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Multi-variable Conformable Fractional Calculus

Nazl1 Yazic1 Géziitok?, Ugur Goziitok?

?Karadeniz Technical University, Department of Mathematics, 61080, Trabzon, Turkey

Abstract. Conformable fractional derivative is introduced by the authors Khalil et al. In this study we
develop their concept and introduce multi-variable conformable derivative for a vector valued function
with several variables.

1. Introduction

For many years, many definitions of fractional derivative have been introduced by various researchers.
One of them is the Riemann-Liouville fractional derivative and the second one is the so-called Caputo
derivative. But these are not all purpose definitions. Recently, a new fractional derivative has been
introduced in [5] and one can see that the new derivative suggested in this paper satisfies all the properties
of the standard one. Applications of new defined fractional derivative called conformable fractional
derivative are studied in papers [2-4]. However, definitions given in the literature are only for the real
valued functions. In this paper, we introduce conformable fractional derivative definition for the vector
valued functions with several real variables. Our paper has the following order: In Section 2, some basic
definitions and theorems appeared in the literature are given. In Section 3, a—derivative of a vector valued
function, conformable Jacobian matrix are defined; relation between a—derivative and usual derivative
of a vector valued function is revealed; chain rule for multi-variable conformable derivative is given. In
Section 4, conformable partial derivatives of a real valued function with n—variables is defined and relation
between conformable Jacobian matrix and conformable partial derivatives is given.
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2. Basic Definitions and Theorems
In this section we will give some definitions and properties introduced in [1, 5]

Definition 2.1. Given a function f : [0, 00) — IR. The conformable derivative of the function f of order o is defined
by

o fe ) - F)
Ta(H) = lim - (1)

forall x >0, a € (0,1). If the conformable derivative of a function f exists for an a € (0,1), then the function f is
called a—differentiable.

Theorem 2.2. [5] If a function f : [0, 00) — R is a—differentiable at ty > 0, a € (0, 1], then f is continuous at t.
Theorem 2.3. [1] Let @ € (0, 1] and f, g be a—differentiable at a point t > 0. Then

(1) Tolaf +bg) =aTy(f) +bTa(g), foralla,b e R

(2) T,(tP) =pt=* forallp € R.

(3) Ta(A) =0, for all constant functions f(t) = A.

(4) Ta(f9) = fTa(9) + 9Ta(f).

(%) Ta(’é) - —gT“(f)g_sz“(g).

(6) If, in addition, f is differentiable, then T,(f)(t) = t'™@ %f(t).

Theorem 2.4. Assume f,g : (0,00) — R be two a—differentiable functions where o € (0,1]. Then g o f is
a—differentiable and for all t with t # 0 and f(t) # 0 we have

Ta(g 0 H)(®) = Tal@)(FOTa(HBFE*. (2)

3. a—Derivative of a Vector Valued Function

Definition 3.1. Let f be a vector valued function with n real variables such that
fx1, oo xn) = (X1, oo X)), oo fin(X1, ..., X4)). Then we say that f is a—differentiable at a = (ay, ...,a,) € R" where
each a; > 0, if there is a linear transformation L : R" — R™ such that

f(a1 + ha;™, ..., 4y + hyay™) = f(ar, ..., an) = L]
im =0
h—0 ||Fa]|

3)

where h = (hy, ..., h,) and a € (0,1]. The linear transformation is denoted by D* f(a) and called the conformable
derivative of f of order a at a.

Remark 3.2. For m = n =1, Definition 3.1 equivalent to Definition 2.1.

Theorem 3.3. Let f be a vector valued function with n variables. If f is a—differentiable at a = (ay, ...,a,) € R",
each a; > 0, then there is a unique linear transformation L : R" — R™ such that

L Al ) = f@, ) = L0
o0 Il
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Proof. Suppose M : R" — R" satisfies

(@1 + Iaa =,y + ol ™) = fla, ) = MO _

im
h—0 (|l
Then,
i I = MO
h—0 [|Fa]|
. ”L(h) - (f(al + hlu%_a/ v,y + hna}z_a) - f(ﬂ))”
< lim
h0 [IF]|
o (e + ay™, . ay + haal™®) = f(a)) = M(B)||
i I =0

If x € R", then tx — 0 as t — 0. Hence for x # 0 we have

0 = lim JEE) = MEOI_ [IE(x) = MEIl
h=0 ll£x| x|

Therefore L(x) = M(x). O

Example 3.4. Let us consider the function f defined by f(x,y) = sinx and the point (a,b) € R?* such that a,b > 0,
then D® f(a,b) = L satisfies L(x, y) = xa'~* cosa.
To prove this, note that

| f(a+hia'™", b+ hpb'™) — f(a,b) — L(hy, hy) |
im
(n,J12)=(0,0) [I(F21, o)
B | sin(a + hya'™%) — sina — hya'~% cosa |

= lim
(h1,h2)—(0,0) [h% + hg

| sin(a + hia'™%) — sina — hyja' = cosa |

< lim
h1—0 | hl |
. sin(@ + ha'™®) —sina _
= lim | ( ) —a'™%cosa |
h1—0 h1

=|a'"%cosa—a'"*cosa|=0

Definition 3.5. Consider the matrix of the linear transformation D f(a) : R" — R™ with respect to the usual
bases of R" and R™. This m X n matrix is called the conformable Jacobian matrix of f at a, and denoted by f*(a).

Example 3.6. If f(x,y) = sinx, then f*(a,b) = [al‘“ cosa O]
Theorem 3.7. Let f be a—differentiable at a = (ay, ...,a,) € R", each a; > 0. If f is differentiable at a, then
D*f(a) = Df(a) o L,

where D f (a) is the usual derivative of f and L1~ is the linear transformation from R" to R" defined by L1~ (x1, ..., x,) =
(@771, ey ).

Proof. It is suffices to show that

f(a1 + ma;™®, ..., 4y + hyay ™) = f(ar, ..., an) — Df (@) o Ly * ()|
& il =0
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Lete = (€1,...,€4) = (ma}™®, ..., hyay™), then € — 0 as 1 — 0. On the other hand, if we put M = max{(a] ) |
a;>0,i=1,2,..,n} >0, then

lell = \/hf(a%’“)z b @2 < \/th + o+ 12M = VaMil.

Hence we have

L el < Wil
n
Finally,
IIf (a1 + hla%‘“, e Ay + hyal™®) = f(ay, ...,a,) — Df(a) o LI (h)||
im
h50 (Il
o f(a + hla%_“, ey + h,,a%‘“) — f(a) = Df(a)(e)ll

= lim

h50 [I72Il
< lin(} If(a+e) - ch(ﬂ) —Df(@)(e)ll

llell
VnM

— VnMlim lf(a+ €)= f(a) — Df(a)e)ll — VM. = 0.

=0 llell

This completes the proof. [

Theorem 3.7 is the generalized case of the part (6) of Theorem 2.3. Also matrix form of the Theorem 3.7 is
given by the following:

a0 .. 0
1-a
o _ g 0 a™ . 0
ffay=f@. . .
0 0 .. ae
a0 .. 0
al= ..
where f’(a) istheusualJacobianof fand| = . |is the matrix corresponding to linear transformation
0 0 al=®

1-a
L,

Theorem 3.8. If a vector valued function f with n variables is a—differentiable at a = (ay, ...,a,) € R", each a; > 0,
then f is continuous at a € R".

Proof. Since

I f(a1 + hia;™, ..., an + hyay™) = f(a1, ..., an)ll

_ [f(a1 + a2, ..., ay + hyal™®) = f(a) — L(h) + L(R)||

h
T (172l

If(ar + ha;™, ..., ay + hyal™) = f(a) — L(h)||

< ! Il + [IL(R)I.

(17|
We have

lf(a1 + hlu%_“, O L e A (TP |
If(ar + mal™®, ..., a + hyal™) — f(a) — L(R)||

< ! ||l + [IL(R)I.

1Al
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By taking limits of the two sides of the inequality as i — 0, we have

lim [If(a1 + My, eyt + ™) = f(ar, .., @)l

lf (a1 + hial=e, ..., a, + hyal™®) — f(a) — L(h)||
< lim flar + hay ) = f(a) — L(h) ——
h—0 ||h|| h—0

+ Um || = 0.

Let (€1, ..., €n) = (la;™®, ..., hya,™®), then € — 0 as h — 0. Since
limlf(a +€) - (@) <0

we have
lim||f(a + €) - f@I = 0.

Hence f is continuous ata € R". [J

Theorem 3.9. (Chain Rule) Let x € R", y € R™. If f(x) = (fi(x), ..., fu(x)) is a—differentiable at a = (ay, ...,a,) €
R", each a; > 0 such that a € (0,1] and g(y) = (91(y), ..., 9p(y)) is a—differentiable at f(a) € R™, all fi(a) > 0 such
that o € (0,1]. Then the composition g o f is a—differentiable at a and

D%(g o f)(a) = D*g(f(@)) © f(a)*"" o D f(a) (4)

where f(a)*~ is the linear transformation from R™ to R™ defined by
f(a)a—l(X1, vy X)) = (xlfl (a)a—ll . xmfm(a)a_l).

Proof. Let L = D*f(a), M = D*g(f(a)). If we define

(i) @ar +hmal™, ... ay + hyal™)
= flar + may™, ..., a, + hyay™) = f(a) - L(h),

(i) P(fi@) + ki@, .., fu(@) + K fu(@)' ™)
= 9(A@) + kiA@', .., fu(@) + ki fu(@)' ™) = g(f (@) — M(K),

(i) p(ar +mai™, ..., an + hyay™)
=go flay +mal™, ..., a, + hyai™) — g o f(a) — Mo f(a)*" o L(h),

then

lp(ar + hay™, ..., ay + hyay I

1Al o

(iv) limy—o

I (A@) + kiA@', .., ful@) + knfu@ "Il _
[

(v) limyo 0,

and we must show that

, lp(ar + ha™®, ..., ay + hpal™®)||
limy,_yo =0

17
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Now,

1- 1-
play + may™, ..., ay + hua,™)

=g(f(a1 + hla%_“, ey iy + hna}l‘“)) —-g(f(a))—Mo f(a)“‘1 o L(h)
=g(fi(m + hlu%_“, vyl + hna}[“), ey frla + hla%‘“, ey + hna;‘“))
—g(f(@)) — Mo f@)*  (f(ar + maj™®, ..., an + hyat™) — f(a)

—@(a + hla%‘“, eyl + hnai_‘")) by(i)

= [g(fi(a1 + hla%_"‘, eyl + hna}l‘“), wer fu(a1 + hla%‘“, eyl + hna}["‘))
- 9(f(@) = M(f(@)* " (f(ar + may ™, ..., an + hyay ™) — f(@)))]

+Mo f(a)* Nplar + ma;™, ..., an + hyay™))

= [g(fi(a1 + may™, .., ay + hual ™), o, fu(ar + may™, ..., ay + hyay™))
- g9(f(a) — M(f(a)“‘l(fl(al + hla%“", ey dy + hna;‘a) - f1@a), ...,

fnlar + may™, . ay + haal ™) = fu(@))]

+Mo f(a)“’l(qo(al + hlai’“, vyl + hna}[‘*))

=[g(fi(a1 + hla%_“, eyl + hna,lq_“), weer frla1 + hla%_“, vyl + hna},_“))
- g(f(@) - M(Lfi(a1 + ma}™, ..., ay + hyay ®) = A@]fi@)* 7, ...,
[fn(ar + may™, ..., an + huay™) = fu(@)] fu(@)* )]
+Mo f(a)"“l(qo(m + hla%‘“, ey + hnai‘“))
Ifwe putu; = [fi(a+hia;™%, ..., ay+hay %)= fi(@)]fi(@)* ', i = 1,.., n, thenwehave fi(a1 +hiay™, ..., ay+haa, ) =
fi(a) + uifi(a)!~* and u — 0 as h — 0. Therefore,
plar + hla%_“, ey Ay + Hpal™®)
= [g(fi(a1 + hla%_“, gy + hna,l[“), vy fulan + hla%_“, gy + hna}l_“))
- g(f(a)) - M)] + Mo f(a)* (a1 + ha;™®, ..., an + hyay™®))
= P(fi(@) + ur fi@)'", oo, (@) + i frn(@)' ™)
+Mo f(a)* Nplar + may™, ..., ay + hyal™)  by(ii).

Thus we must show

[Y(fi@) + u1f1@)' "%, ..., fin(@) + th fin (@)~ _

vi) lim,_, 0,
(i) b ]

e IM o f(a)* Y p(ar + ha;™, ..., ay + hya )|
(vii) limy_,q T =0.

For (vi), it is obvious from (v). For (vii), the linear transformation satisfies

IM o f(a)* Np(ar + maj™, ..., ay + huay, @)l
< Kllp(a + hla%‘“, ey + h,,a}[‘")ll

such that K > 0. Hence, from (iv), (vii) holds. O

Corollary 3.10. For, m =n =p =1, Theorem 3.9 states that
Ta(g © (@) = Tag(f@)Taf(@)f(@)*".
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Above corollary says that Theorem 3.9 is the generalized case of Theorem 2.4.

Corollary 3.11. Let all conditions of Theorem 3.9 be satisfied. Then

fA@*t 0 .. 0

0 A@ .. 0
gorr@=ga| . T

0 0w fulap
fi@*t 0 0

0 f@*! .. 0

where is the matrix corresponding to the linear transformation f(a)*~'.

0 0 o fulp!

Theorem 3.12. Let f be a vector valued function with n variables such that
fx1, e x0) = (A1, oo X)), oy fin(X1, ., X0)). Then f is a—differentiable at a = (ay, ...,a,) € R?, each a; > 0 if and
only if each f; is, and

D f(a) = (D" fi(a), ..., D* fu(a)).
Proof. If each f; is a—differentiable at a and L = (D“ f1(a), ..., D* f,(a)), then

fla + hla%‘“, ooy + 12t — f(a) — L(h)
= (filar + maj™, ..., ay + hyay ™) = fi(a) = D* fi(@)(h), ...,
fular +maj™, .., ay + hya)™) = fiu(@) — D fr(a)(h)).

Therefore,

lim f(ar +miai™, ..., an + huay™) = f(a) = L)l

1
h—0 [I/a]|
n — —,
e a4 el ) - £@) - D@
<Jim ) il -

i=1

If f is a—differentiable at g, then f; = 7; o f is a—differentiable at 2 by Theorem 3.9. [J

Theorem 3.13. Let o € (0, 1] and £, g be a—differentiable at a point a = (ay, ...,a,) € R, each a; > 0. Then

(i) D*(Af + ug)(a) = AD*f(a) + uD*g(a) for all A, u € R.

(i) D*(fg)(a) = f(@)D"g(a) + g(@)D* f (a).

Proof. (i) follows from the definition, thus we omitted the proof of (i).
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For (ii), let a; + mal™, ..., a, + hya)™® = A, then

ton IEDA) ~ (f9)@) ~ (F@D*g@) + gD @)1

:};n I1f(A)g) - f(ﬂ)!il(;l"i'|E”!](A)Daf(‘1)(h)||

¢t LI @0~ D"l

+ i AL 00D g0 0

- gy LA =10 Do

i A =IO DO )~ 0
< i O =20 _

This completes the proof. [

4. Conformable Partial Derivatives

In this section we introduce the definition of conformable partial derivative of a real valued function
with n variables by the following.

Definition 4.1. Let f be a real valued function with n variables and a = (a1, ...,a,) € R" be a point whose ith
component is positive. Then the limit

i fay, ..., a; + eaz.l‘“,...,an) - f(a1, ..., an)
im

e—0 €

, (5)

104

if it exists, is denoted by ;? f(a), and called the ith conformable partial derivative of f of order o € (0,1] at a.

Theorem 4.2. Let f be a vector valued function with n variables. If f is a—differentiable at a = (a4, ...,a,) € R",
[ed

each a; > 0, then Wﬁ(a) exists for 1 <i < m, 1 < j < nand the conformable Jacobian of f at a is the m X n matrix
j

(o fi@).
]

Proof. Let f(x1,...,xn) = (fi(X1, ..., Xn), -y fu(x1, ..., X)). Suppose first that m = 1, so f(x1,...,x,) € R. Define
h:R — R"by h(y) = (@m1,..., Y, ...,a,) with y in the jth place. Then %ﬁ(ﬂ) = D*(f o h)(aj). Hence, by
i



N.Y. Goziitok, U. Goziitok / Filomat 32:1 (2018), 45-53 53

Corollary 3.11,

Iy (ll/)”il 0 0

(Fohy@) = fhan| o oomar. o |@)

0 0 ()

-1
ai™ 0 0 0 0

U I I | o I
00 . oa ) 0
144 o

Since (f o h)*(a;) has the single entry ;7 fi(a), this shows that ;? fi(a) exists and is the jth entry of the 1 xn
i i

matrix f%(a).
The theorem now follows for arbitrary m since, by Theorem 3.12, each f; is a—differentiable and the ith
row of f*(a) is (f;)*(a). O

5. Conclusion

In our study, we have extended the idea given by Khalil at al. in [5] and called it multi-variable
conformable fractional calculus. Multi-variable conformable fractional derivative has many interesting
properties and is related to classical multi-variable calculus. We have given important theorems and
corollaries which reveal this relation and we have obtained useful results.
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