = {f € R : x € Z(f)} (resp., Ox(R) = {f € R : x € intxZ(f)}).

Remember that an ideal I of a commutative ring Q is called a z-ideal if whenever f € I, then M¢(Q) C I
in which M¢(Q) denotes the intersection of all the maximal ideals of Q containing f. We use My instead of
M¢(C(X)) for each f € C(X). It is well-known that My = {g € C(X) : Z(f) C Z(g)} for each f € C(X). Thus,
z-ideals of C(X) coincide with zc-ideals. Moreover, from [15, Proposition 2.7] it follows that M ¢(A(X)) = {g €
A(X) : Sa(f) € Sa(g)} for each element f of an intermediate ring A(X). Hence, an ideal I of an intermediate
ring A(X) is a z-ideal if and only if whenever S4(f) € Sa(g) where f € I and g € A(X), then g € I. This
implies that z-ideals of an intermedjiate ring A(X) do not coincide with z4-ideals. For example, M7, for each
p € PR\ R, is a z-ideal in C*(IR) which is not a z¢--ideal. A commutative ring Q is called a regular ring (in
the sense of Von-Neuman), if for every a € Q, there exists some b € Q such that a?b=a, equivalently, every
prime ideal in Q is maximal; see [12] for more details. It is shown in [13, Theorem 1] that a commutative
ring Q is a regular ring if and only if every ideal in Q is a z-ideal.

A topological space X is called a P-space, if O = MF for every p € X, equivalently, C(X) is a regular
ring; see [11, 14.29] for more details. The close relation between P-spaces and ring properties of C(X),
inspired us to check this notion when C(X) is replaced by one of its subrings. The aim of this paper is
to introduce and study the notion of R-P-spaces as a generalization of the notion of P-spaces via subrings
of C(X). Associated to a subring R of C(X), we call X an R-P-space, if MP(R) = OP(R) for every p € fX.
It is evident that every P-space is an R-P-space. However, the converse of this statement does not hold,
in general. This paper consists 4 sections. In Section 1, some necessary notations and terminologies are
introduced. In Section 2, we introduce the notion of R-P-spaces. By constructing the smallest invertible
subring of C(X) in which a given subring R is embedded, S;'R, and characterizing growing maximal ideals
of R, various characterizations of R-P-spaces are investigated. In Section 3, we study R-P-spaces for the case
that R is an intermediate ring of C(X). We will observe that whenever R is an intermediate ring of C(X), then
R-P-spaces coincide with P-spaces. Some algebraic characterizations of P-spaces via intermediate rings
follows from this fact. Moreover, by establishing a characterization of C(X) among its intermediate rings,
some results of [14] are proved by a different way. In Section 4, we study R-P-spaces with the restriction
that R is an intermediate C-ring of C(X). As an special case, we consider intermediate C-rings of the form
I+ C*(X) where [ is an ideal of C(X). This is done by identifying the realcompactifications that ideals of
C(X) generate.

2. R-P-Spaces

Recall that a topological space X is called an R-P-space, where R is a subring of C(X), if MP(R) = OF(R)
for every p € BX. Clearly, every P-space is an R-P-space. However, the converse of this statement does not
hold, in general. For example, every topological space X is trivially an IR-P-space; see also Example 2.6 and
Example 2.10 in below. For a subring R of C(X), we use Sk to denote the set of all elements of R which are
invertible in C(X). It is evident that Sy is a multiplicative subset of R. The ring of fractions of R with respect
to Sg is denoted by S;R. For an ideal I of R and ideal 7 in Sl‘le, we denote by I° and J°, the extension of I
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and contraction of J with respect to the identity mapping of R into S'R, respectively; see [24]. Hereafter,
we denote S;'R by R°.

Proposition 2.1. For a subring R of C(X), R° is the smallest invertible subring of C(X) in which R is embedded.

Proof. 1t is easy to see that Z(]?;) = Z(f) for each f € R and g € Sg. Therefore, R° is an invertible subring.
Also, clearly, R® contains a copy of R. Now, let Q be an invertible subring of C(X) in which R is embedded
and { € R°. Hence, f € R and s € Sg such that Z(s) = 0. As Q is an invertible subring in which R is
embedded and s € Q, we have f,s, % € Q and hence é € Q. Thus, R® € Q which completes the proof. [

For a subring R of C(X), we use clgxZ(R) to denote {clgxZ(f) : f € R}. Clearly, clgxZ(R) is an open
base for a topology on X which we call clgxZ(R)-topology. Using this topology, we characterize maximal
growing ideals of R by the next proposition. Note that this proposition is first stated in [3] and we prove it
here for the sake of completeness.

Proposition 2.2. The following statements hold for a subring R of C(X):

(a) Every maximal growing ideal of R is of the form MF(R) for some p € BX.

(b) An ideal I of R is a growing ideal if and only if there exists p € X such that I C MP(R).

(c) MP(R) is a maximal growing ideal for every p € X if and only if clgxZ is clopen in the clgx Z(R)-topology for
every Z € Z(R).

Proof. (a) Suppose that M is a maximal growing ideal of R. Hence, clgxZ(M) has the finite intersection
property. Thus, there exists p € NrepclgxZ(f) and hence M € MP(R). Also, clearly, MP(R) is a growing ideal.
Consequently, M = MP(R).

(b=>) This is obvious by using part (a) and the fact that every growing ideal is contained in a maximal
growing ideal.

(b<) By part (a), MP(R) is a maximal growing ideal in R for each p € BX. Also, if ] is an ideal in R such
that I € MP(R), then for each f € I, we will have Z(f) # 0, since, f € MP(R). This means that I is a growing
ideal.

(c=) Suppose that p € X \ clgxZ(f) for some f € R. Thus, f € MP(R) and since MP(R) is a maximal
growing ideal, there exists g € MP(R) such that Z(f)NZ(g) = 0. Hence, p € clgxZ(g) and clgxZ(f)NclpxZ(g) = 0
which implies that clgxZ(f) is clopen in the clzxZ(R)-topology.

(c&) Assume thatp € X and f ¢ MP(R). Thus, p ¢ clgxZ(f) and by our hypothesis, there exists g € MP(R)
such that clgxZ(f) N clgxZ(g) = 0; i.e., Z(f) N Z(g) = 0. Therefore, MP(R) is a maximal growing ideal. [

Proposition 2.3. For a subring R of C(X), we have (MP(R))* = MF(R®) and (OP(R))* = OP(R°) for each p € BX.

Proof. 1f é € (MP(R)), then f € MP(R) and s € Sg. Hence, p € clgxZ(f) = cl[;XZ(é). This means that
L'e MP(RY); ie., (MP(R)) € MP(R?). Conversely, if £ € MP(R?), then p € clyxZ(£) = clgxZ(f). This implies

that f € MP(R) and thus J;c € (MP(R)); ie., MP(R®) € (MP(R))® and hence the first equality follows. The
second equality could be proved by a similar reasoning. [

A subring R of C(X) is called p-determining, if {Z(f*) : f € R} constitutes a base for the closed sets of
BX. This class of subrings is first introduced in [17]. It is evident that every intermediate ring of C(X) is a
B-determining subring, however, the converse of this statement does not hold, in general. For example, it
follows from [17, Theorem 2.8] and [19, Remark 1.7] that M” + R, for each p € R\ IR, is a f-determining
subring of C(IR) which, by [17, Theorem 2.9], [18, Theorem 5.7] and [19, Remark 2.13], is not an intermediate
ring; see also [15]. It should be noted that whenever R is a f-determining subring, then Z(R) is a base for the
closed sets of X. However, the converse of this fact does not hold, in general. For example, the mentioned
subring M? + R of C(IR), where p € R \ R, is not a f-determining ring. However, by [19, Remark 4.3],
Z(MP + R) constitutes a base for the closed subsets of IR.

The next statement generalizes [11, 7.12 (b) and 7.13] to the f-determining subrings of C(X).
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Lemma 2.4. Suppose that R is a p-determining subring of C(X). Then the following statements hold:
(a) If f € OP(R), then there exists g ¢ MP(R) such that fg = 0.
(b) If P is a prime ideal of R contained in MP(R), then OP(R) C P.
(c) If P is a growing prime ideal in R, then there exists a unique p € pX such that OP(R) € P € MP(R).

Proof. (a) Assume that f € OF(R). Thus, p € intgxclgxZ(f) and, by our hypothesis, there exists g € R such
that p € (BX \ Z(g")) € intgxclgxZ(f). Thus, p ¢ Z(g*) which means g ¢ MP(R) and X \ Z(g) C intxZ(f) which
implies that fg = 0.

(b) Assume that f € OF(R), by part (a), there exists g ¢ MP(R) such that fg = 0 € P and consequently
feP.

(c) As P is a growing ideal, by Proposition 2.2, there exists p € fX such that P € MP(R). Thus, by part
(b), OP(R) € P. Now, let P € MP(R) and P € M7(R) for two distinct points p,q € BX. As R is f-determining,
there exist f,g € R such that p € X\ Z(f"), g € BX\ Z(g") and (BX \ Z(f*)) N (BX \ Z(g*)) = 0. It follows
that p € BX \ Z(f*) € Z(g") which means p € intgxZ(g°). Thus, p € intgxclgxZ(g), since, as p € intgxZ(g"),
there exists an open set U in X such that p € U C Z(g") which implies p € U C clgxU = clgx(U N X) C
clgx(Z(g°) N X) = clgxZ(g). Hence, g € OP(R) € P € M'(R) which is a contradiction. [J

Theorem 2.5. Let R be a subring of C(X). The following statements are equivalent:
(a) X is an R-P-space.
(b) X is an R*-P-space.
(c) clgxZ = intgxclgx Z for every Z € Z(R).
(d) Z = intxZ for every Z € Z(R).
(e) Mx(R) = Ox(R) for every x € X.
In addition, if R is a p-determining subring, then the following statements are equivalent to the above:
(f) Every fixed maximal growing ideal of R is a minimal prime ideal.
(g) Every maximal growing ideal of R is a minimal prime ideal.
(h) R¢ is a regular ring.

Proof. The implications (a&c), (c=d) and (d&e) are easy to prove.
(a=b) This is evident by Proposition 2.3.

(b=a) Let f € MF(R). Hence, p € clgxZ(f). As ’{ € MP(R®) and Z(f) = Z(%), by our hypothesis, we would

havep € intﬁxclﬁXZ({) = intgxclgx Z(f); i.e., f € OP(R).

(d=c) By our hypothesis, each Z € Z(R) is clopen in X and thus, by [11, 6.9 (c)], clgxZ is clopen in X for
each Z € Z(R). This implies that clgxZ = intgxclsxZ for each Z € Z(R).

(e=>f) By Proposition 2.2, every maximal growing ideal in R is of the form M?(R) for some p € X and
clearly, MP(R) is fixed if and only if p € X. Thus, every fixed maximal growing ideal in R is of the form
M,(R) for some x € X.

Now, if My(R) is not a minimal prime ideal in R, then there exists a prime ideal P properly contained in
M. (R). By Lemma 2,4, we would have O,(R) € P which contradicts our hypothesis.

(f=€) Assume on the contrary that M,(R) # Ox(R) for some x € X, then there exists some f € M,(R) \
Ox(R). This means that f € C(X) and f € M, \ Ox. Thus, by [11, 41, 6], there exists s prime ideal P in C(X)
such that O, C Pand f ¢ P. It follows that P N R is a prime ideal in R which is properly contained in M?(R).
This contradicts our hypothesis.

(c=g) By Proposition 2.2, every maximal growing ideal in R is of the form MP(R) for some p € SX.
Assume on the contrary that M?(R) is not a minimal prime ideal for some p € fX. Thus, there exists a
prime ideal P in R which properly contained in MP(R). By Lemma 2.4, OP(R) C P. Thus, there exists some
f € MP(R) \ OP(R). This means that clgxZ(f) # intgxclgxZ(f) which is a contradiction.

(g=c) Let clgxZ(f) # intgxclgxZ(f) for some f € R. Hence, MF(R) # OF(R) for some p € clgxZ(f) \
intgxclgxZ(f). Thus, there exists some f € MP \ OF and hence, by [11, 7H, 6], there exists a prime ideal P
in R such that O” C P and f ¢ P. This implies that M?(R) is not a minimal prime ideal in R, however, is a
maximal growing ideal.
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(b=h) As R° is an invertible subring, maximal ideals of R coincide with its maximal growing ideals
and are of the form MF(R°) for p € pX. Now, we show that every prime ideal in R° is maximal. Let P be
a prime ideal in R°. Then P is evidently a growing prime ideal in R. Thus, by Lemma 2.4, there exists a
unique p € X such that OP(R) € P € MP(R). It follows that P* = P = (MP(R))* = MP(R®) which means P is
a maximal ideal in R°. Therefore, by [12, Theorem 1.16], R® is a regular ring.

(h=Db) Assume on the contrary that MP(R®) # OP(R®). As, clearly, OP(R®) is a semiprime ideal (is an
intersection of prime ideals) in R°, there exists a prime ideal P in R® such that O’(R®) € P and P # MF(R®).
Thus, P is a growing prime ideal in R and hence, by Lemma 2.4, there exists a unique g4 € X such that
O1(R) € P° € MI(R). We claim that p = q. If p # g, similar to the proof of part (c) of Lemma 2.4, there
exist f,g € R such that p € X\ Z(f*), g € BX \ Z(g*) and (BX \ Z(f*)) N (BX \ Z(g*)) = 0. It follows that
p € X\ Z(f*) € Z(g"). Hence, p € intgxclgxZ(g) and q ¢ Z(g"). These imply % € OP(R®) € P € MI(R°) which
is a contradiction, since, q ¢ Z(g") = Z((%)*). Therefore, P is a prime ideal in R® which is not maximal. This
contradicts regularity of R°. [J

It follows from Theorem 2.5 that in studying R-P-spaces, without lose of generality, we could consider
R as an invertible subring. By the following examples, we investigate non-trivial instances of R-P-spaces
which are not P-space.

Example 2.6. For a topological space X, we denote by C.(X) the subring of C(X) consisting of all functions
with countable image; see [10] for details about this subring. Now, let Y be a connected space with more
than one point, Z be a P-space and X = Y ) Z be the free union of the spaces Y and Z. It clearly follows
that C.(X) = C.(Y) X C(Z) = R x Cc(Z), since, as Y is a connected space, C.(Y) = R. Also, as Z is a P-space,
itis a C.-P-space which, by [10, Theorem 5.8], implies that C.(Z) and thus C.(X) is a regular ring. Hence, by
[10, Theorem 5.8], X is a C.-P-space. However, X is not a P-space, since, Y is a subspace of X which is not a
P-space; see [11, 4K, 4]. Therefore, X is a C.-P-space that is not a P-space.

Remark 2.7. In Theorem 2.5, the condition that R is a f-determining subring is not necessary for R° to be
a regular ring whenever X is an R-P-space. For instance, consider the space X constructed in Example 2.6.
From [10, Remark 2.3] it follows that C.(X) is an invertible subring of C(X). Thus, SE} Ce(X) = Cc(X). Also,
X is a C,-P-space and C.(X) is a regular ring. However, C.(X) is not p-determining, since, otherwise, it
is inferred from [10, Proposition 4.4] that X is a zero-dimensional space and thus Y is a zero-dimensional
space which is impossible.

Remark 2.8. In Theorem 2.5, in general, the condition that R is a f-determining subring could not be
removed for X to be an R-P-space whenever R° is a regular ring. For example, let X = IR and R be the
subring of C(X) consisting of one-variable polynomials. It is evident that R is not a f-determining subring
of C(X). Also, we could observe that f = x € My(R) \ Op(R) which implies that X is not an R-P-space.
However, R° is a field and hence is a regular ring.

Subrings of the form I + IR where I is an ideal of C(X) are first introduced in [19] and more studied in
[4]. Using these subrings, we will construct another example of an R-P-space which is not a P-space. We
remind that an ideal I in C(X) is said to be a P-ideal if whenever I is considered as a non-unital subring, then
each prime ideal of I is maximal in I. This class of ideals is first introduced in [20] and more studied in [2].

Proposition 2.9. For an ideal I of C(X), let Ry = I + R. Then the following statements are equivalent:
(a) X is an Ry-P-space.
(b) Lis a P-ideal.
(c) I + Ris a reqular ring.

Proof. (a=b) As X is an R;-P-space, by Theorem 2.5, Z(f) is an open set in X for each f € R;. Thus, by [4,
Proposition 2.10], I is a P-ideal.

(b=a) As [ is a P-ideal, by [4, Proposition 2.10], Z(f) is an open set in X for each f € R; which, by
Theorem 2.5, implies that X is an R;-P-space.

(b&c) refer to [4, Proposition 2.10]. O
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Example 2.10. Let X = R5{c} be the free union of the topological space R endowed with the usual
topology and the one-point discrete space {o}. Also, let] = {f € C(X) : R € Z(f)} and R = [ + R. By [2,
Theorem 2.2], I is a P-ideal in C(X). Thus, by Proposition 2.9, X is an R-P-space. However, evidently, X is
not a P-space. It is worthwhile to note that I is the unique P-ideal of C(X).

3. P-Spaces and Intermediate Rings of C(X)

In this section, we study R-P-spaces with the restriction that R is an intermediate ring. Throughout this
section we use A(X) to denote an intermediate ring. It is obvious that S;xlA(X) = C(X). Moreover, A(X)
is a p-determining subring and clgxZ(f) is clopen in the clgxZ(A)-topology for each f € A(X). Thus, by
Proposition 2.2, growing maximal ideals of A(X) are precisely the ideals MF(A) for p € fX. We need the
following lemma which shows that OZ ={f € A(X) : p € intgxSa(f)} equals to OF(A) for each p € BX.

Lemma 3.1. Let A(X) be an intermediate ring of C(X). Then for each f € A(X) we have intgxSa(f) = intgxclgxZ(f).

Proof. As clgxZ(f) € Sa(f), clearly, intgxclgxZ(f) C intgxSa(f). Conversely, if p € intgxSa(f), then there
exists an open subset U in X such that p € U C S4(f). Hence, U N X is a non-empty open subspace of X
such that UN X C SA(f) N X = Z(f). Thus, p € U C clgxZ(f) which means that p € intgxclgxZ(f). O

By the following statement, we give some algebraic characterizations of P-spaces via intermediate rings
of C(X). This statement is also a generalization of [14, Theorem 2.5]. Recall that we use M (A) (resp., O.(A))
instead of M*(A) (resp., O*(A)) for each x € X. Also, M} = M,(A) and O} = Ox(A) for each x € X.

Proposition 3.2. Let A(X) be an intermediate ring of C(X). Then the following statements are equivalent:
a) X is a P-space.
b) MP(A) = OF(A) for each p € BX.
¢) Mx(A) = Oy(A) for each x € X.
d) M, (A) is a minimal prime ideal in A(X) for each x € X.
e) MP(A) is a minimal prime ideal in A(X) for each p € BX.

Proof. An easy consequence of Theorem 2.5. []

In [14, Theorem 3.10] a characterization of C(X) among its intermediate rings is stated for the case that X
is a P-space. By the next statement, we investigate a characterization of C(X) among its intermediate rings
even when X is not a P-space which gives [14, Theorem 3.10] as a corollary. It should be noted that this
result is first stated in [5, Theorem 2.2] and we prove it here for the sake of completeness.

Theorem 3.3. The following statements are equivalent for an intermediate ring A(X).
(a) Sa(f) = clgxZ(f) for each f € A(X).
(b) M, = MP(A) for each p € BX.
(c) Mf(A(X)) = My N A(X) for each f € A(X).
(d) Every z-ideal in A(X) is a zx-ideal.
(e) A(X) = C(X).

Proof. (a=b) This is evident.

(b=c) Let g € My N A(X). Then Z(f) € Z(g). Thus, if p € Sa(f), then f € Mi and hence, by our
hypothesis, f € MP(A(X)); i.e, p € clgxZ(f) which implies that p € clgxZ(g). It follows that g € MP(A) = Mi
which menas p € Sa(g). Thus, Sa(f) € Sa(g). Hence, by [15, Proposition 2.7], g € M¢(A(X)). Therefore,
M¢ N A(X) € Mf(A(X)). Conversely, let g € M¢(A(X)), then, by [15, Proposition 2.7], we have S4(f) € Sa(g)
and thus Z(f) € Z(g). It follows that g € My N A(X) and thus the equality follows.

(c=d) Suppose that [ is a z-ideal in A(X) and Z(f) € Z(g) where f € I and g € A(X). We are to show that
g€l As Z(f) € Z(g), it follows that g € My N A(X). Thus, by our hypothesis and the fact that I is a z-ideal,
we have g € My N A(X) = Mf(A(X)) C I.
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(d=e) Assume on the contrary that A(X) # C(X). Hence, there exists some f € C(X) \ A(X). Set g = flfl
It is clear that g € C*(X) C A(X), Z(g) =0 and ¢! = 1+ |f] ¢ A(X); i.e., g is a non-unit of A(X). Therefore,
Sa(g) # 0. Now, choose some p € S4(g). It follows that Mg is a z-ideal in A(X) which is not a z4-ideal, since,
ge M,’; and Z(g) = 0.

(e=a) This is evident, since, Sc(f) = clgxZ(f) for each f € C(X). O

Proposition 3.4. ([14, Theorem 3.10]) Let X be a P-space and A(X) be an intermediate ring of C(X). Then
A(X) = C(X) if and only if M', = O, for each p € BX.

Proof. (=) As X is a P-space, clearly, we have M’é =M =0V = OZ for each p € BX.
(<) Evidently, MP(A) € M, for each p € BX. Thus, by our hypothesis, we have MP(A) ¢ M/, = O/, =
OP(A) € MP(A). Therefore, Mi = MP(A) for each p € fX. Hence, by Theorem 3.3, we have A(X) = C(X). O

In [14, Proposition 3.6], it is shown that whenever A(X) is an intermediate ring of C(X) such that
A(X) # C(X), then there exists a non-maximal prime ideal in A(X). Using Theorem 3.3, we give a different
proof to this statement. Moreover, we specify that non-maximal prime ideal.

Proposition 3.5. [14, Proposition 3.6] Let A(X) be an intermediate ring of C(X) such that A(X) # C(X). Then there
exists a non-maximal prime ideal in A(X).

Proof. As A(X) # C(X), by Theorem 3.3, there exists some p € X such that Mi # MP(A). Thus, clearly,
MP(A) is a prime ideal in A(X) which is not maximal. [J

Using Proposition 3.5, a different proof is stated for [14, Proposition 3.2] by the next statement.

Proposition 3.6. [14, Proposition 3.2] Let A(X) be an intermediate ring of C(X). If A(X) # C(X), then A(X) is not
a reqular ring.

Proof. Since A(X) # C(X), by Proposition 3.5, there exists some non-maximal prime ideal in A(X). Thus, by
[12, Theorem 1.16], A(X) is not a regular ring. [

4. P-spaces and Intermediate C-Rings

In this section, we study R-P-spaces where R is assumed to be an intermediate C-ring of C(X). The
following theorem is a a characterization of intermediate C-rings of C(X) which reveals the role of the
mapping Sa in intermediate C-rings of C(X) and investigates another approach to [21, Theorem 8]. Note
that we use f'4 to denote the extension of f to the space vaX for each element f of an intermediate ring
A(X). In fact, f4 = £, ..

Theorem 4.1. Let A(X) be an intermediate ring of C(X). Then A(X) is a C-ring if and only if Sa(f) = clgxZ(f"*)
foreach f € A(X).

Proof. Refer to [16, Theorem 2.2]. [

By the following example we give an instance of an intermediate ring A(X) which is not a C-ring and
specify an element f € A(X) for which S4(f) # clgxZ(f"). In this example, we use the notion of singly
generated intermediate rings over a given intermediate ring which is first introduced in [7] and more
studied in [9]. For an intermediate ring A(X) and f € C(X), we use A(X)[f] to denote the singly generated
intermediate ring of C(X) over A(X) generated by f, which is clearly the smallest intermediate ring of C(X)
containing both A(X) and f. It is easy to see that A(X)[f] = {Y .1, f'gi : gi € A(X),n € N U {0}}. Moreover,
if f>c >0 forsomec € R, then C(X)[f] = {g € C(X) : |g| £ f",forsome n € N}. An intermediate
ring A(X) of C(X) is called a singly generated intermediate ring over C*(X), if there exists f € C(X) such
that A(X) = C'(X)[f]. We could easily observe that v X = vaX NvfX. It is stated in [9] that whenever
f is a non-negative unbounded element of C(X), then ef ¢ C*(X)[f] which implies that C*(X)[f] is not a
C-ring, since, it is not closed under composition with elements of C(IR). Furthermore, by [7, Corollary 3.4],
C'(X)[f] = C(X)[1 + |fI]. Hence, every singly generated intermediate ring over C*(X) is not a C-ring.



M. Parsinia / Filomat 32:1 (2018), 319-328 326

Example 4.2. Leti: R — Rbe theidentity mapping and f = 1+[i]. Evidently, f*(p) = oo foreachp € SIR\RR.
Now, let A(R) = C*(IR)[f]. As stated above, A(R) is an intermediate ring of C(IR) which is not a C-ring and
A(R) = {h € C(R) : |h| < f", for some n € N}. Hence, e/ ¢ A(R). If we set g = ﬁ, then g € C*(R) € A(R).
We claim that S4(9) = pR \ R. Let p € R \ R be given. Then, for each h € A(R), as || < f" for some n € IN,
we would have |1| < ef and thus (gh)*(p) = 0; i.e., p € Sa(g). This proves our claim. Also, v4R = R. Thus,
Z(g**) = Z(g) = 0 and Sa(g) = PR\ RR; i.e., Sa(g) # clgxZ(g"*).

From Theorem 4.1, a characterization of maximal ideals in intermediate C-rings follows which is similar
to the Gelfand-Kolmogoroff theorem about maximal ideals of C(X).

Corollary 4.3. [21, Theorem 8] For the maximal ideals of an intermediate C-ring A(X), we have MZ ={f e AX):
p € clgxZ(f"*)} for p € pX.

It is well-known that, for each f € C(X), intgxZ( fP) = intgxclgxZ(f). Using Lemma 3.1 and Theorem 4.1,
we generalize this fact to the intermediate C-rings.

Corollary 4.4. Let A(X) bean intermediate C-ring. Then for each f € A(X)wehaveintgxclpxZ(f"*) = intgxclpxZ(f).

The following proposition gives some characterizations of C(X) among intermediate C-rings whenever
X is a P-space.

Proposition 4.5. Let X be a P-space and A(X) be an intermediate C-ring of C(X). The following statements are
equivalent:

(a) A(X) = C(X)

(b) Z(f4) is open in v X for each f € A(X).

(c) vaXis a P-space.

Proof. (a=b) This is evident, since, as X is a P-space, by [11, 14.29], vX = vcX is also a P-space.

(b=c) Using Theorem 4.1, it is easy to observe that MZ = OF(A) for each p € X and thus by Proposition
3.4 we are done.

(c=a) Asva X is a P-space, C(v4X) is a regular ring and thus, by using [6, Theorem 1.3], A(X) is a regular
ring. Hence, by Proposition 3.6, we have A(X) = C(X). O

The next example presents an instance of an intermediate ring A(X) for which v4 X is a P-space, however,
A(X) # C(X).

Example 4.6. Let i : N — IR be the identity mapping. Evidently, i*(p) = oo for each p € SIN \ IN. Set
A(IN) = C*(IN)[7]. It follows that A(IN) is an intermediate ring of C(IN) which is not a C-ring and v4IN = IN.
Thus, vaN is a P-space. Also, Z(f"4) is open in v4IN for each f € A(IN). However, clearly, A(N) # C(IN).

In the final part of this section, we consider the class of intermediate C-rings of C(X) of the form I + C*(X)
where [ is an ideal of C(X). This class of intermediate rings is first introduced in [7] and more studied in [3].
As stated in [7, 2.4], for each ideal I of C(X), I + C*(X) is the smallest intermediate ring which contains the
ideal I. Moreover, I + C*(X) = Z7Y(Z[I]) + C*(X) where Z~}(Z[I]) is the smallest z-ideal in C(X) containing I.
Furthermore, it follows from [7, 2.5] that each subring I + C*(X) is an intermediate C-ring, in fact, I + C*(X)
is isomorphic to C(X U 6(I)) where 6(I) = (¢ clgxZ(f). The next statement determines the real compact
spaces induced by ideals of C(X) which is an special case of [3, Proposition 2.3].

Proposition 4.7. For each ideal I in C(X), v;X = vX U 6(I).

Proof. Clearly, vX U 6(I) € v;X. Now, whenever p ¢ vX U 0(l), there exist f € C(X) and g € I such that
f*(p) = o0 and p ¢ clgxZ(g). Thus, there exists h € C*(X) such that p ¢ Z(hP) and clgxZ(g) € intﬁXZ(hﬁ). It
follows from the later inclusion that there exists k € C(X) such thath = gk. It clearly follows that fh = fgk € I
and (fh)*(p) = co which means that p ¢ v;X and completes the proof. [
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It follows from Proposition 4.7 that for an ideal I in C(X), we have
v X = UI+C*(X)X = vX U 6(D).

It is well-known that M* = MP N C*(X) if and only if p € vX. Using Proposition 4.7, we generalize this
fact to the subrings of the form I + C*(X) by the following statement.

Theorem 4.8. Let A; = [+ C*(X) where I is an ideal of C(X). Then MZI = MP(Ay) ifand only ifp € (BX\va, X)UvX.

Proof. Refer to [3, Proposition 4.7]. [

The next statement easily follows from Theorem 4.8 and investigates a characterization of C(X) among
intermediate C-rings of the form I + C*(X) where [ is an ideal of C(X).

Corollary 4.9. Let A(X) = I + C*(X) where I is an ideal in C(X). The following statements are equivalent:
(a) I+ C(X) = C(X).
(b) 6(I) C vX.
(c) v X =vX.
Moreover, if X is a P-space, then the above conditions are equivalent to the following.
(d) viX is a P-space

Proof. Using Proposition 4.7, we can easily observe that (a) to (c) are equivalent.

(c=d) This is clear by Proposition 4.7.

(d=b) By our hypothesis, vX is a P-space. Hence, as vX U 6(I) is also a P-space, we have 0(I) € vX and
thus we are done. O

5. Acknowledgments

The author would like to express his deep gratitude to Professor A. R. Aliabad for his advice and
encouragement on this paper. The author also thanks the referees for their careful reading and their
comments which improved the paper.

References

[1] SXK. Acharyya, D. De, An interesting class of ideals in subalgebras of C(X) containing C*(X), Comment. Math. Univ. Carolin., 48
(2007), 273-280.
[2] A.R. Aliabad, J. Hashemi, R. Mohamadian, P-ideals and PMP-ideals in commutative ring, . Math. Ext., 10 (2016), 19-33.
[3] A.R. Aliabad, M. Parsinia, Remarks on subrings of C(X) of the form I + C*(X), Quaest. Math., 40 (2017), 63-73.
[4] F. Azarpanah, A.R. Olfati, On subrings of the form I + R of C(X), . Commut. Algebra, to appear.
[5] E. Azarpanah and M. Parsinia, On the sum of z-ideals in subrings of C(X), to appear.
[6] D.De,SK. Acharyya, Characterization of function rings between C*(X) and C(X), Kyungpook Math. |., 46 (2006), 503-507.
[7] J.M. Dominguez, ]. Gomez, M.A. Mulero, Intermediate algebras between C*(X) and C(X) as ring of fractions of C*(X), Topology
Appl., 77 (1997), 115-130.
[8] J.M. Dominguez, ]. Gomez, Intersections of maximal ideals in algebras between C*(X) and C(X), Topology Appl., 98 (1999), 149-165.
[9] J.M. Dominguez, J]. Gomez-Perez, There do not exist minimal algebras between C*(X) and C(X) with prescribed real maximal
ideal space, Acta. Math. Hungar., 94 (2002), 351-355.
[10] M. Ghadermazi, O.A.S. Karamzadeh, M. Namdari, On the functionally countable subalgebra of C(X), Rend. Sem. Math. Univ.
Padova, 129 (2013), 47-69.
[11] L. Gillman, M. Jerison, Rings of Continuous Functions, Springer-Verlag, New York, 1978.
[12] K.R. Goodearl, Von Neumann Regular Rings, Monographs and Studies in Mathematics, Pitman, 1979.
[13] G. Mason, z-ideals and prime ideals, J. Algebra, 26 (1973), 280-297.
[14] W. Murray, J. Sack, S. Watson, P-spaces and intermediate rings of continuous functions, Rocky Mount. Math., to appear.
[15] M. Parsinia, Remarks on LBI-subalgebras of C(X), Comment. Math. Univ. Carolin., 57 (2016), 261-270.
[16] M. Parsinia, Remarks on intermediate C-rings of C(X), Quaest. Math., volume 2017, 1-8.
[17] D.Plank, On a class of subalgebras of C(X) with applications to X — X, Fund. Math., 64 (1969), 41-54.
[18] D. Rudd, On isomorphism between ideals in rings of continuous functions, Trans. Amer. Math. Soc., 159 (1971), 335-353.
[19] D.Rudd, On structure spaces of ideals in rings of continuous functions, Trans. Amer. Math. Soc., 190 (1974), 393—403.
[20] D. Rudd, P-ideals and F-ideals in rings of continuous functions, Fund. Math., 88 (1975), 53-59.



M. Parsinia / Filomat 32:1 (2018), 319-328 328

[21] J. Sack, S. Watson, Characterizations of ideals in intermediate C-rings A(X) via A-compactifications of X, Internat. |. Math. Math.
Sci., volume 2013, 1-6.

[22] J.Sack, S. Watson, C and C* among intermediate rings, Topology Proc., 43 (2014), 69-82.

[23] J. Sack, S. Watson, Characterizing C(X) among intemediate C-rings on X, Topology Proc., 45 (2015), 301-313.

[24] R.Y. Sharp, Steps in Commutative Algebra, Cambridge University Press, 1990.



